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ABSTRACT 
 
The electrification of road vehicles is an attractive research area, as problems associated with 
greenhouse gas emission are now a global challenge. Particularly, electric vehicles with in-
wheel steering and driving motors, (also called four-wheel-independent-steering (4WIS) and 
four-wheel-independent-driving (4WID) electric vehicles), can utilize redundant control 
actuators to achieve multiple control targets. Hence these vehicles are receiving considerable 
attention. This thesis aims to develop novel control allocation strategies for 4WIS-4WID 
electric vehicles to improve their performance and energy efficiency. 
A comprehensive literature review of vehicle dynamics and various control systems is the 
focus of the introduction. Then various real-time vehicle state estimators are proposed and a 
comprehensive vehicle dynamics model is suggested for 4WIS-4WID electric vehicles. 
Based on the state estimators and vehicle dynamics model, the linear feedback and non-linear 
over-actuated control allocation methods for the primary control targets, such as handling and 
stability control, of 4WIS-4WID electric vehicles are suggested. Next, the application of the 
over-actuated control allocation method is extended into the secondary control targets, such 
as energy-efficient control and fault-tolerant control. The autonomous vehicle trajectory 
control can be achieved by applying the over-actuated control allocation method. Finally, a 
scaled electric vehicle is utilized in the experiment to measure vehicle states and to verify the 
proposed vehicle mass estimator and road slope estimator.  
It can be concluded that the redundant control actuators provided by 4WIS-4WID electric 
vehicles are effective in achieving multiple control targets through the application of 
designed control allocation methods. These findings demonstrate the promising future of 
4WIS-4WID electric vehicles.      
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I. INTRODUCTION 
 
 
1. Background 
 
Since the beginning of civilization, human beings have developed road vehicles. For 
thousands of years these were in the form of horse-powered chariots or carriages. After the 
industrial revolution and the emergence of the steam-powered engine, machine-powered road 
vehicles became available. In modern times, internal combust engine (ICE) vehicles were 
widely developed, but challenges like pollution from carbon-dioxide emission and problems 
related to safety now exist.  
Currently, the issue of greenhouse gas emission is a global challenge attracting the world’s 
attention. The Key World Energy Statistics reported that the energy demand of the global 
transportation system grew dramatically from 23% in 1973 to 28% in 2012 [1]. It is also 
suggested that the transportation sector will result in 30% growth in petroleum consumption 
between 2004 and 2030 in the World Energy Outlook [2]. These findings conclude that the 
increasing use of road vehicles will contribute to energy exhaustion and global warming.      
In addition, traffic accidents of commercialized ICE automotives cause serious safety 
problems. An estimated 1.2 million people are killed in road crashes each year and as many 
as 50 million are injured all over the world. Projections indicate that these figures may 
increase by about 65% over the next 20 years unless prevented by new technologies [3].   
The electrification of road vehicles provides an attractive solution to the problem of 
greenhouse gas emission and could improve vehicle safety. The use of hybrid electric 
vehicles (HEVs) and electric vehicles (EVs) along with the development of different electric 
powertrains, as an alternative to the use of conventional ICE vehicles, could reduce 
greenhouse gas emission and improve vehicle performance.  
HEVs combine the ICE and the electric powertrain to partially replace petrol consumption by 
electric power. Due to the rapid improvement of electrified systems and technologies, the 
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trend towards pure EVs is more attractive and intensive research has been carried out in this 
area. EVs use an electric motor, battery, inverter and electronic control unit to replace the 
engine, gear box and mechanical linkage, which gives greater flexibility to the arrangement 
of vehicle steering and driving style. 
Since the 19th century when the first automotive was invented, front wheel steering has been 
used to steer the vehicle in most situations. This steering technique was considered to work 
tolerably well without any serious inconvenience for many decades [4]. When the rear wheel 
is also steered, however, the delay of tyre force generation can be reduced and better 
responsiveness can be achieved during vehicle course changing. Thus, four-wheel steering 
vehicles have been widely used in the last several decades [5] [6]. It should be pointed out 
that the term ‘four-wheel steering’ here refers to the ICE vehicle with two front wheels or two 
rear wheels which have the same steering angle. Recently, with the emergence of technology 
for the in-wheel motor for EVs, the innovative four-wheel independent steering (4WIS) has 
been developed for which all the steering angles of the four wheels can be different [7]. This 
steering characteristic can greatly improve vehicle mobility and minimize the adverse effect 
of the side-slip angle.         
A single driving motor was installed in the centre of the vehicle chassis for conventional EVs 
in the past. Nowadays, however, the decentralized electric powertrain arrangement is 
preferable due to its flexibility and improved power performance. According to the literature 
[8], the decentralized motor arrangement in the driving system of EVs can be classified as 
two in-wheel motor drive EV, four-wheel independent drive (4WID) EV and front-and-rear-
wheel-independent-drive (FRID) EV (Figure I-1).   
 
Figure I-1 Decentralized motor arrangement in the driving system of EVs: (a) two in-wheel 
motor drive EV (b) 4WID EV (c) FRID EV [8] 
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More recently, the innovative combined 4WIS and 4WID EV has been developed by 
equipping the in-wheel motor on each wheel [9] [10]. The four independent steering angles 
and four independent driving or braking torques can provide a total of eight control actuators 
and these redundant control actuators are advantageous in achieving multiple control targets, 
including handling control, stability control, energy-efficient control, and fault-tolerance 
control.  
Vehicle control is crucial to guarantee vehicle stability and safety. The trend towards 
electrification of road vehicles presents advantages to the overall vehicle dynamics and 
performance control, and also presents challenges to the vehicle control system design due to 
the increased number of steering and driving actuators.  
In the area of active vehicle control, three main control targets have been the focus of 
research papers in the last few decades: yaw rate control, side-slip angle control and 
combined yaw rate and side-slip angle control. 
The objective of yaw rate control is primarily concerned with improving steering feel and the 
yaw rate tracking approach is employed to track the desired yaw rate [11] [12]. Side-slip 
angle control relates more to the vehicle stability and is important close to the vehicle friction 
limits [13]. The combined approach is usually employed by both the traction/braking and 
steering system to offer the benefits of improved handling feel as well as increased vehicle 
stability near the friction limit [14]. However, the available number of steering and driving 
control actuators is limited by the mechanical linkage and powertrain for the traditional ICE 
vehicle. 4WIS-4WID EVs are more flexible in achieving more control targets, such as 
energy-efficient control and fault-tolerant control, but the increased number of the controlled 
actuators requires more complex and advanced control strategies or actuator allocation 
methods. 
Recent studies proposed energy-efficient control for EVs by minimizing the output power of 
the electric motor and maximising the regenerated brake energy [15]. However, 
comprehensive investigation of the combination of the vehicle dynamics controller (stability 
controller and handling controller) and the energy-efficient controller is still lacking. 
Since EVs with in-wheel motors have more control actuators, the chance of unanticipated 
breakdowns of the driving or steering units can be higher than a conventional ICE vehicle. 
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When a conventional stability controller is applied, the fault of individual steering or driving 
actuators will compromise the vehicle’s dynamic performance. Therefore, including the fault-
tolerant controller within the vehicle dynamics controller is important for EVs with in-wheel 
motors.   
Autonomous EVs will be commercialised in several decades and are attractive to customers 
due to the automated steering systems. The 4WIS-4WID EVs can take advantage of the 
increased number of control actuators to achieve vehicle dynamics control and automated 
steering control simultaneously.   
 
2. Statement of the thesis problem 
 
The over-actuated control problem can be defined as occurring when the number of control 
actuators is higher than the controlled vehicle’s degree of freedom. For EVs with in-wheel 
driving motors and in-wheel steering motors, the number of control actuators is 8 and only 
two control targets – the yaw rate and body side-slip angle - are involved for the combined 
yaw rate and body side-slip angle controller. In this way, these redundant control actuators 
can be utilised to achieve other control targets, like the longitudinal velocity control, the 
fault-tolerant control and energy-efficient control. This thesis will focus on the over-actuated 
control actuator allocation and distribution problem and design optimal steering angle and 
traction/brake torque distributors based on desired longitudinal tyre force, lateral tyre force 
and yaw moment and various control targets. This represents a non-linear multi-target over-
actuated optimal control allocation problem.       
In order to solve this control problem, reliable and accurate real-time vehicle state 
information is important. In the literature, however, state estimation for traditional ICE 
vehicles is more extensive than for EVs with in-wheel motors. Thus, in this thesis, the real-
time longitudinal velocity estimator, slip ratio estimator, friction-coefficient estimator, lateral 
side-slip angle estimator, vehicle mass estimator and road slope estimator for the EV with in-
wheel motors were established as the first step. 
When the values of vehicle states were determined, both linear and non-linear allocation 
methods could be used to solve the over-actuated control allocation problem for the 
combined handling control and stability control. Then alternative approaches could be 
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proposed to include the energy-efficient controller, fault-tolerant controller and autonomous 
vehicle steering controller into the combined handling and stability controller. 
Simulations based on Matlab Simulink were used to verify the proposed control allocation 
methods. Finally, experimental work was also carried out to test the vehicle dynamics 
performance. A four-wheel driving scaled EV test platform was built to verify the 
mathematic vehicle dynamics modelling for comparison with the software simulation results. 
Various sensors, such as encoders, accelerometers and current sensors, were installed on the 
vehicle chassis to obtain reliable vehicle states.  
 
3. Objectives 
 
The main objectives of this thesis can be summarised as design and application of estimators 
and controllers for the 4WIS-4WID electric vehicle with in-wheel motors: 
• Design of a real-time vehicle side-slip angle estimator, longitudinal velocity 
estimator, longitudinal slip ratio estimator, tyre-road friction-coefficient estimator 
and vehicle mass and road slope estimator.  
• Proposal of a vehicle body dynamics model, tyre model, steering model and 
driving model for the 4WIS-4WID electric vehicle. 
• Design of a linear feedback controller and a non-linear over-actuated control 
allocation method for the stability and handling control of 4WIS-4WID electric 
vehicle. 
• Application of the over-actuated control allocation method in the energy-efficient 
control. 
• Application of the over-actuated control allocation method in the fault-tolerant 
control. 
• Application of the over-actuated control allocation method in the autonomous 
vehicle control   
• Experimental verification of the proposed estimation and control method.  
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4. Thesis outline 
 
A comprehensive literature review of various vehicle state estimators, vehicle dynamic 
modelling methods and vehicle controller design methods is found in Chapter 2. In Chapter 3 
vehicle state estimators are proposed. Chapter 4 describes a vehicle dynamics model based on 
the 4WIS-4WID electric vehicle. A linear feedback controller and non-linear over-actuated 
control allocation method for the handling and stability control of the 4WIS-4WID electric 
vehicle based on the estimated vehicle states and vehicle dynamics model, is detailed in 
Chapter 5. Chapters 6 and 7 propose the application of the over-actuated control allocation 
method in the energy-efficiency control and fault-tolerant control, respectively. In Chapter 8, 
the autonomous vehicle trajectory controller design based on the over-actuated control 
allocation method is discussed. Chapter 9 focuses on the experimental validation of the 
proposed mass and road slope estimator based on a scaled electric vehicle.    
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II. Literature review 
 
This thesis covers a wide range of research areas, such as the vehicle state estimation and the 
vehicle linear and non-linear control methods. The comprehensive literature review is 
essential to grasp the less focused but attracting area of the research and is helpful to push the 
boundary of the existing knowledge. In this section, the review about the vehicle state 
estimation, vehicle dynamic modelling method and the various vehicle controller design 
methods are presented as the preliminary study of this thesis. 
    
1. Vehicle state estimation 
 
Since the vehicle dynamics controller requires a number of vehicles states which are hard to 
be directly measured, vehicle state estimation is critical to the dynamics controller design. 
Vehicle longitudinal velocity, lateral velocity and side-slip angle are some important 
immeasurable vehicle states requiring estimator design. In this section, the studies about 
velocity estimator are reviewed first, followed by the review on the side-slip angle estimator. 
In reality, the side-slip angle 𝛽 can be calculated as:  
𝜷 = 𝒕𝒕𝒕−𝟏 �
𝒗𝒚
𝒗𝒙
� 
                  (1)                                                                  
where 𝑣𝑥 is the longitudinal velocity and 𝑣𝑦 is the lateral velocity. Equation (1) suggests that 
the estimation of side-slip angle is related to the estimation of longitudinal velocity and 
lateral velocity. When the vehicle velocity and side-slip angle are available, the tyre friction 
force and friction coefficient can be estimated accordingly. Thus, the second part of this 
section is the review on the estimation of tyre force and tyre-road friction coefficient. Finally 
the estimation about the vehicle mass and road slope is discussed.    
1) Velocity estimator 
Vehicle velocity is an important value for various vehicle state estimators and dynamics 
controllers. In the early period, the wheel speed of non-driven wheels is used to approximate 
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the vehicle velocity, but it is not reliable. The actual value of velocity, however, can hardly be 
directly measured from the vehicle sensors and the estimation of velocity according to other 
vehicle states (acceleration, wheel speed or yaw rate) is a very attractive research area.  
The kinematic relationships among the vehicle velocities 𝑣𝑥, 𝑣𝑦 , yaw rate 𝑓 and accelerations 
𝑎𝑥, 𝑎𝑦 are suggested as follows: 
?̇?𝑥 = 𝑓𝑣𝑦 + 𝑎𝑥                                                            (a) 
?̇?𝑦 = 𝑎𝑦 − 𝑓𝑣𝑥                                                            (b) 
(2) 
The longitudinal and lateral velocities can be obtained by integrating equation (2) if the yaw 
rate and accelerations are measureable. The measurement biases and noise, however, will 
lead to the unacceptable estimation results. Thus, the vehicle dynamics should be introduced 
into the model to overcome the measurement biases and noise.   
In the literature, a number of earlier studies used linear approaches to estimate the vehicle 
velocity and vehicle state. An observer of lateral velocity was developed, which assumed that 
the tyre was working in the linear tyre region [16]. Tseng et al. also employed an asymptotic 
observer to estimate the lateral velocity and the lateral tyre force was considered as the linear 
function of vertical load [17]. Other earlier linear or quasi-linear approaches also only applied 
kinematic models without vehicle dynamics considerations [18] [19].     
To improve the estimation accuracy, various nonlinear vehicle velocity observers developed. 
An extended Kalman filter (EKF) is developed to estimate vehicle velocity and friction 
coefficient [20] [21] [22]. Since a random walk is selected to model the friction force, the 
estimation accuracy, however, can be degraded when the tyre friction forces are time-varying 
during braking and driving. In addition, the non-linear vehicle dynamics model is linearized 
at discrete time and the model error in current state can be introduced into the estimation 
results. The EKF method is widely used to estimate the vehicle velocity based on the non-
linear dynamics model, but the unscented Kalman filter (UKF) has shown to be the attractive 
alternative particularly when the system shows strong nonlinearity [23]. Zong and Deng 
proposed a vehicle velocity estimator for 4WID EVs based on UKF method [24].  Based on 
acceleration and yaw rate measurements in addition to wheel angular velocity and steering 
angle measurements, a non-linear velocity observer is proposed with stability guarantees [25]. 
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Unfortunately, this research is based on the zero tyre longitudinal and lateral slip assumption 
and the estimation of longitudinal velocity can be deteriorated when the tyre slips are high. 
Recently, a non-linear vehicle velocity observer based on the Dugoff’s tyre model was 
presented. This observer utilised the difference between the measured and estimated 
longitudinal acceleration, lateral acceleration and yaw rate as the feedback value with the 
fixed gain structure. The stability of the observer is proved by a sufficient condition in [26].  
Li et al. suggested that two kinds of errors cause the challenges on the velocity observer [27]. 
One error is caused by the linearization of the non-linear vehicle dynamics model, while the 
other error is induced by the mismatch between dynamics model and actual physical vehicle 
motion under the combined steering and driving/braking motion. The large amounts of 
computation resources and time cost of the convergence of the velocity observer also present 
great challenge. Therefore, Li et al. considered the nonlinear characteristics of the vehicle 
under a complicated handling condition, such as the road ramp and load transfer. The 
longitudinal and lateral velocity could be estimated under different non-linear manoeuvres 
and the cascade system was proposed to improve the computational efficiency of the velocity 
observer.   
With the emerging of the innovative technology of in-wheel motors, Ko et al. suggested a 
velocity estimator based on the concept of the effective inertial and the measurement values 
of motor torque, angular velocity of each wheel and acceleration for the an in-wheel EV [28]. 
Xin et al. proposed two vehicle velocity estimation algorithms for the in-wheel EVs; one 
algorithm based on the UKF was designed for the four-wheel drive condition, whereas the 
other algorithm based on the wheel rotational speed was designed for the two-wheel drive 
condition [29].       
2) Tyre side-slip angle estimation     
Since the side-slip angle is an important feedback value for vehicle stability control, the real-
time information about the side-slip angle is critical to the performance of various control 
strategies. Ryu et al. used the combination of a global positioning system (GPS) and an 
inertial navigation system (INS) to directly measure the side-slip angle [30], and side-slip 
angle can also be measured by two antenna GPS [31] [32]. The GPS signal, however, may 
not be reliable due to disturbance in the satellite signal.  
Due to the difficulty in directly measuring the side-slip angle, accurate estimation of the side-
slip angle via available on-board sensors is important. So far, the methods of side-slip angle 
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estimation can be classified into two groups – kinematics method (direct integration method) 
and vehicle model method. The method of integrating the side-slip rate, which is available 
through the side-slip rate sensor, have the advantage of being independent of tyre properties, 
road friction, vehicle loading mass and other vehicle tyre properties, but is affected by error 
due to sensor bias, road slope and bank angle [33] [34] [35] [36]. For the vehicle model 
method, in order to estimate the side-slip angle, accurate information about vehicle velocity, 
road friction coefficient and some tyre parameters are necessary, but all of these are difficult 
to be directly measured [37] [38] [39] [40] [41]. We can find out the accurate estimation of 
the vehicle side-slip angle is closely related to the accurate estimation of velocity and friction 
coefficient for the model-based method. The model based method has the advantage of high 
accuracy in linear region, but the accuracy is not sufficient due to the saturation of tyre side 
force against slip angle. Stephant et al. presented a typical structure of this method based on 
on-board vehicle models [42]. The author stated four observers, including a linear observer 
based on linear vehicle model, an extended Luenberger observer, and EKF and a sliding-
mode observer (SMO) based on non-linear vehicle model. In the linear regions, all proposed 
observers are satisfactory, while the accuracy in the nonlinear regions deteriorates due to the 
linearity assumption.  
Piyabongkarn et al. developed the side-slip angle estimator based on the model-based method 
and the direct integration method to utilise the advantages of these two methods, where the 
model-based method played the dominant role at low frequencies and the weight of the 
kinematics-based method was relatively large at higher frequency [43]. This method, 
however, applied an open-loop observer and large estimation error may exist without the 
feedback signal, and it was difficult to find the best balance between the model-based 
estimation and kinematic-based estimation. Fukada suggested the combination of model 
observer and direct integration method to obtain the reliable side-slip angle, and the yaw rate 
feedback algorithm is applied to compensate the model error [44]. Pi et al. also suggested the 
close loop side-slip angle estimation method that combines the model-based method and 
kinematics-based method together [45]. In [45], to obtain the reliable side-slip angle, the 
generated side forces from model-based method and kinematics-based method are weighted 
and summed according to the degree of vehicle non-linear state which is determined by the 
fuzzy-logic procedure considering the yaw rate deviation and lateral acceleration.  
In addition, Baffet et al. proposed the vehicle side-slip angle estimation process which was 
separated into two blocks, where one block corresponded to the vehicle body dynamics and 
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the other block referred to the tyre-road interface dynamics [46]. The first block contained the 
SMO which estimates tyre forces and yaw rate from a single-track model. In the second block, 
an EKF based on a side-slip angle model and a linear adaptive tyre-force model was applied 
for the estimation of side-slip angle and wheel cornering stiffness. For normal driving 
situations, lateral forces are usually considered to be linear with respect to side-slip angle and 
the constant cornering stiffness is assumed. However, when tyre-road friction changes or 
when the non-linear tyre domain is reached, wheel cornering stiffness varies. In Baffet et al.’s 
study, in the linear adaptive tyre-force model, a readjustment variable has been added to 
correct wheel cornering stiffness error when vehicle tyre enters into the non-linear region.  
It is noted that a new source of information, steering torque, has been considered by recent 
studies. Steering torque measurement are available in electric vehicles with steer-by-wire, 
electric power steering, or active steering systems and total alignment moment can be 
determined easily if the steering torque is measurable. Since total alignment moment 
decreases well before the saturation of the tyre force, the information of alignment moment 
can be utilised to improve the vehicle stability. Nakajima conducted the earlier study and 
demonstrated that steering torque can enhance electronic stability control performance more 
than just relying on yaw rate measurements [47]. Other studies suggested that the driver 
steering input should be limited when the noticeable decrease in total alignment moment is 
detected [48] [49] [50]. These methods relied on linear observers for side-slip angle, which 
are not accurate when the tyre’s lateral limit of adhesion is reached. All of the above methods 
utilised the total alignment moment as an early indication of exceeding the tyre’s lateral 
limits, but the method of the explicit estimation of peak lateral force and tyre side-slip angle 
were not provided. Hsu et al. [51] [52] [53] presented a new model-based estimation method 
that used pneumatic trail information in measured steering torque to estimate the friction limit 
and lateral handling limit. The innovation of this work is the sensitivity of the pneumatic trail 
to tyre parameters even in the linear tyre region, which can enable early detection of peak 
lateral force before the friction limits are reached. Directly using the available motor currents 
for the estimation of individual side-slip angle of the omni-directional vehicle was also 
recently done in [54].    
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3) Tyre-road friction coefficient estimation 
 
Since vehicle tyres are the only part that vehicle body maintains contact with the road, 
information about the tyre-road friction is critical to vehicle’s longitudinal, lateral and roll 
dynamics and control. Particularly, for vehicle electronic stability control (ESC) system, if 
the tyre-road friction coefficient can be obtained, the yaw rate can be effectively controlled to 
prevent vehicle skidding with the updated information about the tyre-road friction coefficient 
[55] [56] [57]. For 4WD vehicles, estimation of individual tyre-road friction coefficients can 
help to detect which wheel needs the maximum drive torque [58]. In adaptive cruise control 
and collision-avoidance systems, the estimated tyre-road friction coefficient can help to 
adjust the braking distance in real time [59]. In winter road maintenance, estimation of tyre-
road friction coefficient can be used to adjust de-icing materials on icy roads [60]. 
In general, the tyre-road friction coefficient 𝜇  is defined as the maximum value of the 
normalised traction force 𝜌,  which is determined by the tyre longitudinal friction force, tyre 
lateral friction force and tyre vertical load as [61] [62]:  
𝜌 =
�𝐹𝑥2 + 𝐹𝑦2
𝐹𝑧
 
(3) 
where 𝐹𝑥 is the tyre longitudinal friction force, 𝐹𝑦 is the tyre lateral friction force and 𝐹𝑧 is the 
vertical load. Note that the tyre-road friction coefficient 𝜇 only relies on the road surface type, 
such as ice, snow, and dry asphalt, and its value is between 0 and 1. In addition, it can be seen 
from (3) that the tyre-road friction force is closely related to the tyre-road friction coefficient. 
The maximum tyre-road friction force that the tyre can generate is determined by the tyre-
road friction coefficient when a particular vertical load on the tyre is given.  
To obtain the information about road surfaces in real time, some studies used special sensors 
to directly measure the tyre-road friction coefficient. For instance, an acoustic sensor was 
used to ‘listen to the tyre’ to determine the tyre-road friction coefficient [63] [64]. An 
alternative method using an optical sensor was suggested to be installed at the front bumper 
of the car to estimate the type of road surface [65]. In addition, an optical positioning sensor 
was proposed to measure the displacement of the tyre contact patch relative to the wheel rim 
to estimate the tyre-road friction coefficient [66]. However, it is noted that all of these 
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methods need expensive sensors, which are not available for conventional passenger vehicles. 
The requirement of for dedicated sensors is one of the main disadvantages of special sensor 
based friction estimation method, which will be available in several years in the future.     
Due to the difficulties in directly measuring the tyre friction force or tyre-road friction 
coefficient, in recent years some studies focused on the estimation of tyre-road friction 
coefficient based on the vehicle model and correct information of vehicle position, velocity, 
wheel speed and steering angle. Li et al. suggested there are mainly three position systems for 
the measurement of vehicle states: INS, GPS and magnetic positioning system (MPS) [67]. 
INS is the first position-navigation system used widely but mechanical inertial gyroscopes 
consume high power and are vulnerable to damage. Recently, the new type INSs are realized 
by integrated electronic-mechanical or electronic-optical sensors only [68] [69]. Because of 
the lacking of the moving parts, such new-type INSs outperform the conventional INS in 
many ways. Applications of GPS for vehicle position measurement are also widely used and 
the current trend is to combine INS and GPS together to achieve better estimation 
performance of vehicle position [70] [71]. However, GPS is relatively expensive to a 
passenger vehicle and it cannot be always reliable due to the change of environment such as 
satellite drop-outs in urban environment. In addition, magnetic sensing is also a promising 
technology for the vehicle-position measurement and guidance [72] [73] [74]. In addition to 
be directly measured, vehicle states such as velocity and side-slip angle can also be estimated 
by the mode-based method, which is comprehensive reviewed in sections 2.1.1 and 2.1.2.  
Based on the knowledge of these vehicle states and proper vehicle dynamics model, the tyre-
road friction information can be obtained accordingly. Many studies used the longitudinal 
vehicle dynamics model to analyse the tyre-road friction during traction/brake motion. Three 
main longitudinal dynamics model based methods have been proposed so far: slip slope 
method [61] [75] [76], individual wheel friction estimation method [62] [77], and EKF 
method [78] [20] [21] [79]. Specifically, Gustafsson [75] suggested a slip slope method based 
on the front-wheel-driving vehicle while Müller et al. [76] proposed a slip slope friction 
estimator only for the braking situation. Wang et al. [61] developed a slip slope method for 
the front wheel-, rear wheel-, and four wheel-traction or braking systems under both linear 
and non-linear tyre regions. Compared with Gustafsson’s method and Müller’s method, 
Wang’s method greatly expanded the applicable scope for the friction coefficient 
identification. For the EKF method, Ray [78] [20] [21] conducted a series of studies on the 
vehicle state estimation and tyre-road friction coefficient estimation. First, Ray developed a 9 
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degree-of-freedom (DOF) vehicle dynamics model and an analytic tyre force model to 
simulate the real vehicle motion, and used a 5 DOF vehicle model to develop the EKF state 
estimator [78]. Then based on the developed EKF estimator in [78], the braking controller, 
using the estimated longitudinal slip ratio, was proposed [20]. Ray also suggested extended 
Kalman-Bucy filtering (EKBF) and Bayesian hypothesis selection method to estimate the 
vehicle motion and friction coefficient [21]. In this study, based on the previous studies of 
EKF estimator in [78] [20], the estimated vehicle states like tyre force, slip ratio and side-slip 
angle were compared statistically with a nominal analytic tyre model to choose the most 
likely friction coefficient based on the Bayesian hypothesis selection. Note that the prior 
knowledge of tyre parameters and tyre model was not required in Ray’s studies. In addition to 
Ray’s studies, Dakhlallah et al. [79] also suggested the estimation method for vehicle state 
and tyre-road friction coefficient based on EKF method. However, the vehicle dynamics 
model used by Dakhlallah et al. included a non-linear Dugoff tyre force model, which 
requires prior knowledge of tyre parameters. 
Furthermore, some studies developed the friction estimation method based on both 
longitudinal and lateral excitations to have a wide operation range. Having adequate and rich 
excitations is critical for the friction estimation because we do not have the luxury of 
choosing the level and type of excitations in ground vehicle applications. Ahn et al. 
developed the integrated friction estimation method based on both the longitudinal and lateral 
excitations [80] [81]. Specifically, the large lateral excitation-based method is used when 
large lateral excitations exist, and a non-linear observer requires medium level of excitations. 
The longitudinal dynamics based method requires less than 2% of longitudinal slip ratio for 
the linear region and 30-100% of longitudinal slip ratio for the saturation region. Wang and 
Wang also suggested a sequential tyre cornering stiffness coefficient and tyre-road friction 
coefficient estimation method [82]. In this study, when the vehicle is moving along a straight 
line or making a slow turn when the tyre side-slip angle is small and the friction coefficient is 
difficult to estimate, the tyre cornering stiffness can be estimated first according to the 
generated additional yaw moment induced by the longitudinal tyre force difference. When the 
vehicle is making a fast turn with large side-slip angle, the friction coefficient can be reliable 
estimated with the pre-estimated cornering stiffness.     
Most of the researches of the friction coefficient estimation in the literature are based on the 
traditional ICE vehicles, while the friction estimation method for the EVs equipped with in-
wheel motors can be different. The electric parameters of the motor, such as the armature 
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current and voltage, are more convenient to measure and used to estimate the friction 
information. Xu et al. presented the research to explore the innovative friction estimation 
method taking advantage of the electric parameters of in-wheel motors [83]. Xu’s study 
addressed the issue of the influence of the road condition on the electric parameters. When 
the road surface is changed suddenly from high-adhesion road onto the low-adhesion road, 
there is a sudden change of the load current drop in the electric motors, which can be used to 
estimate the current tyre-road friction coefficient.    
 
4) Vehicle mass and road slope estimation 
 
In the development of the vehicle technology, the driver’s safety and the stability 
performance of the vehicle are the primary concerns. It is well known that various vehicle 
control decisions can be further improved if the vehicle parameters are known. Particularly, if 
the road slope ahead is known, the road slope can be used as an input for the driving control 
system to improve the vehicle energy efficiency [84]. Vehicle mass is usually needed in the 
engine management and driving control system to improve the fuel consumption and driving 
performance. Since the mass of a typical passenger vehicle may be changed when the 
passengers get on or get off the vehicle, the identification of the vehicle mass is important. In 
addition, a number of studies proposed control method to minimise the fuel consumption of 
the heavy vehicle [85] [86] and the knowledge of the vehicle mass reduction related to fuel 
consumption is important. It has been also proved that the vehicle mass estimation without 
the knowledge of road slope is not accurate due to the error caused by the unacceptable level 
[87]. The dynamic performance of a vehicle on a steep downhill can be improved in terms of 
the hill holding and traction control when the information of the vehicle mass and road slope 
is simultaneously available [88]. Thus, the real-time information of vehicle mass and road 
slope is important to vehicle’s safety and stability control. 
Many studies in the literature applied the sensor-based method to obtain the road slope 
information [89] [90]. This, however, may lead to the extraneous hardware and wiring 
complexity, which is not desirable for the automotive industry [91]. The application of 
inclinometer may be acceptable to measure the real-time value of road slope, but the 
measurement noise of the inclinometer when the vehicle is moving may seriously impair the 
measurement performance [92]. 
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Compared with the sensor-based method, the model-based parameter estimation method has 
advantages because the measurement sensor is not required. In recent years, the 
simultaneously estimation of the vehicle mass, road slope and other vehicle parameters by the 
model-based method is extensively focused. The traditional recursive least square (RLS) 
estimation method is quite straightforward and easy to implement to estimate the vehicle 
parameters [61] [93]. However, the major drawback of this method is not reliable when the 
measurement noise is considered. The real-time estimation of the vehicle parameters can be 
also considered as the adaptive control of a non-linear system with unknown parameters. In 
conventional adaptive controller, the tracking of the reference trajectory is focused and the 
parameters estimation error is not guaranteed to converge to zero because of the lacking of 
the excitation [94]. In order to achieve the parameter convergence, the finite-time (FT) 
identification method was proposed and the true parameter estimate is obtained at any time 
instant when the excitation condition is satisfied [95]. The drawback of the FT method, 
however, is to check the invertibility of the matrix online and compute the inverse matrix 
when appropriate. Adetola and Guay developed a novel adaptive compensator to guarantee 
the exponential convergence of the parameter estimation error and the persistent excitation 
(PE) can be satisfied according to the rate indicated by the close-loop system’s excitation 
instead of the checking of the invertibility of the matrix [96]. Mahyuddin et al. proposed the 
adaptive observer to estimate the vehicle mass and road slope simultaneously [97]. This 
adaptive estimator guarantees the FT convergence due to the added sliding mode term and the 
PE condition can be satisfied if the defined filtered regressive matrix is positive defined. 
However, the accurate estimation of each parameter relies on the carefully turning of the 
adaptive gain and the coupling effect of each estimated parameter is significant. In addition, 
[97] also applied the observer to produce the observer error for updating parameters and this 
may lead to the increasing computational effort and the adding of the sliding term may also 
increase the computational effort. Yang et al. proposed the adaptive parameter estimator 
without the adaptive state observer and the road slope, vehicle mass, rolling resistance 
coefficient, viscous friction coefficient and aerodynamic drag coefficient can be estimated 
simultaneously [84]. In contrast to [97], the construction of observer or predictor is evaded in 
Yang’s method and the computational efficiency is improved. The PE condition can be 
achieved by calculating the minimum eigenvalue of regression matrix. However, the problem 
of the coupling effect of each estimated parameter still exists in this method. 
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2. Vehicle dynamics modelling for 4WIS-4WID EVs 
 
For the traditional vehicle, the vehicle dynamics model mainly includes the body dynamics 
model, tyre model, steering model and driving model. The comprehensive vehicle dynamics 
model can be used as the plant for the controller design and parameter estimator design. In 
addition, the design of the controller and estimator also requires the accurate and 
comprehensive vehicle dynamics model. 
1) Vehicle body dynamics model 
Abe [98] or Karnopp [99] developed the basic equations of motion based on a coordinate 
system fixed on the body of a moving vehicle:    
𝑚𝑣𝑥
𝑑𝑑
𝑑𝑡
+ 2�𝐶𝛼𝑟 + 𝐶𝛼𝑟�𝛽 + �𝑚𝑣𝑥 +
2
𝑣𝑥
�𝑓𝑟𝐶𝛼𝑟 − 𝑓𝑟𝐶𝛼𝑟�� 𝑓 = 2𝐶𝛼𝑟𝛿𝑟                  (a) 
2�𝑓𝑟𝐶𝛼𝑟 + 𝑓𝑟𝐶𝛼𝑟�𝛽 + 𝐼
𝑑𝑟
𝑑𝑡
+
2�𝑠𝑓
2𝐼𝛼𝑓+𝑠𝑟2𝐼𝛼𝑟�
𝑣𝑥
𝑓 = 2𝑓𝑟𝐶𝛼𝑟𝛿𝑟                           (b) 
(4) 
where 𝑣𝑥 is the vehicle longitudinal velocity. 𝐶𝛼𝑟 is the front tyre cornering stiffness and 𝐶𝛼𝑟 
is the rear tyre cornering stiffness. 𝑚 is the vehicle mass and 𝐼𝑧 is the vehicle moment of 
inertial. 𝛽 is the vehicle body side-slip angle and 𝑓 is the vehicle yaw rate.  𝑓𝑟 and 𝑓𝑟 are the 
front and rear wheel base lengths. 𝛿𝑟 is the input steering angle. 
Equation (4) describes the vehicle lateral motion and yaw motion, and the longitudinal 
velocity is considered as the constant value. Thus, these equations can only be used to 
describe the vehicle steady state turning motion without traction or braking. The constant 
cornering stiffness is applied to present the lineal relationship between the side-slip angle and 
tyre lateral force without the considering of the tyre non-linear characteristic. In addition, 
these equations only consider the two front wheel steering and the steering angles of rear 
wheels are fixed as zero.  
Lam et al. [7] proposed a vehicle dynamics equation for a 4WIS vehicle: 
∑ 𝐹𝑥𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 = 𝑚�?̇?𝑥 − 𝑣𝑦𝑓�                                               (a) 
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∑ 𝐹𝑦𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 = 𝑚�?̇?𝑦 + 𝑣𝑥𝑓�                                              (b) 
𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� − 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� +
𝑇𝑟
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑠� +
𝑇𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟) = 𝐼𝑧?̇? 
(c)  
(5) 
The forces 𝐹𝑥𝑖 and 𝐹𝑦𝑖 are related to the traction force 𝐹𝑡𝑖 and tyre lateral force 𝐹𝑠𝑖  of each 
wheel: 
𝐹𝑥𝑖 = 𝐹𝑡𝑖 𝑐𝑐𝑠 𝛿𝑖 − 𝐹𝑠𝑖 𝑠𝑖𝑠 𝛿𝑖                                                 (a) 
𝐹𝑦𝑖 = 𝐹𝑡𝑖 𝑠𝑖𝑠 𝛿𝑖 + 𝐹𝑠𝑖 𝑐𝑐𝑠 𝛿𝑖                                                 (b) 
(6) 
In [7], the Magic formula tyre model is also applied to describe the non-linear relationship 
between lateral tyre force and the side-slip angle of each wheel.  
Boada et al. [100] also developed a more complicated vehicle dynamics model considering 
the roll motion and traction or brake motion of the vehicle in addition to longitudinal motion, 
lateral motion and yaw motion. The vehicle dynamics model used the Dugoff tyre model to 
describe the non-linear relationship between the tyre force and side-slip angle. This dynamics 
model can be considered as the basic vehicle dynamics model for the 4WIS-4WID EVs, and 
the steering model and the driving model based on the electric motor should also be 
considered. 
2) Vehicle tyre model 
Tyre is the only contact part the vehicle interacts with the road. In the literature there are 
mainly two kinds of tyre models: a physical tyre model and an empirical tyre model. The 
physical tyre model can theoretically describe the tyre characteristics with less accuracy, 
while an empirical tyre model is the curve fitting results of the actual tyre data.    
a) Physical tyre model 
The brush model is a simple physical tyre model consisting of a row of elastic bristles called 
the tread element. The top of the tread element is attached to the base of the wheel and the 
bottom one is attached to the ground. The relative slip between the top and bottom of the 
element can generate the lateral slip and tyre forces [101].  
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Deur [102] proposed the LuGre tyre model, which is a more complicated physical tyre model 
that considers the decreasing effect of friction [103]. This tyre model is a linear model for 
pure cornering condition and the model parameters are described by the function of static 
curve slope parameters.  
The non-linear Dugoff tyre model, which can well describe the non-linear tyre characteristic 
of combined longitudinal and lateral tyre force and the effect of friction circle, is proposed in 
[104].  
The Dugoff tyre model can be classified as two stages according to the defined value λ: when 
λ > 1, the tyre has not reached the sliding boundary point and  when λ < 1, the tyre reaches 
the sliding boundary point and starts to slide away. The defined value λ is the reciprocal 
function of the combined slip 𝑠𝐼  which considers both the longitudinal slip ratio and the 
lateral slip angle. 
According to [104], the Dugoff tyre model is the mathematical simplification of the analytical 
Fiala tyre model under some reasonable simplifying assumptions in the analysis of the tyre 
mechanics. In [104], the tyre force curve derived from the experimental data obtained by an 
on-road tyre dynamometer and the curve derived from the simulation results of the tyre data 
obtained by the Dugoff tyre model are shown to agree. This proves that the Dugoff tyre 
model can accurately represent the actual vehicle tyre characteristics. 
In addition, a number of researches also focused on the modelling of the physical or 
analytical tyre model in the literature. Guo and Lu [105] proposed a UniTire model for the 
vehicle dynamics model, which is a unified non-steady and non-linear semi-physical tyre 
model. Based on the UniTire model, Xu et al. [106] suggested a combined tyre model for 
cornering and braking. Zhou et al. [107] developed a three plane multi-spoke tyre model for 
transient tyre behaviour, while Lacombe [108] suggested an on-road analytical model to 
describe the tyre force and moment. An innovative non-linear tyre observer was proposed by 
Canudas-de-Wit et al. [109] to describe the road friction. Yamazaki et al. [110] also estimated 
the friction between the tyre and the road based on the tyre brush model. To analyse vehicle 
performance during a crash, a new detailed model has been evaluated [111]. In addition, to 
effectively analyse vehicle behaviour during extreme cornering, Lu et al. [112] proposed a 
tyre model that considers the effect of camber.   
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b) An empirical tyre model 
The Magic formula model is a widely used empirical tyre model [101]. Similar to other 
empirical tyre models, the Magic Formula model is the curve fitting results of actual tyre data 
that can accurately describe the behaviour of a certain type of tyre. However, the coefficient 
of the Magic Formula model (B, C, D and E) should be changed when the type of the tyre is 
changed, and the Magic Tyre model cannot describe how a tyre’s physical parameters 
affecting its output tyre force.  
In addition, a semi-empirical tyre model was developed to simulate vehicle normal driving in 
[113], and Guo and Ren [114] developed the Unified Semi-Empirical High accuracy tyre 
model with less parameters. The EKF is also widely used to filter the vehicle test data that is 
used to obtain the empirical tyre model: Best [115] obtained a tyre model from the test data 
by the EKF, while Dihua et.al [116] proposed tyre corning models with parameters obtained 
from the experiment and the cornering force was also estimated from the test data by the EKF 
[117]. 
Due to the obvious disadvantages of the lacking of the physical meaning, the empirical tyre 
model is not focused in this thesis. However, the pure physical tyre model is too complex for 
the vehicle modelling and consequently the semi-physical Dugoff tyre model is selected to 
achieve the trade-off between the physical model and empirical model.    
 
3) The model of in-wheel steering motor  
 
Abe suggested the steering dynamics equation for the traditional front wheel steering ICE 
vehicle can be presented as follows [98]: 
𝐼𝑠?̈? + 𝑐𝑠?̇? + 𝑘𝑠(𝛿 − 𝛿𝛼) = 2𝜉𝐶𝛼𝑟 �𝛽 +
𝑓𝑟𝑓
𝑣𝑥
− 𝛿� 
(7) 
where 𝐼𝑠 is the moment of inertial of the front wheel. 𝑐𝑠 and 𝑘𝑠 are the damping coefficient 
and spring constant around the kingpin. 𝛿𝛼 is the driver’s steering angle at the steering shaft 
and 𝛿 is the steering angle of the vehicle wheel. 𝜉 is the total alignment moment, which is the 
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sum of the pneumatic trail 𝑡𝑝 and mechanical trail 𝑡𝑚. The mechanical linkage, such as the 
gear box and tyre rod, is also considered in this model. 
For the model of in-wheel steering motor, the electric motor is applied to generate the 
steering torque and four in-wheel motors are installed on each wheel to achieve the 4WIS 
characteristic. Hsu at al. proposed the steering dynamics model for in-wheel motor [52]: 
𝐼𝑠?̈? + 𝑐𝑠?̇? = 𝜏𝑚 + 𝜏𝑗 + 𝑘𝑚𝐼 
(8) 
where 𝑘𝑚  is the armature constant and 𝐼 is the motor steering current. 𝜏𝑚  is total aligning 
moment of each wheel, which is described by the following equation: 
𝜏𝑚 = −�𝑡𝑚 + 𝑡𝑝�𝐹𝑠𝑖 
(9) 
In the P1 vehicle developed by Stanford University, a steer-by-wire vehicle with independent 
front-wheel steering mechanism, the actual mechanical trail 𝑡𝑚  changes between different 
steering angles, and the improved steering geometry design provides the relative constant 
value 𝑡𝑚 = 33 𝑚𝑚  [118]. 𝐹𝑠𝑖  is the vehicle lateral side force of each wheel and can be 
obtained from the vehicle model. As defined in equation (9), the pneumatic trail 𝑡𝑝 starts at 
𝑡𝑝0 and decreases to zero as the slip angle increases. 𝑡𝑝0 can be considered as the half length 
of the tyre road contact length 𝑎 [101]. 𝑡𝑝 can be derived analytically as a parabolic pressure 
distribution, however this is less accurate in practice and the simple representation of the 
force model is chosen instead [51]: 
𝑡𝑝 = �𝑡𝑝0 −
𝑡𝑝0𝐶𝛼
3
𝐼𝑟|tan𝛼𝑖|
0               𝑒𝑓𝑠𝑒
, 𝑖𝑓 |𝛼𝑖| ≤ 𝛼𝑠𝑠 
(10) 
where 𝛼𝑠𝑠  is the slip angle 𝛼𝑖  at which the tyre has lost lateral grip. 𝐶𝛼  is the cornering 
stiffness. 
𝜏𝑗 is the jacking torque, which is the reaction torque produced by the vertical tyre force and 
suspension travel as a function of steering angle 𝛿.  
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4) The model of in-wheel driving motor  
In most of the vehicle dynamics model, such as Boada et al.’s study [100], the wheel 
dynamics equation can be obtained as follows: 
𝐼𝜔?̇?𝑖 = −𝑅𝜔𝐹𝑥𝑖 + 𝑇𝑖 
 (11) 
where 𝑖 = 𝑓𝑓, 𝑓𝑓, 𝑓𝑓, 𝑓𝑓, which represents the front left, front right, rear left and rear right 
wheel, respectively. 
𝑇𝑖  presents the driving torque or the steering torque applied on each wheel. For the 
conventional vehicle, the traction torque can be roughly calculated from engine torque by 
considering the reduction. The engine torque is normally obtained from the measurement of 
engine fly-wheel speed. To improve the accuracy of measurement, high-resolution rotational 
motion sensors are utilised [119]. For the conventional vehicle with hydraulic braking system, 
the brake torque can be calculated from the measurement of oil pressure by pressure sensors 
in the hydraulic system [120]. These torque measurement signals are available through CAN 
bus. In addition, with emerging technology of in-wheel driving motor in EV, the 
traction/brake torque can be easily and accurately measured and controlled from the current 
of driving motors [83]. 
 
3. Vehicle controller design 
In this section, linear and non-linear control algorithms for the over-actuated control 
allocation problem are reviewed first, and then the applications of the control algorithm on 
the vehicle dynamics in the literature are discussed. These applications include the vehicle 
handing and stability control, energy-efficient control, fault-tolerant control and autonomous 
control.  
 
1) Control algorithm 
Johansen and Fossen made a clear definition on the over-actuated control allocation problem 
[121]. It states that the design of the controller for the over-actuated control problem is 
divided into several levels. In the high level controller, the control algorithm is designed to 
compute a virtual control input 𝜏𝑐. This virtual control input is often selected as the number 
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of forces and moments equalling to the number of the model freedom. The following 
dynamics model can be used to describe a wide range of mechanical system: 
?̇? = 𝑓(𝑥, 𝑡) + 𝑔(𝑥, 𝑡)𝜏                                                     (a) 
𝒚 = 𝒍(𝒙, 𝒕)                                                            (b) 
 
(12) 
where 𝑓(𝑥, 𝑡), 𝑔(𝑥, 𝑡) and 𝑓(𝑥, 𝑡) are system functions and 𝑥 ∈ 𝑅𝑛 is the state vector. 𝑡 is the 
time and 𝑦 ∈ 𝑅𝑚 is the output vector. 𝜏 is the virtual input vector that equals to the high-level 
control value 𝜏𝑐.  
After that, a control allocation algorithm is designed to map the virtual control input 𝜏𝑐 into 
individual effector forces or moments by the following static effector model: 
𝜏 = ℎ(𝑢, 𝑥, 𝑡) = 𝐵(𝑥, 𝑡)𝑢 
(13) 
where ℎ and 𝐵 are functions and 𝑢 ∈ 𝑅𝑝 is the actual control input. Because the system is the 
over-actuated system, 𝑝 > 𝑚, which means the number of the actual control input 𝑢 is larger 
than the number of the virtual control input 𝜏𝑐. 
Finally, for each individual effector and actuator, a separate low-level controller is designed 
to make the individual actuator achieve the desired control value.      
In the literature, various methods have been proposed to solve the over-actuated control 
problem. Many studies considered the linear effector model where the control effectiveness 
matrix 𝐵  describes the linear relationship between the actual control input 𝑢  and virtual 
control input 𝜏𝑐. A number of researches proposed the unconstrained linear control allocation 
method which neglected any saturation and rate constraints of the input values [122] [123] 
[124]. The allocation cost function can be formulated as the following equation: 
𝑚𝑖𝑠
𝑢∈𝐼𝑝
1
2
�𝑢 − 𝑢𝑝�
𝑇𝑊�𝑢 − 𝑢𝑝� 
Subject to 𝜏𝑐 = 𝐵𝑢 
 (14) 
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where 𝑊 ∈ 𝑅𝑝×𝑝 is the positive definite weighting matrix and 𝑢𝑝 is the desired control input. 
If 𝐵 has the full rank, the optimization problem (14) can be solved by weighted least-square 
method: 
𝑢 = (𝐼 − 𝐶𝐵)𝑢𝑝 + 𝐶𝜏𝑐 
(15) 
where  
𝐶 = 𝑊−1𝐵𝑇(𝐵𝑊−1𝐵𝑇)−1 
 (16) 
The above method of the generalised inverses can not guarantee the constraints on the input 
are satisfied. Some researchers proposed the redistributed pseudo-inverse method to solve the 
control allocation problem [125] [126]. In the first step, the unconstrained control allocation 
problem is solved. If the constraints are satisfied, no further actions are required. Otherwise, 
the unconstrained input vector 𝑢� is projected into the admission set to satisfy the constraints 
and is re-computed by a reduced pseudo-inverse algorithm. The daisy chaining method is the 
alternative method in addition to the redistributed pseudo-inverse method [127] [128] [129]. 
This method groups the actuators and effectors into two or more groups which are ranked 
with different priorities. If one or more effectors or actuators in a group saturates, the whole 
group is frozen and the optimization will continue in the group with less priority.       
The direct allocation method [130] suggested that when the allocated actuator input 
calculated from the pseudo-inverse method satisfied the input constraints, no further action is 
required. Otherwise another control input value would be calculated based on the following 
equation: 
max𝛼≤1 𝛼,        subject to  𝐵𝑢 = 𝛼𝜏𝑐,     𝛼𝜏𝑐 ∈ 𝔸 
 (17) 
where 𝛼 ∈ [0,1]. 𝔸 presents the constraints of the virtual control input. However, solving this 
problem is not trivial when the dimension of 𝑢 is large. 
Linear programming (LP) method is a powerful approach to minimise the error between the 
allocated input value and the desired one [131] [132] [133] [134]. Specifically, the following 
1-norm control allocation problem can be solved by LP method: 
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min
𝑢,𝑠
��𝑞𝑖|𝑠𝑖|
𝑚
𝑖=1
+ � 𝑤𝑗�𝑢𝑗�
𝑝
𝑗=1
� 
(18) 
subject to 𝐵𝑢 = 𝜏𝑐 + 𝑠 , 𝑢𝑚𝑖𝑛 ≤ 𝑢 ≤ 𝑢𝑚𝑚𝑥 , ∆𝑢𝑚𝑖𝑛 ≤ 𝑢 − 𝑢𝑠 ≤ ∆𝑢𝑚𝑚𝑥 . 𝑠𝑖  is the slack 
variables which ensure that a feasible solution always exists. 𝑢𝑠 is the control value from the 
last sampling instant.  
Define the following auxiliary variables: 
𝑠𝑖+ = �
𝑠𝑖     𝑠𝑖 ≥ 0
0     𝑠𝑖 ≤ 0
 
𝑠𝑖− = �
−𝑠𝑖    𝑠𝑖 ≤ 0
0       𝑠𝑖 ≥ 0
 
𝑢𝑖+ = �
𝑢𝑖    𝑢𝑖 ≥ 0
0     𝑢𝑖 ≤ 0
 
𝑢𝑖− = �
−𝑢𝑖    𝑢𝑖 ≤ 0
0     𝑢𝑖 ≥ 0
 
(19) 
The control allocation problem in (18) can be transferred in the following linear program: 
min
𝑢+,𝑢−,𝑠+,𝑠−
[𝑤𝑇 𝑤𝑇 𝑞𝑇 𝑞𝑇] �
𝑢+
𝑢−
𝑠+
𝑠−
� 
(20) 
subject to [𝐵 −𝐵 −𝐼 𝐼] �
𝑢+
𝑢−
𝑠+
𝑠−
� = 𝜏𝑐, 
�𝐼 −𝐼 0 0−𝐼 𝐼 0 0� �
𝑢+
𝑢−
𝑠+
𝑠−
� ≥ � 𝑚𝑎𝑥
(𝑢𝑚𝑖𝑛,∆𝑢𝑚𝑖𝑛 + 𝑢𝑠)
−𝑚𝑖𝑠(𝑢𝑚𝑚𝑥,∆𝑢𝑚𝑚𝑥 + 𝑢𝑠)
�. 
The commonly used numerical methods for LP include the simplex method, active set 
method and interior-point method [135]. Bodson suggested that LP based methods were often 
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used for a small number of effectors, while quadratic program (QP) based methods tended to 
use all the effectors but with small control values [132]. 
When the 2-norm is chosen in the cost function, the control allocation problem becomes the 
QP that can be solved by numerical QP methods [136] [137] [138]. Consider the following 2-
norm control allocation problem: 
min
𝑢,𝑠
��𝑞𝑖𝑠𝑖2
𝑚
𝑖=1
+ � 𝑤𝑗𝑢𝑗2
𝑝
𝑗=1
� 
(21) 
subject to 𝐵𝑢 = 𝜏𝑐 + 𝑠 , 𝑢𝑚𝑖𝑛 ≤ 𝑢 ≤ 𝑢𝑚𝑚𝑥 , ∆𝑢𝑚𝑖𝑛 ≤ 𝑢 − 𝑢𝑠 ≤ ∆𝑢𝑚𝑚𝑥 . This can be 
transferred into a standard QP problem: 
min
𝑢,𝑠
[𝑢𝑇 𝑠𝑇]𝐻 �
𝑢
𝑠� 
(22) 
subject to [𝐵 −𝐼] �
𝑢
𝑠� = 𝜏𝑐, �
𝐼 0
−𝐼 0� �
𝑢
𝑠� ≥ �
𝑚𝑎𝑥(𝑢𝑚𝑖𝑛,∆𝑢𝑚𝑖𝑛 + 𝑢𝑠)
−𝑚𝑖𝑠(𝑢𝑚𝑚𝑥,∆𝑢𝑚𝑚𝑥 + 𝑢𝑠)
�, 
𝐻 = 2diag�𝑤1, … ,𝑤𝑝, 𝑞1, … 𝑞𝑚�. 
QPs are often solved by active set method, interior-point method and fixed-point method [135] 
[136] [139]. Active set method can improve the guess of the optimal active set at each 
iteration and find how the active set needs to be changed in order to obtain the better optimal 
solution [135]. Interior-point methods apply a barrier function instead of the inequality 
constraints to prevent the solutions going into the infeasible region [135]. Active set method 
is beneficial from that the initial values can take the advantages from the solution from 
previous sample, which is known as warm start. However, interior-point method is difficult to 
achieve the warm start procedure and is widely applied in the larger-scale problems [138].  
When the control allocation problem includes a non-quadratic cost function, a non-linear 
effector model or the constraint sets are not polyhedral, the control allocation problem cannot 
be easily solved by the above linear LP methods or QP methods. In [139], a numerical 
method similar to sequential quadratic programming (SQP) was proposed to solve this kind 
of problem by locally approximating the cost function by a quadratic cost function and 
linearised constraints. However, strong non-linear control allocation problem may result in 
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non-convex cost functions or constraints functions that may make the optimization get stuck 
in local minimums and severely degenerate the performance.   
      
2) Applications of the control algorithms in the vehicle dynamics 
a) Vehicle handling and stability control 
(1) Vehicle yaw rate control 
To improve the vehicle steering feel or handling performance, the studies on the yaw rate 
controller are widely focused.  
The application of active steering system is the main trend of these studies, including some 
work on the active drive line and suspension. The active system can provide benefits on two 
regions: limited handling condition and normal driving condition. In the limit handling 
studies, the retention of stability under severe manoeuvres is the prime issue. For the normal 
driving studies, Millsap and Law concentrated on two important measures, the steering 
sensitivity at lateral acceleration and steering wheel torque gradient [140]. Steering sensitivity 
indicates how much the vehicle responds to the steer angle input. They proposed the Variable 
Ratio Electric Steering system (VRES) to overcome the compromise between the steering 
sensitivity and torque gradient over the speed range. However, this research work is based on 
quasi-steady-state measurements and the steering feel is also greatly influenced by the 
transient behaviour. 
Feedforward and feedback control strategies were suggested for yaw rate control under 
steering manoeuvres. The feedforward controller can transiently increase the steering angle 
and reduce the time lag between the input and output response of the vehicle system. The 
feedback controller uses the simple vehicle model to generate the desired yaw rate and then 
the desired value is fed through a first-order lag to generate the demanded yaw rate. The 
feedback controller requires less steering control effort and shows good side-slip behaviour 
on icy surface. Furthermore, the additional steering angle can also be generated by the 
controller to assist the braking-based stability control system on the vehicle to improve the 
yaw rate response and stability under braking condition. 
Kremer and Hackl from Bosch showed a good overview of Active Front Steering (AFS), 
where the additional front steering angle is actuated by a motor that drives the ring gear of a 
planetary gear connected in line with the steering column [141]. Ackermann et al. used an 
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additional positive feedback element from the yaw rate to steering angle, which can remove 
the yaw dynamics from driver’s control. This system can successfully deal with the 
unexpected yaw disturbance like cross-wind and split-u surface, but the performance in 
severe lateral motion is questionable [142]. Ackermann also argued that the steering actuator 
bandwidth and saturation are the key limiting factors in achieving the desired yaw dynamics 
[142]. Segawa et al. extended some concepts for the feedforward and feedback yaw rate 
controller by introducing the Variable Gain Steering (VGS) ratio and D* strategy in [11]. 
VGS ratio was used in the feedforward controller to be scheduled with speed and the D* 
strategy was applied as the feedback controller. D* strategy suggested that the lateral 
acceleration and yaw-speed component of lateral acceleration had the separate feedback 
control gains. The experiment results in [11] showed that D* strategy could reduce the lag in 
the system and improve the path following on low friction surface. Kojo et al. described the 
practical implementation of VGS system in Toyota [143]. Simulation and field test data in 
[143] showed that there were different optical steering ratios for the disturbance rejection and 
course tracking. There are also some other studies that focus on how active steering control 
affects the vehicle handling, but these studies do not address the human factor issue [144]. 
In addition to the active steering control strategy, the feedforward-feedback yaw rate control 
can also utilise braking, driveline and suspension system. Matsumoto et al. [145] described 
the Brake Force Distribution (BFD) control on Nissan and the significant details on BWM’s 
direct stability control system are also provided ( [146] [147] [148] [149] [150]). Although 
there are significant advantages when using brake for yaw control, the vehicle longitudinal 
performance is compromised.  Naito et al. presented the 4WD torque split mechanism [151] 
and Matsuno et al. suggested the Variable Torque Distribution (VTD) system for the yaw rate 
control to improve handling on dry roads and stability on slippery roads [12]. In addition, 
Motoyama et al. indicated that the left/right torque split showed the great potential for 
improving vehicle cornering performance [152]. Smakman investigated that the vertical 
wheel load could offer some benefits to the improvement of the yaw rate response [153].      
The yaw rate control is achieved by the model reference feedback yaw rate controller, which 
attempts to push the vehicle non-linear behaviour into the linear bicycle behaviour. Active 
braking system offers the most power for generating corrective yaw moment, but has 
disadvantage over the longitudinal acceleration demand. Thus, the yaw rate control relies 
more on active steering control to improve the driver’s subjective view of handling feel in the 
normal driving condition.  
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(2) Vehicle stability control 
The vehicle side-slip angle is the critical control value for vehicle stability control. Early 
studies about side-slip angle are dominated by linear feedforward active rear-wheel steering 
(ARS) systems ( [154] [155] [156] [157]). The feedforward value is obtained by calculating 
the 2 DOF bicycle model equations of zero side-slip angle at steady state. Many of these 
early studies examined the vehicle dynamics in the linear range of handling, but side-slip 
stability is more critical in the non-linear range. Shibahata et al. showed a non-linear analysis 
of steady-state performance of Direct Yaw-moment Control (DYC) systems (beta-method), 
which indicates the stability margin under different side-slip angles and steering angles [158]. 
This DYC algorithm decouples the roll motion from lateral motion, which includes the 
differential braking between left and right wheel, Roll Moment Distribution (RMD) and 
active rear wheel steering. Left and right differential braking can control the side-slip angle 
over a full range of vehicle motion, while RMD is only used for the large lateral acceleration 
more than 4 m/s2. ARS is only effective at small side-slip angle. The steady-state beta-
method assumes zero dynamics jump from one vehicle state to another and the beta-phase 
plane analysis is suggested by the researchers to increase the fidelity of the analysis [159]. In 
this study, the rate of side-slip angle is plotted against the side-slip angle, which shows much 
more information on the dynamic response, like side-slip angle damping and nature 
frequency. In addition, this plot can further used to ensure the side-slip behaviour stays in the 
control boundaries. 
Some studies explored the effect of integrating several controllers for side-slip angle control. 
For instance, Smakman suggested that the braking intervention has the most important effect 
on the vehicle lateral dynamics, but it compromises the driving demands [153]. Wheel load 
control has the advantage of contributing little to the vehicle longitudinal dynamics, but the 
high moment required cannot be generated. Thus, Smakman suggested that the wheel load 
control was applied normally until the vehicle reached saturation and the brake intervention 
was applied. This research also suggested that the effect of wheel load variation was minimal 
when the lateral acceleration was greater than 0.3 g. Selby et al. and He et al. explored the 
integration of active braking/driving system with the AFS system to delay intervention in the 
longitudinal dynamics significantly [160] [161].  
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Motivated by the robust control of nonlinearities, mismodelling and parameter variations, 
Abe et al. ( [13] [162] [163] [164]) and Furukawa and Abe [165] applied sliding mode 
control (SMC) to track the desired side-slip angle response.  
 
(3) Integrated vehicle handling and stability control 
Two main approaches are suggested for this problem: the control system with only one 
actuator and the system with two or more actuators. The controlling of two target values with 
only one actuator is implemented by 𝐻𝑖𝑛𝑟 control. Firstly, the vehicle yaw-sideslip response 
is shaped to first-order dynamics and then the side-slip angle is controlled by the 
conventional zero-sideslip law. A comprehensive theoretical study on this work about AFS is 
presented [166] [167].   
The integrated yaw rate and side-slip angle control with more than one actuators is 
implemented by both linear and non-linear control strategy. Nagai et al. ( [14] [168] [169]) 
presented the combined feed-forward and feedback control, and Kleine and Van Niekerk  
[170] used 4WS controller with both AFS and rear wheel steering to achieve the integrated 
control. Smakman used the heuristic integration strategy and involved the shift of authority 
between wheel-load control and brake control [153]. Selby, He and Cooper et al. applied the 
similar approach for braking-steering control, driveline-steering control and driveline-wheel-
load control [160] [161] [171]. These combined controllers all showed better estimation 
performance than the combined stand-alone controllers.    
However, most of above studies are based on traditional ICE vehicles, and the controller 
performance is constrained by the limitation of the actuators. For active steering control, the 
controlled steering angle is limited by the mechanical steering linkage, while the direct yaw 
moment control is constrained by the limited longitudinal tyre force difference between the 
left and right wheels. With the innovative technique of in-wheel steering motors and in-wheel 
driving motors, these limitations can be overcome, and recently there has been some research 
aiming to improve vehicle handling and stability. For example, Chen and Wang designed and 
evaluated electric differentials for over-actuated electric ground vehicles with in-wheel 
driving motors [172]. The energy-efficient control allocation (EECA) method was designed 
for the longitudinal speed tracking control of an electric vehicle with two pairs of in-wheel 
driving motors in [15], where three different EECA methods, i.e., adaptive-EECA, KKT-
based EECA and rule-based EECA were presented. The adaptive-EECA takes into 
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consideration the power consumption of the individual in-wheel motor, but global 
optimization cannot be reached at every time step and only trends in the optimal direction. 
KKT-based EECA can obtain globally optimal torque distribution in real time and consume 
the least energy. The rule-based method uses a simple fixed ratio to dictate the torque 
distribution by a priori knowledge, and of the three methods, this consumed the most energy. 
In [173], a passive actuator fault-tolerant control was also applied to control the 4WID EV. 
These studies did comprehensive research into motion and power consumption control on 
EVs with in-wheel driving motors, but little research has been done on lateral vehicle motion 
and 4WIS vehicles. In [174] and [175], a vehicle lateral motion controller for  4WID and 
front wheel steering EVs was proposed and the controller made use of the combined active 
front wheel steering and direct yaw moment control through in-vehicle networks with real-
time message priority scheduling. To realise the desired control target, an optimum torque 
allocation algorithm using the quadratic forms as the cost function was adopted in [174]. This 
algorithm can be solved as a QP problem with constraints. The first term of the cost function 
was the error between the demanded yaw moment and the actual yaw moment, while the 
second term of the cost function was a ‘penalised term’ used to adjust the longitudinal forces 
of the four wheels by taking into consideration of the tyre force margin. Demirci and 
Gokasan developed the adaptive stability control of a 4WIS-4WID EV, but the front wheels 
and the rear wheels had the same steering angle [9]. In Demirci and Gokasan’s paper, 
according to the controlled yaw moment which was calculated by the sliding mode yaw 
moment observer in the upper level, the steering angle and driving torque of each wheel was 
distributed in the lower level by solving a non-linear optimization problem. The main 
problem of the above-mentioned methods is that they need to solve a very complex 
optimization problem. Ando and Fujimoto, instead, used a linear longitudinal and lateral tyre 
force distribution method for the direct yaw-moment controller, and the optimal value can be 
solved by the linear equation in every time step [176].  
Researchers, especially from European countries, also consider the combined yaw rate and 
body side-slip angle control as a part of the vehicle global chassis control (GCC). Various 
approaches to GCC have been proposed but the main difficulty is to consider the possible 
combination of different actuator configurations. Some studies used a given combination of 
actuators, and the controllers were designed and calibrated for each single actuator 
configuration [177] [153] [178]. Some other studies explored the full synergetic potential of 
the available actuators. For example, in [179], each wheel was assumed to be individually 
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steered and driven, and this requires the allocation of tyre force within their friction limit. The 
allocation method included a feedforward and feedback flatness-based tracking controller 
which was used to determine the virtual control command, and an inverse static subsystem, 
which was used to convert the virtual control command into the actual control command.  
The inverse static subsystem required a simple tyre model so that it could be inverted 
analytically, but this model is not accurate enough to represent the actual vehicle motion. 
Similarly, a vehicle motion controller which was designed based on feedback linearization of 
a simple vehicle model was developed, and a control allocation-like method was used to 
distribute the generalised forces to the wheel forces in [180]. In addition, a model inversion-
based feedforward optimal control method with direct allocation of the actuator commands 
was proposed with high-gain feedback in [181]. The major improvement of these studies 
compared with [179] is the introduction of the control allocation method because the desired 
control targets can be achieved by the actual actuators with different solutions. In [181], the 
allocation problem was proposed as an optimization problem with linear constraints. In [180], 
the allocation problem was solved by using a sampled constrained least-square linearized 
optimization method. Bajcina and Kouhi [182] also suggested an innovative redundant 
feedforward control scheme for the GCC systems using a single–wheel actuated powertrain 
with independent steering and driving/braking. Based on a simple iterative structure with a 
Lagrange-multiplier, the analytic expression for the optimal allocation of longitudinal and 
lateral tyre friction force was obtained. This study was further extended into a fault-tolerant 
distributed feedback GCC system in [183].  
Over the past several decades, various automotive companies have also carried out intensive 
research into the GCC or the integrated vehicle dynamics control (IVDC). The years between 
the 1980s and the 1990s was the beginning stage of IVDC. In 1987, Toyota presented its 
concept car, the FXV-II, which integrated air suspension, 4WS, engine control, gearbox ratio 
control, 4WD and an anti-lock braking system (ABS) [184]. In 1991, Toyota also developed 
its Sorarer model, which integrated 4WS, ABS and a traction control system (TCS) [185]. 
Since the mid-1990s when the electronic stability program (ESP) was developed, there has 
been rapid development of IVDC. Continental proposed its original differential braking and 
engine interventions in the ESP, and the active front steering was introduced in the second 
generation of ESP [186]. Bosch developed VDC, which is a new active safety system for 
road vehicles to control dynamic vehicle motion in emergency situations. This system 
regulates the engine torque and wheel brake pressure using traction control components [187]. 
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Lexus 64, developed by Toyota, used integrated vehicle dynamics management to manage 
the ABS, traction control, active braking intervention and steering system at the same time. 
Recently, automotive suppliers such as Delphi, Bosch, Continental and TRW have extended 
integrated chassis control to whole vehicle control, and have covered all the subsystems of 
the controller in a single frame, including the driving assist system (cruise control), the active 
safety system (electronic stability control) and the passive safety system (supplemental 
restraint system) [188]. Conti Automotive also carried out some research on the integrated 
motion control of EVs [189].                  
 
b) Vehicle energy-efficient control 
For the 4WIS-4WID electric vehicles, multiple control targets can be achieved due to the 
redundant control actuators utilised. In addition to the handling and stability control targets 
which have been in the focus in the above sections, energy efficiency is also a highly 
important control target due to the limited energy on-board in EVs. Much research has been 
done to improve the efficiency from the point of view of motor design [190] [191], motor 
control algorithms [192] [193] and power electronics [194] [195]. Wang et al. proposed a 
longitudinal motion controller to improve the energy efficiency of the four in-wheel brushless 
DC (BLDC) motors by allocating different driving torques among the four motors in two 
different operation modes: the driving mode and the braking mode, with different energy-
efficient formulations defined as [196]: 
𝐽 = min ∑ 𝜔𝑖𝑇𝑑𝑖
𝜂𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟
                           in driving mode    (a) 
𝐽 = max ∑ 𝜔𝑖𝑇𝑏𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 𝜂𝑖                      in braking mode     (b) 
(23)                        
where 𝐽 is the optimisation cost function of the total power output of the battery in the driving 
mode and the total input power to the inverter in the braking mode. 𝑇𝑖  is the driving or 
braking torque of each wheel, and 𝑖 = 𝑓𝑓,𝑓𝑓, 𝑓𝑓, 𝑓𝑓, which represents the front left, front right, 
rear left and rear right wheel, respectively. 𝜔𝑖  and 𝜂𝑖  are the wheel angular velocity and 
energy-efficient coefficient of each wheel.    
Based on the similar energy-efficient formulation in (23), Gu et al. also proposed the energy-
efficient control of the individual wheel driving motor based on the longitudinal motion, and 
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proved that equal distribution of all the driving torques can achieve optimal energy efficiency 
[197]. However, the in-wheel motor of a permanent magnetic synchronous motor (PMSM) 
was selected to be used in this study and the motor efficiency map was different from the 
BLDC motor.           
The above studies mainly focused on the control allocation of the vehicle during longitudinal 
motion, but the controller design will be more complex during combined longitudinal and 
lateral motion. This is because vehicle handling and stability are also critical issues to be 
considered in addition to the energy efficiency. As the redundant actuators can be used in the 
control system, the control allocation of the EV can achieve multiple control targets such as 
handling control, stability control and energy-efficient control.  
In [198], the desired vehicle understeer characteristic, which was expressed as a function of 
the dynamic steering wheel angle 𝛿 and lateral acceleration 𝑎𝑦, was analysed and optimised 
off-line to achieve energy-efficient control. In addition, four other objective functions for the 
control allocation were compared. These included: the minimisation of the total power output, 
the minimisation of the standard deviation of individual tyre longitudinal slip ratio with 
respect to the average slip, the minimisation of the total longitudinal slip power loss and the 
minimisation of the average combined tyre force coefficient. In [199], it was also suggested 
that there was a variety of cost functions for control allocation optimisation which related to 
the tyre slip, the actuator effort and power loss when the vehicle cornering motion was 
considered. An off-line procedure was first applied to minimise the total motor power loss in 
[199]. Then a simple on-line method was used to approximate the results of the off-line 
optimisation into the on-line torque allocation function. Three different motor types were 
demonstrated to achieve the reduction of the power loss by using an off-line procedure in 
[200]. This method, however, cannot be directly applied to on-line applications in real-time 
because of the high computational cost. Chen and Wang [201] considered the vehicle’s 
longitudinal dynamics, lateral dynamics and yaw dynamics. In their study, the planar motion 
controller had a two-layer structure. In the upper layer, the virtual control law is obtained by a 
dynamic SMC in order to achieve robust control of the vehicle stability. In the lower level 
controller, the optimisation targets of the energy efficiency and virtual control law in the 
upper level can be achieved by adaptive control, but this whole control system is based on the 
linear vehicle planer motion model, which is usually applicable in the moderate velocity and 
small steering angle situation, and the non-linear tyre characteristic is neglected. 
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c) Vehicle fault-tolerant control 
Compared with conventional vehicles, the probability of an in-wheel motor fault is a crucial 
issue due to the system complexity and large number of control actuators. The in-wheel 
motor fault may be caused by mechanical problems, over-heating of the motors or a fault 
associated with the motor drivers [202]. In addition, uneven road conditions can cause the 
individual wheel to lose contact with the road, thus losing friction force and this can cause a 
fault in an individual wheel. The fault of the in-wheel motor compromises the vehicle’s 
dynamic control performance when conventional controllers are applied, so the design of the 
fault-tolerant controllers for EVs is especially important.  
Previously, to improve the robustness of the vehicle traction control, the model following 
control (MFC) approach has been proposed. This only required the input information of 
vehicle torque and wheel rotation speed [203] [204] [205]. Then the maximum transmissible 
torque estimation (MTTE) approach was developed to further improve the robust control 
performance of MFC [206]. Recently, a fault-tolerant control method based on MTTE has 
been suggested using a proportional-integral (PI) type disturbance observer [207], but this 
method only concerned the uncertainties of the mathematical model and sensor faults and did 
not focus on the failure of one specific wheel. 
Driving actuator failure could be handled using the well-known 𝐻∞ robust control method, 
but the dynamic performance of the vehicle under healthy conditions was also compromised 
[208]. To overcome this disadvantage, various active fault-tolerant controllers (AFTC) have 
been proposed based on the application of a fault detection and isolation (FDI) module [209] 
[210]. According to the fault severity, different control structures and control parameters are 
selected after the fault is detected. In [211], two control structures in the AFTC approach 
were proposed to achieve the fault-tolerant control of an induction-motor affected by a speed-
sensor fault. The first control structure was the PI controller for the healthy mode and the 
second controller was the  𝐻∞ robust controller for the faulty mode.      
This means, however, that specific controller strategies can be implemented only after the 
fault has been detected and therefore fault diagnosis is important for fault-tolerant control. In 
the literature, a number of fault diagnosis control strategies for conventional ground vehicles 
have been suggested, but these control methods are not for EVs [212] [213] [214]. Several 
fault diagnosis methods for EVs have been proposed [215] [216], but motor failures are hard 
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to diagnose using only the current and voltage sensors in the in-wheel motor. In [202] and 
[217], the faulty wheel could be identified by estimating the individual motor control gain 
without the knowledge of the specific tyre-road friction coefficient.  
Apart from the fault of a sensor or a fault caused by the disturbance and model uncertainty, 
much study has been done into the failure of the specific in-wheel motor. A control method 
has been proposed in which the faulty wheel and its opposite side wheel were isolated but this 
degrades the performance and stability of the vehicle [218]. Wenbo et al. proposed a control 
strategy to enhance the performance of the vehicle in a small turn or at low speed, but 
conditions where the vehicle is moving in a sharp turn or at high speed were not discussed 
[219]. Xin et al. classified the control strategy into the failure-driving mode, which 
guaranteed the vehicle continued moving and the failure-stopping mode, which stopped the 
vehicle [220]. In [202], a SMC was implemented as the high level controller to achieve the 
desired longitudinal velocity, lateral velocity and yaw rate, then the four driving torques of 
each wheel could be generated to achieve these values. An adaptive-control-based passive 
fault-tolerant controller was also designed to maintain vehicle stability and track the desired 
vehicle motion [217]. Wang and Wang also introduced an improved passive fault-tolerant 
controller which grouped the actuators having similar effects on the control of the system into 
one sub-system [173]. This control method was promising due to the direct distribution of the 
high-level control targets to each of the group of actuators in the lower level.  
The adaptive control method, however, has the problem of high computational cost compared 
with the SMC method. For this reason many see SMC control in fault-tolerant control of 
4WID vehicles as quite promising. In order to achieve better control performance, however, 
SMC needs large control gains and this will cause a large chattering effect. Alipour et al. 
suggested the proportional-integral sliding mode control (PISMC) strategy to improve the 
fault-tolerant control performance of the traditional SMC so that a smaller control gain could 
be selected and the chattering effect could be reduced [221]. Although the SMC control gain 
can be reduced significantly, however, the improvement of the actual dynamics control 
performance over the traditional SMC is not assured. Song et al. applied terminal sliding 
mode control (TSMC) to achieve the finite-time convergence and quick responsiveness on 
the terminal sliding manifold [222]. If the SMC method is applied in a 4WID vehicle to 
achieve multiple control targets, the control effort is allocated into the driving actuators of 
four wheels. One big problem is the coupling effect between different control targets and 
grouping the driving actuators is one of the solutions to solve this problem. For instance, the 
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two front wheels can be considered as one group in order to control the body side-slip angle 
only, while the two rear wheels can also be regarded as one group in order to achieve the 
desired yaw rate. In this way, the control actuators related to the body side-slip angle will not 
have a strong effect on the control performance of the yaw rate. Except for [221] however, it 
appears that few researchers have examined the grouping of the driving actuators. Actuators 
having a similar control effect were grouped in [221], but this was not related to the coupling 
effect between different control targets.   
      
3) Autonomous vehicle control  
 
In recent years, intensive research has been done into autonomous vehicles. The ultimate goal 
of automated driving is to reduce accidents caused by human error and improve safety. In 
addition, full automation can significantly improve the road capacity and diminish air 
pollution because of a more efficient use of fuel [223]. Autonomous vehicles can perform 
different automated driving manoeuvres such as lane following, lane changing, merging, 
splitting, platooning, and overtaking and these have been extensively studied. In 1997, 
California’s Partners for Advanced Transit Highways (PATH) team developed the DEMO’97 
fully automated control vehicles, in order to test the platooning, lane keeping, lane changing, 
platoon split and merge manoeuvres [224]. Recently, autonomous vehicles including 
passenger vehicles [225] [226] and trucks [227] have been demonstrated in the Grand 
Cooperative Driving Challenge 2011 (GCDC 2011). Platooning demonstrations proved the 
technical feasibility of implementing such a technique on the existing roads. Some EU-
funded projects, such as Cybercars [228], HAVEit [229] and ECOVISION [230], also 
focused on automated driving difficulties such as adaptive cruise control, lane keeping, and 
lane changing.  
Until now, the automated steering angle control was focused on autonomous vehicles. 
According to [231], there are two ways to design the steering controllers: imitating human 
drivers and using the dynamics model of the car. The first case does not require detailed 
knowledge of vehicle dynamics because the algorithm mimicking human driver behaviour is 
the key to control. The vehicle dynamics method, however, requires detailed knowledge of 
the dynamics of the car. In [231], the automatic-steering control architecture, based on a 
combination of fuzzy logic and proportional-integral-derivative (PID) controller, was 
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proposed to control the vehicle motion like a human driver. This control method only 
included the position control of the steering wheel, while the control of the steering wheel’s 
angular velocity was also considered in [232].  
The automated steering, however, can only improve the vehicle’s lateral motion. In recent 
years, autonomous vehicles have been designed to follow the longitudinal-lateral trajectories 
that optimize safety, speed, driver comfort, fuel consumption and obedience to the traffic 
rules. In [233], the trajectory planning for the autonomous vehicle was done using a two-step 
algorithm. The first step defined the feasible manoeuvres with respect to the environment. 
The output of this step was a target group of manoeuvres in the longitudinal direction 
(acceleration and decelerating) and lateral direction (lane changes). In the second step, these 
possible trajectories are evaluated in more detail and the trajectories are optimised. The 
output of this step is the recommended vehicle state in the desired trajectory, like position, 
heading, speed and acceleration.       
The vehicle trajectory can be optimised in various scenarios by considering the multiple 
optimization targets and the environment. Overtaking is one of the most complex manoeuvres 
for road vehicles. It is a composition of two consecutive manoeuvres: lane change followed 
by a specific path parallel to the overtaken vehicle, and again, a lane change to the position in 
front of the overtaken vehicle. Petrov and Nashashibi suggested a mathematical model and 
adaptive controller to control the autonomous vehicle in this scenario [223]. This 
mathematical model was composed of a general kinematic model for the overtaking vehicle 
and the relative intervehicle kinematics model during the overtaking manoeuvre. Lin et al. 
also suggested an active collision avoidance system (CAS) for autonomous vehicles in the 
vehicle overtaking scenario [234]. In this study, the vehicle trajectory error dynamics model 
was included in the CAS. The above studies only applied the vehicle kinematic model or the 
limited dynamics model to describe the vehicle motion in the overtaking scenario. This may 
be suitable at low speed and in-doors but it is not suitable for the vehicle in the high speed 
out-door condition. Thus, the comprehensive vehicle dynamics description and control of 
autonomous vehicles are required in the real road condition. 
For traditional ICE vehicles, only one steering control input and one driving input are used to 
achieve multiple control targets, and this limits control performance. With the development 
of the innovative technology of EVs with in-wheel steering and driving motors, 4WIS and 
4WID can be achieved. In this way, more control inputs are available for the longitudinal and 
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lateral motion control and there are redundant control inputs in the control system. These 
redundant control inputs can be utilised in the autonomous control to achieve longitudinal 
dynamics control, lateral dynamics control and yaw dynamics control in addition to the 
kinematic motion control. 
For the autonomous control of the robot such as the holonomic omni-directional robot, the 
longitudinal position, lateral position and yaw angle can be independently controlled and the 
desired trajectory can be easily tracked [235]. However, when the on-road EV is considered, 
even the 4WIS-4WID vehicle has strong coupling effect between the longitudinal motion, 
lateral motion and yaw motion, which is a big challenge for the trajectory tracking of the EV. 
Thus, the automation control of steering angle and driving torque of the vehicle should be 
undertaken separately to alleviate the strong coupling effect between them. For instance, the 
driving torque controller is used to control the states of longitudinal motion and yaw motion 
such as longitudinal position and yaw rate, while the steering angle controller is utilised to 
control the vehicle lateral motion.  
In addition to the above direct trajectory tracking method, the potential field method is also 
quite attracting in the research area of the autonomous steering control. The steering control 
method based on the potential fields can form a steering corridor with a desired tracking error 
tolerance and the vehicle can be steered smoothly with smaller control effort compared with 
the direct trajectory tracking method. The total potential normally includes the attractive 
potential to reach the desired position and repulsive potential to avoid the obstacle. Jaradat et 
al. utilised the fuzzy model and TSK model to develop the total attractive and repulsive 
potential force applied on the autonomous mobile robot [236]. Khatib presented a unique 
real-time obstacle avoidance approach for the mobile robot based on the artificial potential 
field method [237]. In addition, Pan et al. used the fuzzy controller to improve the artificial 
potential field method and safeguarded the reliability of the path planning and path 
smoothness [238]. Ge and Cui proposed the dynamic motion planning method for the mobile 
robot where the target and obstacle are moving by using the potential field method [235]. 
The potential field method is advantageous to control the vehicle to follow a more smooth 
trajectory and to decrease the total control effect compared with the strictly trajectory 
following method. Thus, the potential field method is quite attractive for the autonomous 
control of the on-road EV with limited mobility and high velocity. The above papers about 
the potential field method, however, are mainly focused on the mobile robot and the virtual 
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longitudinal and lateral control forces are required to achieve the control trajectory. In the 
area of the on-road vehicle, the longitudinal motion, lateral motion and yaw motion are 
highly coupled and only tracking the virtue forces can hardly achieve the desired trajectory. 
One possible way to control the trajectory of the on-road vehicle is to achieve the desired yaw 
angle instead of the tracking of the virtual forces or the desired position. Park and Gerdes 
proposed the trajectory control method by tracking the desired yaw angle based on the on-
road vehicle dynamics model. Then, according to the desired vehicle motion, the actual 
actuators are allocated by equally using the friction capability of each tyre [239]. However, 
the yaw angle depends on time and the desired road trajectory and road boundary depend on 
positions. In order to achieve the desired trajectory by using the yaw angle control, the time-
dependent real-time vehicle states should be transferred into the position-dependent desired 
trajectory and road boundary. 
 
4. Summary 
 
This section extensively focuses on the literature review about the vehicle state estimation, 
4WIS-4WID vehicle dynamics modelling and the various controller design methods. In the 
current literature, many studies have addressed on the state estimation and control of the 
traditional two-wheel vehicle, but the state estimation and control allocation method, 
especially the over-actuated control allocation method, of 4WIS-4WID electric vehicle are 
less focused. Based on this background information, this thesis proposes the estimation 
methods for vehicle states, the 4WIS-4WID electric vehicle modelling and various control 
strategies in the following sections. 
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III. Vehicle state estimation method 
 
Vehicle state estimations are the important preliminary studies for the modelling and control 
of the 4WIS-4WID EVs with in-wheel motor, since these estimations can provide important 
vehicle state values which are hard to measure in real situation. In this section, the studies on 
the estimation of the lateral side-slip angle, the estimation of the longitudinal velocity and 
tyre-road friction coefficient, and the estimation of the vehicle mass and road slope are 
extensively focused. 
 
1. Estimation of lateral side-slip angle 
Based on the vehicle dynamics model in [100], the lateral side-slip angle estimator is 
proposed. The proposed side-slip angle estimator mainly includes two parts: the total aligning 
moment estimator and the side-slip angle estimator as shown in Figure III-1. 
 
Figure III-1 The working process of side-slip angle estimator 
 
First, the driver suggests the desired steering angle to the vehicle steering system according to 
the intended manoeuvre, and then the steering system will track the desired steering angle by 
appropriately controlling the current 𝑖  in the steering motor, which is proportional to the 
required steering motor torque 𝜏𝑚𝑐𝑡. As the steering motor current 𝑖 and steering angle 𝜃 can 
be measured, the state space model in equation (26) is used to estimate the steering reaction 
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torque 𝜏𝑑 of each wheel. Then the total alignment torque 𝜏𝑚 is obtained by subtracting the 
jacking torque 𝜏𝑗 from 𝜏𝑑. With the inputs of the total aligning moment 𝜏𝑚, vertical load 𝐹𝑧 
and tyre-road friction coefficient 𝜇, the side slip angle estimator (equation (32)) is used to 
estimate the side-slip angle 𝛼.  
The proposed side-slip angle estimator only needs the measurement inputs of steering current 
and steering angle, which are all easy to obtain from the in-wheel steering motors. The only 
requirement of this proposed side-slip angle estimator is that the tyre-road friction coefficient 
and vertical load need to be available in advance. Friction coefficient can be determined by 
the vehicle longitudinal friction estimation method proposed in section 3.2 in real time and 
the vertical load can be considered as the static load when the vehicle load transfer effect is 
neglected. 
 
1) Total aligning moment estimator 
The total aligning moment is an important value to determine the wheel side-slip angle. 
However, it is hard to be directly measured, and therefore the total aligning moment estimator 
for each individual wheel is proposed in this paper. 
The following relationships between steering reaction torque 𝜏𝑑 and steering motor current 𝑖 
are assumed: 
𝜏𝑑 = −𝜏𝑚𝑐𝑡 = −𝑘𝑚𝑖   →     ?̇?𝑑 = −?̇?𝑚𝑐𝑡 = −𝑘𝑚𝚤̇̇ 
(24) 
Note that equation (24) is just assumed relationship between steering motor torque 𝜏𝑚𝑐𝑡 and 
steering reaction torque 𝜏𝑑, and will be used in the estimation of the total aligning moment. 
According to steering model (8) and equation (24), the following state-space equation is built: 
?̇? = 𝐴𝑐𝑡𝑠𝑥 + 𝐵𝑐𝑡𝑠𝐼 
(25) 
Where 𝑥 = �
𝛿
?̇?
𝜏𝑑
�, 𝐴𝑐𝑡𝑠 = �
0 1 0
0 − 𝑐𝑠
𝐼𝑠
1
𝐼𝑠
0 0 0
�, 𝐵 = �
0 0
𝑘𝑚
𝐼𝑠
0
0 𝑘𝑚
�, 𝐼 = �𝑖
𝑖̇� 
An observer for estimating the steering reaction torque 𝜏𝑑 is then proposed as:  
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𝑥�̇ = 𝐴𝑐𝑡𝑠𝑥� + 𝐵𝑐𝑡𝑠𝐼 + 𝐿𝑥� 
=?̂?𝑐𝑡𝑠𝑥� + 𝐵�𝑐𝑡𝑠𝐼 
(26) 
Where 𝑥� = �
?̂?
?̇̂?
?̂?𝑑
�, 𝑥� = �
𝛿
?̇?
?̃?𝑑
�, 𝛿 = 𝛿 − ?̂?. The observer gain is selected 𝐿 = �
𝑓1 0 0
0 0 0
𝑓2 0 0
� so that 
only the steering angle error 𝛿 is used to improve the estimation performance of steering 
angle and steering reaction torque.    
 ?̂?𝑐𝑡𝑠 = �
−𝑓1 1 0
0 − 𝑐𝑠
𝐼𝑠
1
𝐼𝑠
−𝑓2 0 0
�, 𝐵�𝑐𝑡𝑠 = �
0 0 𝑓1
𝑘𝑚
𝐼𝑠
0 0
0 𝑘𝑚 𝑓2
�, 𝐼 = �
𝑖
𝑖̇
𝛿
� 
The output of the estimator is: 
𝑦� = 𝐶𝑥� 
= �
1 0 0
0 1 0
0 0 1
� �
?̂?
?̇̂?
?̂?𝑑
� 
(27) 
It can be seen that in this observer, the inputs are measured steering motor current, the 
derivative of the steering motor current and measured steering angle, which are all available 
for the steer-by-wire vehicle in practice. The outputs are estimated steering angle, the 
derivative of the estimated steering angle and estimated steering reaction torque 𝜏𝑑 . The 
matrix 𝐶 is selected as the full rank so that all these three output values can be obtained and 
successfully estimated. Note that ?̇?  and ?̃?𝑑  do not affect the estimation because they are 
multiplied by 0, and therefore, are neglected finally. The observer gains 𝑓1, 𝑓2 can be chosen 
by the pole placement method based on the observer characteristic equation of:  
𝑑𝑒𝑡[𝑠𝐼 − (𝐴𝑐𝑡𝑠 − 𝐿𝐶)] 
= 𝑑𝑒𝑡 ��
𝑠 0 0
0 𝑠 0
0 0 𝑠
� − ��
0 1 0
0 −
𝑐𝑠
𝐼𝑠
1
𝐼𝑠
0 0 0
� − �
𝑓1 0 0
0 0 0
𝑓2 0 0
� �
1 0 0
0 1 0
0 0 1
��� 
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(28) 
To make one of the roots to be far from the zero in the negative direction, 𝑠 = −35 is defined. 
We can also select 𝜉 = 0.8 and 𝜔𝑛 = 10 to make sure the stability of the system, so 𝑠2 +
16𝑠 + 100 is defined. Therefore: 
𝑑𝑒𝑡[𝑠𝐼 − (𝐴𝑐𝑡𝑠 − 𝐿𝐶)] = (𝑠 + 35)(𝑠2 + 16𝑠 + 100) = 0 
(29) 
After solving equation (29), the observer gains are obtained as: 𝑓1 = 29, 𝑓2 = 14000.  
The total alignment moment 𝜏𝑚  can be calculated by subtracting jacking torque 𝜏𝑗  from 
estimated steering reaction torque 𝜏𝑑: 
𝜏𝑚 = ?̂?𝑑 − 𝜏𝑗 = ?̂?𝑑 − 𝑐1𝛿2 + 𝑐2𝛿 + 𝑐3 
(30) 
2) Side-slip angle estimation 
When the total alignment moment is estimated, equation (9) can be used to obtain the 
relationship between the total alignment moment 𝜏𝑚 and the side-slip angle 𝛼. 
𝑡𝑝 is determined in equation (10). The lateral tyre force 𝐹𝑦  can be determined by the tyre 
model. Dugoff tyre model can present the effect of the longitudinal force on the lateral tyre 
force, but the inputs of vehicle chassis velocity and longitudinal slip ratio are required. Fiala’s 
tyre model has less parameters and measured inputs to be considered, which is considered 
here to describe the lateral tyre force [101]: 
𝐹𝑦 = −𝐶𝛼 tan𝛼� +
𝐶𝛼2
3
|tan𝛼�| tan𝛼� 𝐼𝑟 −
𝐶𝛼3
27
tan3 𝛼� 𝐼𝑟2 
 (31) 
According to equation (10), 𝛼𝑠𝑠  is also quite large, which is 34.2 degree when 𝜇 = 0.9 , 
𝐹𝑧 = 7550 N and cornering stiffness 𝐶𝛼 = 30000. Thus, the condition that the tyre has lost 
the lateral grip can be neglected and the slip angle can be approximated by the following 
equation according to equations (10) and (31): 
𝜏𝑚 = −�𝑡𝑚 + 𝑡𝑝0 −
𝑡𝑝0𝐶𝛼
3
|tan𝛼�|𝐼𝑟� �−𝐶𝛼 tan𝛼� +
𝐶𝛼2
3
|tan𝛼�| tan𝛼� 𝐼𝑟 −
𝐶𝛼3
27
tan3 𝛼� 𝐼𝑟2� 
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(32) 
This side-slip angle estimator only needs the input value of total alignment moment, which is 
estimated in section 3.1.1. The other vehicle states, like the vehicle chassis velocity and yaw 
rate, are not required.  
It can be seen from Figure III-2 that when the side-slip angle is within the range (-0.35, 0.2) 
rad, the aligning moment is monotonically corresponded to the side-slip angle, which means 
the side-slip angle can be solely solved by equation (32). However, if the side-slip angle is 
not within (-0.35, 0.2) rad, the aligning moment will correspond to multiple side-slip angles, 
which suggests that equation (32) cannot be used to solve the side-slip angle.  
Therefore, this side-slip angle estimator can only work well when the side-slip angle is within 
(-0.35, 0.2) rad. Nevertheless, this range is sufficient to cover most of the required vehicle 
manoeuvres in practice. 
 
Figure III-2 Relationship between side slip angle and total aligning moment 
 
3) Simulation results 
In this section, the side-slip angle estimation performance is tested with the input steering 
current and steering angle. The simulation parameters are shown in Table III-1. It is noted that 
these fundamental vehicle parameters would be used throughout the whole thesis and will not 
be shown again in the following tables. 
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Table III-1 Simulation parameters in the side-slip angle estimator [100] 
 
m  Mass 1298.9 kg 
𝑓𝑟 Distance of c.g. from 
the front axle 
1 m 
𝑓𝑟 Distance of c.g. from 
the rear axle 
1.454 m 
𝑏𝑟 Front track width 1.436 m 
𝑏𝑟 Rear track width 1.436 m 
𝐶𝑠 Longitudinal stiffness 
of the tyre 
50000 
N/unit slip 
𝐼𝑧 Vehicle moment of 
inertial about yaw 
axle 
1627 kgm2 
𝑅𝜔 Wheel radius 0.35 m 
𝐼𝜔 Wheel moment of 
inertial 
2.1 kgm2 
1l  Observer gain 29 
2l  Observer gain 14000 
µ  Friction coefficient 0.9 
rε  Road adhesion 
reduction factor 
0.015 s/m 
αC  Cornering stiffness of 
the tyre 
30000 
N/unit slip 
effJ  Inertial coefficient 4 
effb  Damping coefficient 88 
mk  Armature constant 0.053 
mt  Mechanical trail 0.028 m 
0pt  Pneumatic trail 0.05 m 
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Firstly, the test vehicle is moving with the simple J turn with the steering angle of 6 degree 
for the traditional front wheel steering vehicle. For the 4WIS-4WID vehicle in this research, 
the turn radius is 23.43 m to generate the same steering angle as the front wheel steering 
vehicle, and the steering angle of each wheel is 2.52 degree for front left wheel, 2.372 degree 
for front right wheel, -3.66 degree for rear left wheel and -3.44 degree for rear right wheel. In 
all the simulations, the initial velocity of the vehicle is 5 m/s and the road friction coefficient 
is assumed as 0.9. The estimated side-slip angles are shown in Figure III-3. For comparison, 
the estimation results obtained by another two existing methods based on traditional front 
wheel steering vehicle: Hsu’s method [52] [51] and EKF method [78] [20] [21], are also 
presented. Only simulation results of front left and rear left tyre are shown, because when the 
steering angle is small the difference between left and right tyre side-slip angle can be 
neglected.   
As the initial velocity is relatively slow in the first simulation, now the velocity is increased 
to 10 m/s in the second set of simulation and the simulation results are shown in Figure III-4. 
We can clearly see the proposed method shows good estimation performance.  
The traditional side-slip angle estimation methods like Hsu’s method and EKF method rely 
on the measurement vehicle states like acceleration, velocity and yaw rate. The accuracy of 
these measured values is affected by the system noise and environment disturbance. The new 
proposed estimation method needs the measured inputs of steering angle and steering current, 
which also have the measurement noise for the steering current and steering angle. Therefore, 
in the third case, Figure III-5 shows the slip angle estimation results when measurement noise 
is considered. For the traditional methods, the lateral acceleration measurement noise is 
considered (random noise with variance of 0.01). For the new proposed method, the 
measurement noise of steering current is considered (random noise with variance of 0.01). 
The results show that the proposed method is robust to the measurement noise. 
In the above conducted simulations, the traction or brake torque is assumed to be zero. 
However, the vehicle is under the combined steering and braking motion at the beginning of 
turning, while the vehicle is turning and accelerating at the end of turning. Now the combined 
traction and steering motion is simulated here to further test the estimation performance of 
these side-slip angle estimation methods. The traction torque is applied from 0s to 20s (25 
N.m) on all the four wheels and the estimated side-slip angle is shown in Figure III-6 in this 
case.     
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When the extremely large steering angle is applied on the vehicle, the estimated side-slip 
angle is not accurate due to the non-linear tyre characteristic caused by large steering angle. 
However, for the omni-directional vehicle, each wheel can be independently steered to have 
smaller side-slip angle and better estimation performance. In Figure III-7, front wheel 
steering angle of 1 rad (57.3degree) is applied on the traditional front wheel steering vehicle. 
This means that the turn radius of vehicle is approximate 2.454 m for the omni-directional 
vehicle. According to [7], the steering angles of the four wheels of omni-directional vehicle 
are 29.94 degree for the front left wheel, 17.5 degree for the front right wheel, -39.95 degree 
for the rear left wheel and -24.63 degree for the rear right wheel. In this simulation, the 
steering angle is large and consequently the difference of the left and right tyre slip angle is 
also large. Thus all the side-slip angles of the four wheels have been compared here.     
According to Figure III-7, the proposed estimator has better estimation performance 
compared with the existing methods when the large steering angle is applied. This scenario is 
like that the vehicle is turning in the narrowed space in traffic congestion in big city. The 
traditional two wheel vehicle model cannot successfully estimate the side-slip angle, while 
the 4WIS vehicle model can successfully get the results. 
To show the estimation results more clearly, the root mean square error obtained from Figure 
III-3-Figure III-7 are summarized in Table III-2. According to Table III-2, it is also proved 
that the proposed side-slip angle estimator has better estimation performance than the existing 
estimation methods in all the simulations.    
 
(a)                                                                       (b) 
Figure III-3 Comparison of the estimated side slip angle with the actual value in the simple 
turning condition (a) front left wheel (b) rear left wheel 
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(a)                                                                     (b) 
Figure III-4 Comparison of the estimated side slip angle with the actual value in the simple 
turning condition when velocity is increased (a) front left wheel (b) rear left wheel 
 
(a)                                                                         (b) 
Figure III-5 Comparison of the estimated side slip angle with the actual value in the simple 
turning condition when measurement noise is considered (top figure) front left wheel (bottom 
figure) rear left wheel 
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(a)                                                                       (b) 
Figure III-6 Comparison of the estimated side slip angle with the actual value (a) front left 
wheel (b) rear left wheel when combined steering and traction motion is considered 
 
(a)                                                                     (b) 
  
  (c)                                                                          (d) 
 
Figure III-7 Comparison of the estimated side slip angle with the actual value when the large 
steering angle is applied (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear 
right wheel  
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Table III-2 The root mean square (RMS) error of the proposed estimation method and two 
existing estimation methods (unit: degree) 
 
4) Conclusion 
A novel side-slip angle estimator is proposed for the 4WIS-4WID vehicle and the simulation 
results are presented to compare with the existing methods in this paper. It shows that the 
proposed side-slip angle estimator for the 4WIS-4WID electric vehicle with in-wheel steering 
motor is more accurate and reliable than the existing estimation methods. The inputs of the 
estimator are the steering motor current and steering angle, which are easy to be accurately 
measured and controlled. In addition, when the steering angle is large, the proposed estimator 
which is based on a 4WIS vehicle model shows better estimation performance than the 
traditional methods which are based on a two-wheel vehicle model. 
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2. Estimation of longitudinal velocity and friction coefficient 
 
A novel cost effective vehicle longitudinal velocity and tyre-road friction coefficient 
estimation method during the pure longitudinal motion is presented in this section. From the 
available ABS system, CAN bus and longitudinal accelerometer, the wheel angular speed 
measurement, traction/brake torque measurement and longitudinal acceleration measurement 
are available. Particularly for the conventional vehicle, the traction torque can be roughly 
calculated from engine torque by considering the reduction. The engine torque is normally 
obtained from measurement of engine fly-wheel speed. To improve the accuracy of 
measurement, high-resolution rotational motion sensors are utilised [240]. For the 
conventional vehicle with hydraulic braking system, the brake torque can be calculated from 
the measurement of oil pressure by pressure sensors in the hydraulic system [241]. These 
torque measurement signals are available through CAN bus. In addition, with emerging 
technology of in-wheel driving motor in EV, the traction/brake torque can be easily and 
accurately measured and controlled from the current of driving motors [83]. A number of 
studies have used the input traction torque and brake torque to estimate the tyre-road friction 
coefficient. These studies have been verified by the real experiment utilising the real vehicles, 
like the Volvo XC90 sport utility vehicle, with the torque measurement available on the CAN 
bus [62] [77] [242]. As the measurement of traction/brake torque may contain certain 
measurement noise, to reduce the effect of the torque measurement noise and improve the 
velocity estimation accuracy, a new observer is proposed with using the measured 
acceleration value as feedback signal and choosing appropriate feedback control gain to 
guarantee the convergence of the observer. The vehicle absolute velocity and slip ratio are 
estimated by this observer without using the expensive GPS, and the tyre longitudinal force 
and tyre-road friction coefficient of each wheel can be estimated accordingly. This method 
will produce a better estimation performance compared to the above discussed three methods.  
There are mainly three steps in this proposed friction estimation method: (1) estimation of the 
longitudinal velocity and slip ratio; (2) estimation of the tyre longitudinal force; and (3) 
estimation of friction coefficient using the results obtained from the first two steps. 
1) Vehicle longitudinal dynamics model 
Only the vehicle longitudinal motion is considered for the longitudinal velocity and friction 
coefficient estimator. The schematic diagram of the vehicle longitudinal motion model is 
53 
 
shown in Figure III-8. When the vehicle is under acceleration, the vehicle longitudinal 
dynamics model and wheel dynamics model are described as:  
?̇?𝑥 =
1
𝑚
�𝐹𝑥𝑟 + 𝐹𝑥𝑟� − 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
+ 𝑔 sin𝜃                                                (a) 
?̇?𝑟 =
1
𝐼𝜔
�−𝐹𝑥𝑟𝑅𝜔 + 𝑇𝑑𝑟�                                                             (b) 
?̇?𝑟 =
1
𝐼𝜔
(−𝐹𝑥𝑟𝑅𝜔 + 𝑇𝑑𝑟)                                                             (c) 
(33) 
Where the wheel rolling resistance 𝐶𝑟𝑚𝑔, wind drag force 𝐷𝑚𝑣𝑥2 and road gradient 𝑔 sin𝜃 
are considered. 𝑇𝑑𝑟  and 𝑇𝑑𝑟  are the traction torques applied on front and rear wheel, 
respectively. 𝐹𝑥𝑟 and 𝐹𝑥𝑟 are front wheel and rear wheel longitudinal tyre forces. 𝑚 denotes 
the vehicle mass and 𝑣𝑥  shows the vehicle longitudinal velocity. 𝜔𝑟  and 𝜔𝑟  are the front 
wheel and rear wheel angular velocities. 𝐼𝜔 denotes the wheel moment of inertia and 𝑅𝜔 is 
the wheel radius. When the vehicle is in braking mode, the vehicle dynamics model is 
described as: 
                    ?̇?𝑥 =
1
𝑚
�𝐹𝑥𝑟 + 𝐹𝑥𝑟� − 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
+ 𝑔 sin𝜃                                                (a) 
?̇?𝑟 =
1
𝐼𝜔
�−𝐹𝑥𝑟𝑅𝜔 − 𝑇𝑏𝑟�                                                             (b) 
?̇?𝑟 =
1
𝐼𝜔
(−𝐹𝑥𝑟𝑅𝜔 − 𝑇𝑏𝑟)                                                             (c) 
(34) 
Where 𝑇𝑏𝑟 and 𝑇𝑏𝑟 are the braking torques applied on front and rear wheel, respectively.  
The Magic Formula tyre model is employed in this study to represent the nonlinear tyre 
characteristic, which is defined as:  
𝐹𝑥𝑟,𝑟 = 𝐷𝑠𝑖𝑠�𝐶𝑎𝑓𝑐𝑡𝑎𝑠�𝐵𝑠𝑟,𝑟 − 𝐸�𝐵𝑠𝑟,𝑟 − 𝑎𝑓𝑐𝑡𝑎𝑠�𝐵𝑠𝑟,𝑟���� 
(35) 
Where 𝐵,𝐶,𝐷,𝐸  are all curve fitting coefficients in the Magic Formula tyre model. 
Particularly, 𝐷 = 𝜇𝐹𝑧 , which is directly related to the vertical load 𝐹𝑧  and the tyre-road 
friction coefficient 𝜇. 
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Figure III-8. Schematic diagram of vehicle longitudinal motion model. 
 
 
2) Estimation of the vehicle longitudinal velocity and slip ratio 
 
First, some assumptions on the longitudinal velocity observer are made. 
Assumptions: The longitudinal acceleration, traction or brake torque and wheel angular 
velocity are measurable. The road gradient is also known. The lateral vehicle motion is 
neglected. 
These assumptions are reasonable because the longitudinal acceleration can be obtained by 
the accelerometer and the traction or brake torque is available from the CAN bus of the 
vehicle system. The wheel angular velocity can be measured from the wheel speed sensor, 
while a longitudinal accelerometer and a vertical accelerometer can be used together to 
measure the road gradient [62]. As this paper is based on a vehicle longitudinal dynamics 
model that is applicable during vehicle acceleration and deceleration, the lateral motion is 
neglected.  
The following vehicle longitudinal dynamic equations from the model (33)(34) are used for 
the observer design: 
?̇?𝑥 =
𝑇𝑑𝑓+𝑇𝑑𝑟−𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
+ 𝑔 sin𝜃         during acceleration         (a) 
?̇?𝑥 =
−�𝑇𝑏𝑓+𝑇𝑏𝑟�−𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
+ 𝑔 sin𝜃         during braking         (b) 
(36) 
A nonlinear observer is designed to estimate the vehicle velocity as follows: 
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𝑣�̇𝑥 = �
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� ∙ 𝑆𝑎𝑡�𝑣�𝑥 − 𝑅𝜔𝜔𝑟� −
𝐼𝜔�?̇?𝑟 + ?̇?𝑟�
𝑚𝑅𝜔
− 𝐶𝑟𝑔 −
𝐷𝑚𝑣�𝑥2
𝑚
+ 𝑔 sin𝜃 
                +𝐾𝑚 ���
𝑇𝑑𝑓+𝑇𝑑𝑟
𝑚𝐼𝜔
� 𝑆𝑎𝑡�𝑣�𝑥 − 𝑅𝜔𝜔𝑟� −
𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣�𝑥2
𝑚
� − 𝑎𝑥�                            
during acceleration     (a)                        
𝑣�̇𝑥 = �
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� ∙ 𝑆𝑎𝑡�𝑣�𝑥 − 𝑅𝜔𝜔𝑟� −
𝐼𝜔�?̇?𝑟 + ?̇?𝑟�
𝑚𝑅𝜔
− 𝐶𝑟𝑔 −
𝐷𝑚𝑣�𝑥2
𝑚
+ 𝑔 sin𝜃 
  +𝐾𝑚 ���
𝑇𝑏𝑓+𝑇𝑏𝑟
𝑚𝐼𝜔
� 𝑆𝑎𝑡�𝑣�𝑥 − 𝑅𝜔𝜔𝑟� −
𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣�𝑥2
𝑚
� − 𝑎𝑥�                               
 during braking       (b)                        
(37) 
Where 𝑇𝑑𝑟,𝑇𝑑𝑟 ,𝑇𝑏𝑟,𝑇𝑏𝑟 and 𝜔𝑟 ,𝜔𝑟 are all the inputs of the observer, which are measurable. 
𝑎𝑥 is the measured acceleration, which is used as the feedback value to make the observer 
converge with the designed feedback gain 𝐾𝑚. 𝑆𝑎𝑡(𝑥) is a nonlinear filter function, which is 
defined as: 
𝑆𝑎𝑡(𝑥) = �
            1,   𝑥 > 𝑑         
               −1,   𝑥 < −𝑑          
𝑥
𝑑
,   𝑒𝑓𝑠𝑒
 
(38) 
Where 𝑥 = 𝑣�𝑥 − 𝑅𝜔𝜔𝑟  and 𝑑 = 0.1. 𝑑  is a small value which is used to prevent numeric 
oscillations between the value -1 and 1 [243]. 
The insight behind the nonlinear filter function (38) is that it acts like a bang-bang controller 
where the output 𝑣𝑥 will converge to the input 𝑅𝜔𝜔𝑟 in steady state when there is no traction 
or brake torque applied. By defining the estimation error variable as 𝑣�𝑥 = 𝑣𝑥 − 𝑣�𝑥,  the error 
dynamics equations can be obtained by subtracting (37) from (36) as: 
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𝑣�̇𝑥 = �
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� (1 − 𝑆𝑎𝑡(𝑥)) −
𝐷𝑚(𝑣𝑥2 − 𝑣�𝑥2)
𝑚
−𝐾𝑚 ���
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
�𝑆𝑎𝑡(𝑥) −
𝐼𝜔�?̇?𝑟 + ?̇?𝑟�
𝑚𝑅𝜔
− 𝐶𝑟𝑔 −
𝐷𝑚𝑣�𝑥2
𝑚 �
− 𝑎𝑥� 
during acceleration         (a)         
𝑣�̇𝑥 = �
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� (−1 − 𝑆𝑎𝑡(𝑥)) −
𝐷𝑚(𝑣𝑥2 − 𝑣�𝑥2)
𝑚
−𝐾𝑚 ���
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
�𝑆𝑎𝑡(𝑥) −
𝐼𝜔�?̇?𝑟 + ?̇?𝑟�
𝑚𝑅𝜔
− 𝐶𝑟𝑔 −
𝐷𝑚𝑣�𝑥2
𝑚 �
− 𝑎𝑥� 
during braking           (b) 
(39) 
As the measured acceleration is  𝑎𝑥 =
𝑇𝑑𝑓+𝑇𝑑𝑟−𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
 (while acceleration) 
and 𝑎𝑥 =
−�𝑇𝑏𝑓+𝑇𝑏𝑟�−𝐼𝜔�?̇?𝑓+?̇?𝑟�
𝑚𝐼𝜔
− 𝐶𝑟𝑔 −
𝐷𝑎𝑣𝑥2
𝑚
 (while braking), thus, the error dynamics 
equation of the observer can be re-arranged as follows: 
𝑣�̇𝑥 = −�
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) − 1) − (1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥
− 𝐾𝑚 ��
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) − 1)� 𝑣�𝑥 
during acceleration     (a)          
𝑣�̇𝑥 = −�
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) + 1) − (1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥
− 𝐾𝑚 ��
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) + 1)� 𝑣�𝑥 
during braking     (b) 
 (40)                   
Hence, with the condition that 𝐾𝑚 > 0 , we have 𝑡 →∞ , 𝑣�𝑥 → 0 , 𝑆𝑎𝑡(𝑥) → 1  when 
acceleration and 𝑆𝑎𝑡(𝑥) → −1 when braking and 𝑣�̇𝑥 → 0. Therefore, the observer can ensure 
stable estimation of vehicle velocity. The structure of the propose observer is shown in Figure 
III-9.  
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The detailed stability proof of the proposed velocity estimator by using the Lyapunov method 
is presented as follows: 
Define the Lyapunov function as: 
𝑉 =
1
2
𝑠2 =
1
2
𝑣�𝑥2 > 0 
(41) 
The time derivative of the Lyapunov function can be obtained as: 
?̇? = 𝑠?̇? = 𝑣�𝑥𝑣�̇𝑥
= −�
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) − 1)𝑣�𝑥 − (1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥2
− 𝐾𝑚 ��
𝑇𝑑𝑟 + 𝑇𝑑𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) − 1)� 𝑣�𝑥2 
during acceleration     (a) 
 ?̇? = 𝑠?̇? = 𝑣�𝑥𝑣�̇𝑥 =
= −�
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) + 1)𝑣�𝑥 − (1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥2
− 𝐾𝑚 ��
𝑇𝑏𝑟 + 𝑇𝑏𝑟
𝑚𝑅𝜔
� (𝑆𝑎𝑡(𝑥) + 1)� 𝑣�𝑥2 
 during braking     (b) 
(42) 
It is noted that in equation (42), 𝑆𝑎𝑡(𝑥) → 1  when acceleration and 𝑆𝑎𝑡(𝑥) → −1  when 
braking, so this equation can be rewritten as: 
?̇? = −(1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥2 
during acceleration     (a) 
 ?̇? = −(1 + 𝐾𝑚)
𝐷𝑚(𝑣𝑥 + 𝑣�𝑥)
𝑚
𝑣�𝑥2 
during braking     (b) 
 (43) 
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In equation (43), since 𝐾𝑚 > 0 and the longitudinal velocity value is always positive 𝑣𝑥 +
𝑣�𝑥 > 0, the derivative of the Lyapunov function is always less than zero and the proposed 
velocity estimator is stable. 
 
 
Figure III-9. Structure of the proposed vehicle velocity observer. 
 
After the longitudinal velocity is estimated, the vehicle longitudinal slip ratio 𝑠𝑟,𝑟 is obtained 
from the measured wheel angular speed and estimated longitudinal velocity by the as follows:   
𝑠𝑟,𝑟 =
𝐼𝜔𝜔𝑓,𝑟−𝑣𝑥
𝐼𝜔𝜔𝑓,𝑟
                                   during acceleration     (a)                                    
𝑠𝑟,𝑟 =
𝐼𝜔𝜔𝑓,𝑟−𝑣𝑥
𝑣𝑥
                                    during braking          (b) 
 (44) 
                                         
 
3) Estimation of the vehicle longitudinal force 
In this subsection, the vehicle longitudinal tyre force will be estimated instead of using 
expensive sensors to measure it. The vehicle acceleration can be utilised as the measurement 
information to update the error gain and improve the estimation accuracy. Therefore, this 
estimation method is cost effective and reliable. In addition, this estimator can estimate the 
front and rear tyre force individually. 
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Assumptions: Vehicle longitudinal slip ratio is available from the results of above section and 
longitudinal acceleration is measurable. Tyre lateral force is neglected. 
According to equation (44), the tyre longitudinal slip ratio can be determined if the vehicle 
velocity can be accurately estimated. Then the front longitudinal tyre force and rear 
longitudinal tyre force can be estimated in equation (45). 
𝐹𝑥𝑟 = 𝑘𝑠𝑟                                                               (a) 
𝐹𝑥𝑟 = 𝑘
𝐹𝑧𝑟
𝐹𝑧𝑓
𝑠𝑟                                                          (b) 
(45) 
where 𝑘 is the ratio between the tyre force and tyre slip ratio. To improve the estimation 
accuracy, this ratio will be updated in real time according to the error between the measured 
acceleration and the total estimated longitudinal tyre force. This is given by:  
𝑒 = �𝐹�𝑥𝑟 + 𝐹�𝑥𝑟� − (𝑚𝑎𝑥 + 𝐶𝑟𝑚𝑔 + 𝐷𝑚𝑣𝑥2 − 𝑚𝑔 sin𝜃)     
(46) 
The block diagram of the tyre force estimator is shown in Figure III-10. It can be seen that 𝑘 
indicates the longitudinal stiffness of the tyre and will be updated according to the measured 
acceleration. In this way, the relationship between the estimated tyre force and slip ratio is no 
longer a simple linear relationship with a constant value but a nonlinear relationship. 𝐾𝑟 is the 
control gain which is used to adjust the value of  𝑘 according to the error 𝑒. 𝐶𝑠 is the tyre 
longitudinal stiffness in the linear tyre region, which is a constant value. 
 
Figure III-10 Block diagram of the improved individual tyre force estimator. 
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4) Estimation of friction coefficient 
The slip slope 𝑘𝑟 is determined according to the RLS algorithm in [61]. When the slip slope 
𝑘𝑟  is estimated, based on the experimental data in the simulation, the tyre-road friction 
coefficient can be estimated by the following equation: 
𝜇 = 𝑎𝑘𝑟 + 𝑏 
(47) 
where 𝑎 is the proportional constant and 𝑏 is the bias constant. The linear first-order curve 
fitting equation (47) is used in this study and the simulation results have shown that the linear 
equation is adequate to successfully estimate the results. In the future, the higher-order curve 
fitting equation or even nonlinear relationship may be applied if it is required.   
In practice, a low-pass signal filter [61] is used to accommodate the measurement noise for 
acceleration. The estimation performance of the proposed friction estimator is improved in 
the simulation when the filter is applied, which will be shown in Table III-4 and Table III-5 
in next section. 
 
5) Simulation results 
To validate the effectiveness of the proposed method, numerical simulations will be 
conducted. The parameters used in the simulations are the same as the parameters given in 
Table III-3.  
Table III-3. Simulation results in the friction-coefficient estimator [100] 
aD  Wind drag coefficient 0.4176 
rC  Rolling resistance coefficient 1.5 
θ  Road gradient 0.00001 rad 
𝐾𝑚 Control gain  
800000 (140 when 
measurement noise 
of acceleration is 
considered)  
𝐾𝑟 Control gain 
80000 (140 when 
measurement noise 
of acceleration is 
considered) 
B  Magic formula tyre parameter – stiffness factor 20 
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C  Magic formula tyre parameter – shape factor 1.5 
D  Magic formula tyre parameter – peak factor 𝜇𝐹𝑧 
E  Magic formula tyre parameter – curvature factor -0.5 
𝑎 Proportional constant 0.03 
𝑏 Bias constant 0.1 
 
In the first test, the traction torque is applied as in Figure III-11 and the initial velocity is also 
1 m/s. The actual friction coefficient is set as 0.9 in the vehicle dynamics model. 
Figure III-12 compares the actual vehicle velocity with the estimated vehicle velocity, which 
proves that the improved nonlinear observer in equation (37) can effectively estimate the 
vehicle absolute velocity. 
  
Figure III-11. Vehicle input traction torque applied on front and rear wheel. 
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Figure III-12. Comparison of the estimated vehicle absolute velocity. 
Figure III-13 shows the tyre force estimation of the proposed estimator compared to the 
actual tyre force. This result proves that the force estimation result of the proposed estimator 
is acceptable. Note that in the following figures, all the points in the simulation are presented 
to clearly show the simulation results.  
 
Figure III-13. Comparison of the estimated front tyre longitudinal forces. 
The estimation of friction coefficient is shown in Figure III-14. It can be seen that the 
proposed estimator shows good estimation performance.  
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Figure III-14. Comparison of the estimated tyre-road friction coefficients of front tyre. 
       
If the actual friction coefficient is changed from 0.9 to 0.5 at 10s (for example, the vehicle is 
moving from the normal road into the sand road), the estimated tyre forces and friction 
coefficients are shown in Figure III-15 and Figure III-16, respectively. 
 
Figure III-15. Comparison of the estimated front tyre forces when the actual tyre-road friction 
coefficient is changed. 
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Figure III-16. Comparison of the estimated front tyre friction coefficients when the actual 
tyre-road friction coefficient is changed. 
According to Figure III-16, it can be seen that the newly proposed estimation method achieves 
good performance on the estimation of the friction coefficient. Note that these figures also 
suggest that the estimation performance is compromised when the friction coefficient is 
changed from 0.9 to 0.5 during 10 to 15 seconds compared with Figure III-14. However, this 
disadvantage can be neglected during the whole time range of vehicle motion and the RMS 
error shown in Table III-4 and Table III-5 is not significantly affected by this disadvantage.  
If the measurement noise of longitudinal acceleration is considered, the estimated tyre forces 
and friction coefficients are shown in Figure III-17 and Figure III-18, respectively. 
 
Figure III-17. Comparison of the estimated front tyre forces when the measurement noise of 
longitudinal acceleration is considered  
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Figure III-18. Comparison of the estimated tyre-road friction coefficients of front tyre when 
the measurement noise of longitudinal acceleration is considered.  
 
According to Figure III-17, when the longitudinal acceleration measurement is not reliable, the 
proposed method can still improve the estimation performance of tyre force by decreasing the 
feedback control gain about the acceleration and relying more on the torque measurement. For 
the friction coefficient estimation, the estimation performance can be improved by directly 
using the GPS to measure the vehicle velocity to obtain the slip ratio since the using of 
acceleration measurement to estimate the velocity is not reliable. 
 
Figure III-19. Large input traction torque of front and rear wheel for investigation of 
estimation performance in nonlinear tyre region. 
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If the large traction torque is applied (same as Figure III-19) so the vehicle is operating in the 
nonlinear tyre region, the estimated tyre forces and friction coefficients are shown in Figure 
III-20 and Figure III-21, respectively. 
 
Figure III-20. Comparison of the estimated front tyre forces when the large input traction 
torque is applied. 
 
Figure III-21. Comparison of the estimated tyre-road friction coefficients of front tyre when 
the large input traction torque is applied. 
 
According to Figure III-20 and Figure III-21, the estimated tyre force and friction coefficient 
are not accurate when the large traction torque is applied because the tyre is working in the 
non-linear tyre region. Although the proposed estimator can update the longitudinal stiffness, 
the estimator is still based on the linear relationship between the tyre force and slip ratio, 
which cannot accurately represent the non-linear relationship between them. Figure III-20 
suggests that the estimator can accurately estimate the front tyre force when it is not larger 
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than about 3800 N. However, this novel estimator can find the accurate friction coefficient 
immediately when the tyre begins to work in the linear region after 25 s.  
In addition, road gradient can also be changed (from 0.00001 to 0.01) to test the robustness of 
estimation performance of the proposed estimator. According to Figure III-22 and Figure 
III-23, the proposed estimation method has good estimation performance even when the road 
gradient is increased. 
  
Figure III-22. Comparison of the estimated front tyre forces when the road gradient is 
considered. 
 
Figure III-23. Comparison of the estimated front tyre-road friction coefficients when the road 
gradient is considered.  
 
0 5 10 15 20 25 30 35 40
-200
0
200
400
600
800
1000
1200
1400
1600
1800
Time (s)
E
st
im
at
ed
 lo
ng
itu
di
na
l t
ire
 f
or
ce
 (
N
)
 
 
Estimated value
Actual value
0 5 10 15 20 25 30 35 40
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Time (s)
E
st
im
at
ed
 fr
ic
tio
n 
co
ef
fic
ie
nt
 
 
Estimated value
Actual value
68 
 
Finally, the combined traction and brake motion is applied to evaluate the estimation 
performance of estimator. Figure III-24 and Figure III-25 also suggest that the proposed 
estimator has better performance. 
 
 
Figure III-24. Comparison of the estimated front tyre forces when considering the combined 
traction and brake motion. 
 
Figure III-25. Comparison of the estimated front tyre-road friction coefficients when 
considering the combined traction and brake motion. 
 
To compare the results more clearly, the RMS value of estimation error of the proposed 
method is compared with other existing methods. The comparison results are shown in Table 
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III-4 and Table III-5 for the front tyre force and the tyre-road friction coefficient, respectively. 
For brevity, the slip slope method is called Method 1 in Table III-4 and Table III-5 [61]. The 
Algorithm 1 of the individual wheel tyre-road friction coefficient estimation method is called 
Method 2 in the following tables [62]. The Algorithm 2 of the individual wheel tyre-road 
friction coefficient estimation method is called Method 3 in the following tables [62]. The 
EKF based friction estimation method is also presented to compare with other estimation 
methods [21].   
 
Table III-4.  RMS of estimation error of front tyre force (unit: N) 
 
 
Table III-5.  RMS of estimation error of front tyre-road friction coefficient 
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6) Conclusion 
It is confirmed from the simulation results that the novel friction coefficient estimation method 
shows good performance in the normal, in the friction coefficient variation, in the road 
gradient changing and in the combined traction and braking condition simulations when 
compared with other existing methods. When the measurement noise is considered, the 
proposed method still has the acceptable performance. However, this estimation method 
cannot work well when the tyre is working in the extreme non-linear tyre region. The non-
linear tyre region is highly undesirable and many current studies are trying to design the 
advanced control strategies to prevent the vehicle from working in the non-linear tyre region. 
Nevertheless, the non-linear tyre condition is inevitable and more advanced vehicle state 
estimators are needed to tackle this issue by incorporating more comprehensive non-linear 
vehicle dynamics model in the future. Table III-4 and Table III-5 also show that the estimation 
performance is improved when the filter is applied at the scenario of considering the 
measurement noise of acceleration signal. Compared with Method 1, the proposed method has 
better estimation results of tyre force and the worse estimation results of friction coefficient. 
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This is because that Method 1 uses the direct measurement velocity from GPS to calculate the 
slip ratio, while the proposed method uses the estimation of velocity to calculate the slip ratio. 
The estimate velocity can compromise the estimation results of slip ratio and friction 
coefficient. 
 
3. Two-layer vehicle parameter estimator 
 
In this section, the proposed two-layer adaptive parameter estimator is presented. The two-
layer structure is used in the study to clearly classify the slowly changed parameters and fast 
changed parameters. The estimator in the first layer is applied to estimate the slowly changed 
parameters including vehicle mass, moment of inertia and road slope on the smooth road. 
Then the real-time adaptive velocity observer is applied to estimate the fast changed 
parameters, like road slope on the uneven road, by assuming the slowly changed parameters 
are available from the first layer. Only the fast changed parameters need to be estimated in 
every time step and the slowly changed parameters can be assumed as the constant known 
values when they are not changed. Therefore, the proposed estimators can estimate less 
parameters in real-time compared with traditional methods, which is proved to be able to 
reduce the computational burden. The detailed structure of the two-layer adaptive estimator is 
presented in Figure III-26.   
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Figure III-26. The structure of the two-layer adaptive estimator 
 
1) Vehicle slowly changed parameter estimator in the first layer 
In the first layer, the adaptive parameter estimator is proposed by referring to [84]. This 
adaptive estimator is based on the vehicle dynamics model (36) and the vehicle mass and 
wheel moment of inertial can be estimated simultaneously. Particularly, for the road slope, if 
the vehicle is moving on the smooth road, the road slope can be considered as the slowly 
changed parameter 𝜃𝑠 estimated in the first layer in this section. If the vehicle is moving on 
the uneven road, however, the road slope changes abruptly and can be considered as the fast 
changed parameter 𝜃𝑢, which will be estimated in the next section.   
Compared with the traditional vehicle state observer, the proposed parameter estimator only 
uses two filtered matrices to determine the estimated parameters and the construction of 
vehicle state observer or predictor is evaded. 
Assumptions: The various vehicle parameter estimators proposed below require the 
measured values of longitudinal acceleration, traction torque and wheel angular velocity.  
The longitudinal acceleration, traction or brake torque and wheel angular velocity are 
measurable. The lateral vehicle motion is neglected. 
Assume the road slope is zero and equation (36) can be rewritten as the following equation: 
?̇?𝑥 =
𝐼𝜔
𝑚
−?̇?𝑟 − ?̇?𝑟
𝑅𝜔
+
1
𝑚
𝑇𝑟 + 𝑇𝑟
𝑅𝜔
+ 𝑔sin𝜃𝑠 
73 
 
(48) 
where 𝜃𝑠 represents the slope of the smooth road.  
Assume 𝜙 = �
−?̇?𝑓−?̇?𝑟
𝐼𝜔
𝑇𝑓+𝑇𝑟
𝐼𝜔
𝑔� and 𝛿 = �
𝐼𝜔
𝑚
1
𝑚
sin𝜃𝑠
�, equation  
(48) can be written as: 
?̇?𝑥 = 𝜙𝛿 
(49) 
It is noted that the vector 𝜙 requires the measurement values of the front wheel angular 
acceleration ?̇?𝑟, rear wheel angular acceleration ?̇?𝑟 and total input driving torque. The wheel 
angular acceleration is very hard to measure and can only be obtained by differentiating the 
measured wheel angular velocity. However, the derivative of the wheel angular velocity will 
cause large error due to the measurement noise. Thus, filters are applied to overcome the 
measurement noise. 
𝑘?̇?𝑟𝑟 + 𝜔𝑟𝑟 = 𝜔𝑟, 𝜔𝑟(0) = 0 
(50) 
𝑘?̇?𝑟𝑟 + 𝜔𝑟𝑟 = 𝜔𝑟, 𝜔𝑟(0) = 0 
(51) 
where 𝜔𝑟𝑟 and 𝜔𝑟𝑟 are the filtered values of measured front wheel angular velocity and rear 
wheel angular velocity, respectively. 𝑘 is the positive constant and this value can be adjust to 
determine the cut-off frequency of the filter. Similarly, a filter is applied for the measured 
driving torque 𝑇𝑟 or 𝑇𝑟 and the filtered driving torques can be presented as 𝑇𝑟𝑟 and 𝑇𝑟𝑟. Thus, 
the filtered vector 𝜙𝑟 = �
−?̇?𝑓𝑓−?̇?𝑟𝑓
𝐼𝜔
𝑇𝑓𝑓+𝑇𝑟𝑓
𝐼𝜔
𝑔�.   
Then the filtered matrix 𝑀𝑀𝑅5×5 and vector 𝑁𝑀𝑅5×1can be defined as: 
?̇? = −𝑓𝑀 + 𝜙𝑟𝑇𝜙𝑟, 𝑀(0) = 0 
(52) 
?̇? = −𝑓𝑁 + 𝜙𝑟𝑇𝑎𝑥, 𝑁(0) = 0 
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(53) 
where 𝑎𝑥 is the measured vehicle acceleration. 𝑀 can be considered as the matrix related to 
measurement input vector 𝜙 , and 𝑁  can be considered as the matrix related to the 
longitudinal acceleration. The auxiliary vector 𝑊𝑀𝑅3×1  can be considered as the error 
between the measured acceleration 𝑎𝑥 and 𝜙?̂?, which is obtained as: 
𝑊 = 𝑀?̂? − 𝑁 
(54) 
The adaptive law for the estimated parameter can be presented as the constant gain (Γ > 0) 
multiplied by the auxiliary error vector 𝑊: 
?̇̂? = −Γ𝑊 
(55) 
We can choose the Lyapunov function 𝑉1 =
1
2
𝛿𝑇Γ−1𝛿 to prove the stability of the proposed 
vehicle mass and wheel moment of inertial estimator. The derivative of Lyapunov function 𝑉1 
can be calculated as: 
?̇?1 = 𝛿𝑇Γ−1?̇? = 𝛿𝑇𝑊 = −𝛿𝑇𝑀𝛿 
(56) 
When the repressor vector 𝜙 is PE, the fact 𝜆𝑚𝑖𝑛(𝑀) > 𝜎 > 0 is true. When 𝜇1 =
2𝜎
𝜆𝑚𝑎𝑥(Γ−1)
 
is a positive constant, equation (56) can be rewritten as: 
?̇?1 = −𝛿𝑇𝑀𝛿 ≤ −𝜇1𝑉1 
(57) 
Equation (57) can guarantee 𝑉1 converge to zero exponentially. 𝛿 = 𝛿 − ?̂?.  
It is noted that the estimated parameters in the first layer is the slowly changed parameters 
and consequently the adaptive law only needs to implement when the parameter is changed. 
For example, the vehicle mass is changed when passengers get on or get off the vehicle. If 
these parameters are not changed after they have been identified, they are assumed to be 
known as the constant value. In this way, the computation of the estimation algorithm in the 
whole vehicle moving process is avoided and the computational efficiency is improved.      
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2) Vehicle fast changed parameter estimator in the second layer 
In the second layer estimator, the slowly parameters estimated in the first layer are assumed 
to be known and only the real-time values of the fast change parameters are required to be 
estimated. In this way, the coupling effect between the estimated parameters in the first layer 
and the second layer is prevented. In addition, the suggested real-time adaptive velocity 
observer is suitable for the online estimation of the fast changed parameters, such as the road 
slope in this study.       
In [97], the adaptive observer can be written as the following form: 
𝑥�̇ = 𝐴𝑥� + 𝐵1𝑢1 + 𝐵2𝜑𝜃� + 𝐿(𝑦 − 𝐶𝑥�)                                      (a) 
𝑦 = 𝐶𝑥                                                                              (b) 
(58) 
According to vehicle dynamics equation (36), equation (58) can be rewritten as: 
𝑣�̇𝑥 =
𝐼𝜔�−?̇?𝑟 − ?̇?𝑟�
𝑚�𝑅𝜔
+
𝑇𝑟,𝑟
𝑚�𝑅𝜔
+ 𝜃�𝑢𝑔 + 𝐿(𝑣𝑥 − 𝑣�𝑥) 
(59) 
where 𝐴 = 0, 𝐵1 = �
𝐼𝜔
𝑚�𝐼𝜔
1
𝑚�𝐼𝜔
�, 𝑢1 = �
−?̇?𝑟 − ?̇?𝑟
𝑇𝑟,𝑟
�, 𝐵2 = 1, 𝜑 = 𝑔, 𝜃� = 𝜃�𝑢 , 𝐶 = 1. Thus, 
this adaptive observer requires the measurement values of wheel acceleration, the wheel 
driving torque and the actual longitudinal velocity. To make sure the stability and 
convergence of the observer, the matrix 𝑄 = −(𝐴𝑐𝑇𝑃 + 𝑃𝐴𝑐) (𝐴𝑐 = 𝐴 − 𝐿𝐶, 𝑃 = 1) should 
be positive defined. Thus, 𝐿 = 1  is chosen. The road slope 𝜃�𝑢  can be updated by the 
following adaptive law: 
𝜃�̇𝑢 = 𝑓𝑠𝜑𝑒𝑣 
(60) 
where 𝑒𝑣 = 𝑣𝑥 − 𝑣�𝑥. 𝑓𝑠 is the adaptive gain, which can be chosen as 1. 
The observer’s stability and convergence behaviour can be analysed by using the following 
Lyapunov function candidate: 
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𝑉2 =
1
2
𝑒𝑣2 +
𝑔𝜃�𝑢2
2𝑓𝑠
 
(61) 
The derivative of the Lyapunov function 𝑉2 can be calculated as follows from  
(48) and (59): 
?̇?2 = 𝑒𝑣 �
𝐼𝜔�−?̇?𝑟 − ?̇?𝑟�
𝑚𝑅𝜔
+
𝑇𝑟,𝑟
𝑚𝑅𝜔
+ 𝜃𝑠𝑔 −
𝐼𝜔�−?̇?𝑟 − ?̇?𝑟�
𝑚𝑅𝜔
− 𝑒𝑚1 −
𝑇𝑟,𝑟
𝑚𝑅𝜔
− 𝑒𝑚2 − 𝜃�𝑢𝑔
− 𝐿𝑒𝑣� −
𝑔
𝑓𝑠
𝜃�𝑠𝑓𝑠𝑒𝑣 
                 = −𝐿𝑒𝑣2 − 𝑒𝑣(𝑒𝑚1 + 𝑒𝑚2)  
 (62) 
where 𝑒𝑚1 =
𝐼𝜔�−?̇?𝑓−?̇?𝑟�
𝑚�𝐼𝜔
− 𝐼𝜔�−?̇?𝑓−?̇?𝑟�
𝑚𝐼𝜔
 and 𝑒𝑚2 =
𝑇𝑓,𝑟
𝑚�𝐼𝜔
− 𝑇𝑓,𝑟
𝑚𝐼𝜔
, which reflect the estimation 
error of vehicle mass and wheel moment of inertial in the first layer parameter estimator. 
𝜃�𝑠 = 𝜃𝑠 − 𝜃�𝑠 . According to equation (62), when the vehicle mass and wheel moment of 
inertial are estimated accurately, 𝑒𝑚1 and 𝑒𝑚2 are close to zero. Then according to this, the 
derivative of 𝑉2 is always negative and the proposed observer is stable. When the estimation 
error of the vehicle mass and wheel moment of inertial exists, the stability performance of the 
observer will impair.       
It is also noted that the vehicle longitudinal velocity 𝑣𝑥  is actually hard to measure. The 
longitudinal velocity can be obtained by directly integrating the measured acceleration, but 
the measured acceleration has large random error which will great impair the integration 
results. In this study, the longitudinal velocity can be calculated from the wheel angular speed, 
which is reasonable during the smooth road and small longitudinal slip condition. This means 
𝑣𝑥 = 𝜔𝑟𝑅𝜔 = 𝜔𝑟𝑅𝜔, where the front and rear wheel angular velocity are assumed as the 
same. In order to achieve the persistent excitation, the vehicle should be accelerated with 
large enough driving torque in the whole time, which leads to the large acceleration ?̇?𝑥 . 
Although the large tyre slip may impair the velocity measurement, large acceleration in the 
whole time range can still significantly benefit the parameter estimation results, which is 
clearly shown in the simulation and experiment results. 
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3) Simulation results 
 
In the simulation, the estimation performance of vehicle mass and wheel moment of inertia in 
the first layer is presented first. Then based on these estimated parameters, the estimation 
results of the estimated road slope in the second layer are presented. To simulate the actual 
vehicle motion, the parameters from a typical vehicle are applied here, which is shown in 
Table III-6. 
 
Table III-6. Simulation model parameters [100] 
𝐵 Magic formula tyre parameter – stiffness factor 20 
𝐶 Magic formula tyre parameter – shape factor 1.5 
𝐷 Magic formula tyre parameter – peak factor 𝜇𝐹𝑧 
𝐸 Magic formula tyre parameter – curvature factor -0.5 
Γ Adaptive gain in the first layer �10 00 10� 
    
In the first set of simulations, the vehicle is moving along the straight line with the initial 
velocity of 10 m/s. The road slope is assumed as zero and the road friction coefficient is 0.9. 
At 10 seconds, the vehicle mass is increased due to the change of load. The actual road slope 
is zero at the beginning and the value changes into 0.02 rad after 10 seconds. The vehicle 
input driving torque is shown in Figure III-27. The proposed estimator in the first layer is 
only implemented at the beginning of the vehicle motion and when the slowly changed 
parameters are changed after 10 seconds.   
Figure III-28 and Figure III-29 suggest the good estimation results of vehicle mass, wheel 
moment of inertia and road slope when the estimator is implemented at the beginning and 
after 10 seconds when the vehicle mass and road slope are changed in Section 3.3.1.  
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Figure III-27. Vehicle input driving torque 
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(c) road slope 
Figure III-28. The estimated vehicle parameters at the beginning in the first set of simulations. 
 
 
(a) vehicle mass                                (b) wheel moment of inertial 
 
(c) road slope 
Figure III-29. The estimated vehicle parameters after 10 seconds in the first set of simulations. 
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realistic due to the existence of the measurement noise. In the second set of simulation, the 
measured wheel velocity has the random noise with the variance of 0.01 and the input torque 
has the random noise with the variance of 0.1. The measured vehicle acceleration has the 
random noise with the variance of 0.001. Figure III-30 presents the estimated vehicle mass 
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and wheel moment of inertia when the proposed parameter estimator is implemented at the 
beginning. The measurement noise does not significantly impair the estimation performance. 
In Figure III-31, when the proposed estimator is implemented after 10 seconds, the estimation 
results are still not impaired by the measurement noise. This proves the robustness of 
proposed parameter estimator and the advantageous over the traditional RLS estimation 
method.  
  
(a) vehicle mass                                    (b) wheel moment of inertial 
 
(c) road slope 
Figure III-30. The estimated vehicle parameters at the beginning in the second set of 
simulations. 
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(a) vehicle mass                                      (b) wheel moment of inertial 
 
(c) road slope 
Figure III-31. The estimated vehicle parameters after 10 seconds in the second set of 
simulations.  
When the vehicle mass and wheel moment of inertia are determined in the road with actual 
road slope value of zero, these parameters can be input into the adaptive velocity observer in 
the second layer to estimate the road slope when the actual road slope is quite large, which is 
shown in the third set of simulations. The vehicle initial velocity, tyre-toad friction 
coefficient and the vehicle input driving torque are all the same as the first set of simulations. 
The same measurement errors are applied as the conditions in the second set of simulations. 
The actual road slope, however, is different from the previous simulations and is fast changed 
due to the uneven road. The estimated road slope is shown in Figure III-32 and this result 
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suggests that the adaptive observer in the second layer can successfully estimate the road 
slope even the measurement noise exists. 
 
Figure III-32. The estimated vehicle road slope in the third set of simulations. 
 
4) Conclusion 
 
This section proposes the two-layer vehicle parameter adaptive estimation method. In the first 
layer, the slowly changed vehicle parameters are estimated by an adaptive law. Once 
successfully estimated, these parameters can be assumed as the constant values unless they 
are abruptly changed. In the second layer, by assuming the slowly changed parameters are 
available from the first layer, the real-time values of the fast changed parameters are 
estimated by an adaptive velocity observer. Simulations are implemented to verify the 
proposed parameter estimators and the major findings can be summarised as follows: 
(1) The proposed two-layer adaptive parameter estimator can successfully determine the 
slowly changed parameter and the fast changed parameter. 
(2) The two-layer hierarchical structure of the proposed estimator has the advantage of the 
separation of the estimation of the fast changed parameters and the slowly changed 
parameters and the coupling effect between them can be alleviated. 
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4. Summary 
 
In this section, various vehicle state estimation methods, such as the side-slip angle estimation, 
the velocity estimation, friction coefficient estimation and mass and road slope estimation, are 
proposed for the 4WIS-4WID EVs and these estimated state values can provide important 
real-time feedback information for the proposed over-actuated controller in this thesis. 
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IV. Vehicle dynamics modeling 
 
1. Vehicle dynamics model 
In this thesis, a 4WIS and 4WID vehicle model as shown in Figure IV-1 is utilised to describe 
the dynamics motion of the EV with in-wheel steering and driving motors [100]. This model 
is used to present the actual vehicle motion and validate the performance of the proposed 
various over-actuated control allocation method. The equations of motion of this model are 
described as follows: 
Longitudinal motion: 
𝑚?̇?𝑥 = 𝑚𝑣𝑦𝑓 + �𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟 + 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟� 
(a) 
Lateral motion: 
𝑚?̇?𝑦 = −𝑚𝑣𝑥𝑓 + �𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟 + 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� 
(b) 
Yaw motion: 
𝐼𝑧?̇? = 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� − 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� +
𝑏𝑟
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟� +
𝑏𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟) 
(c) 
(63) 
where 𝑣𝑥, 𝑣𝑦, 𝑓  are the vehicle longitudinal velocity, lateral velocity, and yaw rate, 
respectively. 𝐹𝑥𝑟𝑠 ,𝐹𝑥𝑟𝑟 ,𝐹𝑥𝑟𝑠 ,𝐹𝑥𝑟𝑟 are the vehicle front left, front right, rear left and rear right 
longitudinal tyre forces, respectively, and 𝐹𝑦𝑟𝑠 ,𝐹𝑦𝑟𝑟 ,𝐹𝑦𝑟𝑠 ,𝐹𝑦𝑟𝑟 are the vehicle front left, front 
right, rear left and rear right lateral tyre forces, respectively. 𝑓𝑟 and 𝑓𝑟 are the front and rear 
wheel base lengths, while 𝑏𝑟  and 𝑏𝑟  are the front and rear track widths. 𝐼𝑧  and 𝑚 are the 
moment of vehicle inertia in terms of yaw axis and vehicle mass. In order to simplify the 
vehicle model and improve computational efficiency, the vehicle roll dynamics are neglected 
in this study.  
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The tyre traction or brake force and side force are defined as 𝐹𝑡𝑖 and 𝐹𝑠𝑖, respectively, which 
can be related to the longitudinal and the lateral tyre forces by the steering angle 𝛿𝑖 as follows: 
𝐹𝑥𝑖 = 𝐹𝑡𝑖 cos 𝛿𝑖 − 𝐹𝑠𝑖 sin 𝛿𝑖 
𝐹𝑦𝑖 = 𝐹𝑡𝑖 sin 𝛿𝑖 + 𝐹𝑠𝑖 cos 𝛿𝑖 
(64) 
where 𝑖 = 𝑓𝑓, 𝑓𝑓, 𝑓𝑓, 𝑓𝑓, which represents the front left, front right, rear left and rear right 
wheel, respectively. 𝛿𝑖 represents the steering angle of each vehicle wheel. It should be noted 
that all the steering angles mentioned in this thesis indicate the steering angles of the vehicle 
wheels.  
In the proposed vehicle model in Figure IV-1, the Ackermann steering characteristic is 
assumed. According to [244], in the case of traditional vehicles, the desired steering angles 
for the Ackermann steering cannot be achieved for a number of reasons, such as the wheel 
side slipping, tyre elasticity, kingpin inclination and camber angles. The actual steering 
angles are also constrained by the mechanical linkage, but in an EV with in-wheel motors, the 
actual steering angle can be controlled according to the desired steering angle by adjusting 
the steering torque of the steering motor. The accurate control of the individual steering angle 
without the constraint of mechanical linkage can compensate for the resultant steering angle 
error caused by above suggested reasons and achieve almost 100% Ackermann steering. 
However, this 100% can only be achieved in the low speed condition. When the vehicle is 
cornering at high speed, the vehicle can not achieve the Ackermann steering due to the large 
individual wheel side-slip angle and the vehicle should have the small steering angle input.  
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Figure IV-1. 4WS-4WD vehicle dynamics model, where IRC represents the instantaneous 
centre of rotation. 
 
2. Vehicle tyre model 
The non-linear Dugoff tyre model, which can well describe the non-linear tyre characteristic 
of combined longitudinal and lateral tyre force and the friction circle effect [104] is used in 
this study and described by:  
𝜆𝑖 =
𝜇𝐹𝑧𝑖(1 − 𝑠𝑖)
2�𝐶𝑠2𝑠𝑖2 + 𝐶𝛼2 tan2 𝛼𝑖
 
𝑓(𝜆𝑖) = �
𝜆𝑖(2 − 𝜆𝑖), 𝜆𝑖 < 1 
1,                          𝜆𝑖 ≥ 1
 
𝐹𝑠𝑖 =
𝐶𝛼 tan𝛼𝑖
1 − 𝑠𝑖
𝑓(𝜆𝑖) 
𝐹𝑡𝑖 =
𝐶𝑠𝑠𝑖
1 − 𝑠𝑖
𝑓(𝜆𝑖) 
(65) 
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where 𝜇 is the tyre-road friction coefficient. 𝐶𝑠 is the longitudinal slip stiffness and 𝐶𝛼 is the 
lateral cornering stiffness. 𝐶𝑠 and 𝐶𝛼 can be represented by the following equations:   
𝐶𝑠 = 2𝑓2𝑤𝑘𝑥                                                           (a) 
𝐶𝛼 = 2𝑓2𝑤𝑘𝑦                                                          (b) 
(66) 
where 𝑓 is the half-length of the contact patch and 𝑤 is the width of the contact patch. 𝑘𝑥 and 
𝑘𝑦 are the tyre longitudinal deflection constant and lateral deflection constant related to the 
tyre property, respectively. In [104], it is suggested that the range of  lateral cornering 
stiffness is between 26689 N/rad and 62275 N/rad and the range of  longitudinal slip stiffness 
is between 22241 N/unit slip and 177929 N/unit slip, which corresponds to the range of that 
of real tyres. The parameters of 𝐶𝑠  (50000 N/unit slip) and 𝐶𝛼  (30000 N/rad) used in this 
study are those used in [100]. These parameters correspond to a typical vehicle and are also 
within the range of the values of real tyres suggested in [104]. 𝑠𝑖 is the longitudinal slip ratio, 
and 𝛼𝑖  is the lateral slip angle. 𝜀𝑟  is a constant value, and 𝑢𝑖  is the vehicle velocity 
component in the wheel plane which is defined for each wheel as: 
𝑢𝑟𝑠 = �𝑣𝑥 +
1
2
𝑏𝑟𝑓� cos 𝛿𝑟𝑠 + �𝑣𝑦 + 𝑓𝑟𝑓� sin 𝛿𝑟𝑠 
𝑢𝑟𝑟 = �𝑣𝑥 −
1
2
𝑏𝑟𝑓� cos 𝛿𝑟𝑟 + �𝑣𝑦 + 𝑓𝑟𝑓� sin 𝛿𝑟𝑟 
𝑢𝑟𝑠 = �𝑣𝑥 +
1
2
𝑏𝑟𝑓� cos 𝛿𝑟𝑠 − �𝑓𝑟𝑓 − 𝑣𝑦� sin 𝛿𝑟𝑠 
𝑢𝑟𝑠 = �𝑣𝑥 −
1
2
𝑏𝑟𝑓� cos 𝛿𝑟𝑟 − �𝑓𝑟𝑓 − 𝑣𝑦� sin 𝛿𝑟𝑟 
(67) 
The friction coefficient 𝜇 can be presented by the following equation: 
𝜇 = 𝜇0 �1 − 𝜀𝑟𝑢𝑖�𝑠𝑖2 + tan2 𝛼𝑖� 
 (68) 
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where 𝜇0 is the nominal friction coefficient, which is assumed to be  0.9 in the simulation in 
order to represent good cement road conditions. 𝜀𝑟 is the friction reduction factor scaling the 
reduction effluence of the sliding velocity 𝑢𝑖�𝑠𝑖2 + tan2 𝛼𝑖, which is quite small value (0.015 
s/m). 𝐹𝑧𝑖 is the vertical load of each wheel, which can be calculated as follows [245]: 
𝐹𝑧𝑟𝑠 =
𝑚
𝑓𝑟 + 𝑓𝑟
�
1
2
𝑔𝑓𝑟 −
1
2
�?̇?𝑥 − 𝑣𝑦𝑓�ℎ −
𝑓𝑟
𝑏𝑟
�?̇?𝑦 + 𝑣𝑥𝑓�ℎ� 
𝐹𝑧𝑟𝑟 =
𝑚
𝑓𝑟 + 𝑓𝑟
�
1
2
𝑔𝑓𝑟 −
1
2
�?̇?𝑥 − 𝑣𝑦𝑓�ℎ +
𝑓𝑟
𝑏𝑟
�?̇?𝑦 + 𝑣𝑥𝑓�ℎ� 
𝐹𝑧𝑟𝑠 =
𝑚
𝑓𝑟 + 𝑓𝑟
�
1
2
𝑔𝑓𝑟 +
1
2
�?̇?𝑥 − 𝑣𝑦𝑓�ℎ −
𝑓𝑟
𝑏𝑟
�?̇?𝑦 + 𝑣𝑥𝑓�ℎ� 
𝐹𝑧𝑟𝑠 =
𝑚
𝑓𝑟 + 𝑓𝑟
�
1
2
𝑔𝑓𝑟 +
1
2
�?̇?𝑥 − 𝑣𝑦𝑓�ℎ +
𝑓𝑟
𝑏𝑟
�?̇?𝑦 + 𝑣𝑥𝑓�ℎ� 
(69) 
where ℎ is the height of the vehicle CG above the ground, and 𝑔 is the acceleration of gravity.  
According to [104], the Dugoff tyre model is the mathematical simplification of the analytical 
Fiala tyre model under some reasonable simplifying assumptions in the analysis of the tyre 
mechanics. In [104], the tyre force curve derived from the experimental data obtained by an 
on-road tyre dynamometer and the curve derived from the simulation results of the tyre data 
obtained by the Dugoff tyre model are shown to agree. This proves that the Dugoff tyre 
model can accurately represent the actual vehicle tyre characteristics. 
According to equation (65), the Dugoff tyre model can be classified as involving two stages 
according to the defined value 𝜆: when 𝜆 > 1, the tyre has not reached the sliding boundary 
point and  when 𝜆 < 1, the tyre reaches the sliding boundary point and starts to slide away. 
The defined value 𝜆 is the reciprocal function of the combined slip 𝑠𝐼 which considers both 
the longitudinal slip ratio and the lateral slip angle. 
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3. Traction or brake dynamics model 
Since one important feature of 4WID-4WIS EVs is the ability to perform independent 
traction or brake motion for each wheel, each wheel is integrated with an in-wheel traction or 
brake motor. The wheel rotation dynamics is described by the following equations: 
𝐼𝜔?̇?𝑖 = −𝑅𝜔𝐹𝑡𝑖 + 𝑇𝑑𝑖                          during traction      (a)                                             
𝐼𝜔?̇?𝑖 = −𝑅𝜔𝐹𝑡𝑖 − 𝑇𝑏𝑖                         during braking      (b) 
 (70) 
where 𝐼𝜔 is the wheel moment of inertia and 𝜔𝑖 is the angular velocity of each wheel. 𝑅𝜔 is 
the wheel radius and 𝑇𝑑𝑖 is the traction torque of each wheel and 𝑇𝑏𝑖 is the brake torque of 
each wheel. 
The input of the wheel rotation dynamics model is the traction or brake torque and the output 
of the model is the wheel angular velocity. According to the difference between the vehicle 
absolute velocity and wheel angular velocity, the vehicle longitudinal slip ratio 𝑠𝑖  can be 
calculated as follows: 
𝑠𝑖 =
𝜔𝑅𝜔 − 𝑣𝑥
𝑚𝑎𝑥(𝑣𝑥,𝜔𝑅𝜔)
 
(71) 
4. Actuator constraints 
 
For the 4WIS-4WID vehicle, the limitation of the steering angle is between -90 degrees and 
90 degrees (𝛿𝑚𝑚𝑥 = 90), which is larger than the traditional vehicle [115]. The maximum 
driving torque of the individual wheel for the electric vehicle is 100 N.m [206]. Thus, the 
steering and driving actuator constraints can be presented as: 
−𝑇𝑚𝑚𝑥 ≤ 𝑇𝑖 ≤ 𝑇𝑚𝑚𝑥                                                           (a) 
−𝛿𝑚𝑚𝑥 ≤ 𝛿𝑖 ≤ 𝛿𝑚𝑚𝑥                                                         (b) 
(72) 
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5. Summary 
 
In this chapter, the vehicle body dynamics model, tyre model, steering model and driving 
model for the 4WIS-4WID EV are proposed. Based on this vehicle dynamics model, the 
over-actuated control allocation method for various control targets can be designed. 
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V. Design of the over-actuator controller for the 4WIS-4WID electric vehicle 
 
Based on the proposed vehicle dynamics model in Chapter 4, the over-actuated controller for 
the 4WIS-4WID EV can be designed accordingly. The vehicle states, such as velocity, side-
slip angle and friction-coefficient, are important feedback values for the controller design 
have been successfully estimated in Chapter 3. In the vehicle dynamics control, the primary 
control targets are vehicle handling control (yaw rate control) and vehicle stability control 
(body side-slip angle control). 
 
1. Two-level linear feedback control allocation method 
For 4WID-4WIS EVs, four steering actuators and four electric driving motors mounted in 
wheels can be used for vehicle yaw rate control (vehicle handling control) and body side-slip 
angle control (vehicle stability control). The main aim of vehicle yaw rate control is to 
minimize the difference between the actual yaw rate and the desired yaw rate by adjusting the 
steering angles through four steering actuators and adjusting the traction/brake torques 
through four driving motors. To successfully adjust the eight actuators, we develop a two-
level optimal control allocation method (hierarchical control structure). The first level (high 
level) is to allocate the additionally controlled individual tyre longitudinal force and the 
lateral force according to the tracking error of the yaw rate. The second level (low level) is to 
decide the steering angle and driving or braking torque according to the allocated longitudinal 
and lateral forces of the individual wheel. Similarly, the main aim of vehicle side-slip angle 
control is to minimize the difference between the actual side-slip angle and the desired side-
slip angle by adjusting the individual control actuator of each wheel, which is similar to the 
vehicle handling control method.  
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Figure V-1. The block diagram of two-level control allocation method 
In total, eight actuators are available for control allocation and the control allocation method 
consists of a two-level yaw rate controller and a two-level slip angle controller: 
1) High level longitudinal and lateral tyre force distribution module for yaw rate 
controller 
Based on the desired vehicle dynamics model, the yaw rate reference 𝑓𝑟𝑟𝑟 is defined and the 
additional control yaw moment ∆𝑀𝑐, which will be generated by changing the longitudinal 
and lateral tyre forces and is used to adjust the yaw moment to compensate the difference 
between the actual yaw rate and the desired yaw rate, for the yaw rate controller is obtained 
according to the yaw rate error as: 
∆𝑀𝑐 = 𝐾1?̃? = 𝐾1�𝑓𝑟𝑟𝑟 − 𝑓� 
 (73) 
where 𝑓 is the actual vehicle yaw rate and 𝑓𝑟𝑟𝑟 is the desired yaw rate. 𝐾1 is the control gain 
for the yaw rate controller, which will be tuned by a trial and error method.  
The desired yaw rate can be calculated by the following equation [100]: 
𝑓𝑟𝑟𝑟 =
𝑣𝑥𝛿𝑟
�𝑓𝑟 + 𝑓𝑟�(1 + 𝑃𝑣𝑥2)
 
(74) 
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where 𝑃 = − 𝑚
2�𝑠𝑓+𝑠𝑟�
2
𝐼𝛼𝑓�𝑠𝑓−𝑠𝑟�
𝐼𝑎𝑓𝐼𝑎𝑟
, which is defined as the stability factor. 𝐶𝛼𝑟 and 𝐶𝛼𝑟 are the 
front tyre and rear tyre cornering stiffness, which is assumed as the same value 𝐶𝛼 in this 
research. 
Note in equation (74), the measurement value of longitudinal velocity 𝑣𝑥 is required and this 
value is assumed to be known in this study. The estimation of the longitudinal velocity can be 
found in section 3.2.1. The high level control system relies on the inputs of steering angle of 
each wheel (𝛿𝑟𝑠 , 𝛿𝑟𝑟 , 𝛿𝑟𝑠 , 𝛿𝑟𝑟) , traction or brake torque of each wheel (𝑇𝑟𝑠 ,𝑇𝑟𝑟 ,𝑇𝑟𝑠,𝑇𝑟𝑟 ), 
measured actual yaw rate, and yaw acceleration. The signals of steering angles and traction or 
brake torques are available for the 4WIS-4WID vehicle with in-wheel steering motors and in-
wheel driving motors. Yaw rate and yaw acceleration can be obtained through the inertial 
measurement unit (IMU).  
For the 4WID-4WIS EV, the relationship between the tyre force of each individual wheel and 
the total tyre force or yaw moment is expressed in equations (63). In the high level yaw rate 
control system, the additional yaw moment will be calculated based on the feedback value of 
the yaw rate tracking error (73) and the additional total longitudinal and lateral forces will be 
zeros to avoid influence on longitudinal and lateral motions. Thus, equation (63) is now 
modified as: 
𝐴 ∙ ∆𝐹 = 𝐵 
(75) 
where 
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∆𝐹𝑡𝑖 and ∆𝐹𝑠𝑖 (𝑖 = 𝑓𝑓,𝑓𝑓, 𝑓𝑓, 𝑓𝑓) are the changes in traction/brake force and side force used to 
generate the required  yaw moment ∆𝑀𝑐. The relative individual tyre forces ∆𝐹𝑡𝑖 and ∆𝐹𝑠𝑖 are 
used here (not the absolute value of tyre forces) because they are the additional tyre forces 
used to generate the required yaw moment, which is calculated from the yaw rate tracking 
error in equation (73) and is used to compensate for the difference between the actual yaw 
rate and the desire yaw rate.   
To distribute the additional tyre forces according to the required yaw moment in equation 
(75), the square sum of the product of friction coefficient 𝜇 and the work load of each wheel 
will be used as the performance cost function 𝐽 [246]: 
𝐽𝑚𝑖𝑛 =
𝜌1∆𝐹𝑡𝑟𝑠2 + 𝜌5∆𝐹𝑠𝑟𝑠2
𝜇2𝐹𝑧𝑟𝑠2
+
𝜌2∆𝐹𝑡𝑟𝑟2 + 𝜌6∆𝐹𝑠𝑟𝑟2
𝜇2𝐹𝑧𝑟𝑟2
+
𝜌3∆𝐹𝑡𝑟𝑠2 + 𝜌7∆𝐹𝑠𝑟𝑠2
𝜇2𝐹𝑧𝑟𝑠2
+
𝜌4∆𝐹𝑡𝑟𝑟2 + 𝜌8∆𝐹𝑠𝑟𝑟2
𝜇2𝐹𝑧𝑟𝑟2
 
(76) 
subject to: 
∑ ∆𝐹𝑡𝑖 cos 𝛿𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 − ∑ ∆𝐹𝑠𝑖 sin 𝛿𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 = 0                         (a) 
∑ ∆𝐹𝑡𝑖 sin 𝛿𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 + ∑ ∆𝐹𝑠𝑖 cos 𝛿𝑖𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟 = 0                     (b) 
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�
𝑏𝑟
2
cos 𝛿𝑟𝑠 + 𝑓𝑟 sin 𝛿𝑟𝑠� ∆𝐹𝑡𝑟𝑠 + �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 + 𝑓𝑟 sin 𝛿𝑟𝑟� ∆𝐹𝑡𝑟𝑟
+ �
𝑏𝑟
2
cos 𝛿𝑟𝑠 − 𝑓𝑟 sin 𝛿𝑟𝑠� ∆𝐹𝑡𝑟𝑠 + �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� ∆𝐹𝑡𝑟𝑟
+ �𝑓𝑟 cos 𝛿𝑟𝑠 −
𝑏𝑟
2
sin 𝛿𝑟𝑠� ∆𝐹𝑠𝑟𝑠 + �𝑓𝑟 cos 𝛿𝑟𝑟 +
𝑏𝑟
2
sin 𝛿𝑟𝑟� ∆𝐹𝑠𝑟𝑟
+ �−𝑓𝑟 cos 𝛿𝑟𝑠 −
𝑏𝑟
2
sin 𝛿𝑟𝑠� ∆𝐹𝑠𝑟𝑠 + �−𝑓𝑟 cos 𝛿𝑟𝑟 +
𝑏𝑟
2
sin 𝛿𝑟𝑟� ∆𝐹𝑠𝑟𝑟 = ∆𝑀𝑐 
(c) 
(𝐹𝑡𝑖 + ∆𝐹𝑡𝑖)2 + (𝐹𝑠𝑖 + ∆𝐹𝑠𝑖)2 ≤ 𝜇2𝐹𝑧𝑖2                                  (d) 
 
In equation (76), the denominator of the cost function 𝐽  is the vertical tyre load of the 
individual wheel. The larger the value of the individual wheel vertical tyre load and friction 
coefficient, the larger the potential individual tyre forces which can be generated. 𝜌1 − 𝜌9 
represent the weighting factors of individual tyre forces. The smaller the weighting factors of 
the individual tyre forces, the larger the value of the tyre forces which can be distributed in 
the optimization process. There are a number of ways to solve the optimization problem 
described by equation (76).  
The common method to solve this problem is by using QP to solve the allocation of 
controlled tyre force at each time step. However, there are a number of non-linear and linear 
constraints (76)(a-d) in the QP problem which require large computational effort. To realize 
the real-time tyre force allocation and significantly reduce the computation time, the direct 
analytical solution of the control allocation problem by the least-square solution can be 
obtained by the following equation: 
∆𝐹 = 𝑊−1𝐴𝑇(𝐴𝑊−1𝐴𝑇)−1𝐵 
(77) 
where 𝐴,𝐵 can be found in equation (75), which are related to the constraints (76)(a-c) and 
these constraints are included in the optimized least-square solution.  
The weighting matrix 𝑊, which describes the cost function 𝐽, is determined as follows:  
𝑊 = 𝑑𝑖𝑎𝑔 �
𝜌1
𝜇2𝐹𝑧𝑟𝑠2
,
𝜌2
𝜇2𝐹𝑧𝑟𝑟2
,
𝜌3
𝜇2𝐹𝑧𝑟𝑠2
,
𝜌4
𝜇2𝐹𝑧𝑟𝑟2
,
𝜌5
𝜇2𝐹𝑧𝑟𝑠2
,
𝜌6
𝜇2𝐹𝑧𝑟𝑟2
,
𝜌7
𝜇2𝐹𝑧𝑟𝑠2
,
𝜌8
𝜇2𝐹𝑧𝑟𝑟2
� 
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(78) 
The friction circle constraint (76)(d) is neglected in the least-square solution. This is 
reasonable because the vertical load in the denominator of the cost function 𝐽 has considered 
the friction circle. If the specific tyre has small vertical load because of the load transfer 
effect or decrease of the tyre-road friction coefficient, the denominator of the cost function of 
the specific tyre is small and any further increase in the tyre force in the numerator will 
further increase the value of the cost function.   
The optimization problem requires the real-time value of vertical load information of each 
wheel. The vertical load can be calculated from equation (69) in each time step. In equation 
(69), all the parameters are assumed to be known and the longitudinal and lateral 
accelerations ?̇?𝑥 and ?̇?𝑦 can be measured by the IMUs. 
  
2) Low level individual wheel steering angle and driving or brake torque distribution 
module 
In Section 5.1.1, the required longitudinal tyre force and lateral tyre force are distributed 
according to the desired yaw rate. The next step is to use suitable steering angle and driving 
torque to generate the required tyre forces.  
In the linear tyre region, the relationship between the longitudinal or lateral force of the tyre 
and its longitudinal slip ratio or lateral slip angle is linear, and the changing of steering angle 
and driving torque is also linearly related to the tyre lateral slip angle and the longitudinal slip 
ratio. Thus, the steering angle and driving torque required to improve the vehicle handling 
performance can be easily calculated. 
Specifically, the relationship between the changed longitudinal tyre force ∆𝐹𝑡𝑖  and the 
changed traction/brake torque ∆𝑇𝑖 can be derived according to the wheel dynamics equation 
(70). 
In the steady state, the changed driving/braking force is determined by the changed traction 
or brake torque: 
𝛥𝑇𝑖 = 𝑅𝜔𝛥𝐹𝑡𝑖 
(79) 
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The relationship between the changed side tyre force ∆𝐹𝑠𝑖 and the changed side-slip angle 
Δ𝛼𝑖 can be assumed as the linear relationship: 
∆𝐹𝑠𝑖 = 𝐶𝛼Δ𝛼𝑖 
 (80) 
The relationship between slip angle 𝛼𝑖 and steering angle 𝛿𝑖 can be derived according to the 
kinematic equation of the side-slip angle of each wheel: 
𝛼𝑟𝑠 = 𝛿𝑟𝑠 − 𝑎𝑡𝑎𝑠 �
𝑣𝑦 + 𝑓𝑟𝑓
𝑣𝑥 −
1
2 𝑏𝑟𝑓
� 
𝛼𝑟𝑟 = 𝛿𝑟𝑟 − 𝑎𝑡𝑎𝑠 �
𝑣𝑦 + 𝑓𝑟𝑓
𝑣𝑥 +
1
2 𝑏𝑟𝑓
� 
𝛼𝑟𝑠 = 𝛿𝑟𝑠 + 𝑎𝑡𝑎𝑠 �
𝑓𝑟𝑓 − 𝑣𝑦
𝑣𝑥 −
1
2 𝑏𝑟𝑓
� 
𝛼𝑟𝑟 = 𝛿𝑟𝑟 + 𝑎𝑡𝑎𝑠 �
𝑓𝑟𝑓 − 𝑣𝑦
𝑣𝑥 +
1
2 𝑏𝑟𝑓
� 
(81) 
The longitudinal velocity, lateral velocity and yaw rate are assumed as constants when the 
small adjusted tyre force is applied in the linear region. Thus, the following assumption is 
suggested: 
𝛥𝛿𝑖 = 𝛥𝛼𝑖 
(82) 
Then the changed side tyre force is calculated by the changed steering angle as follows: 
𝛥𝐹𝑠𝑖 = 𝐶𝛼𝛥𝛼𝑖 = 𝐶𝛼𝛥𝛿𝑖 
(83) 
In the non-linear tyre region, the changing of steering and driving or braking actuators is not 
related in a linear fashion to the changed tyre force, but the steering and traction or brake 
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actuators can be adjusted according to the yaw rate feedback in real time to guarantee that the 
desired yaw rate is tracked. If all eight actuators are utilised, the workload of individual 
actuators is less than when fewer actuators are utilised (as in front wheel steering and rear 
wheel driving vehicles). This shows the advantage of an over-actuated vehicle compared to a 
conventional vehicle and this will be shown in the simulation as well.  
If the longitudinal slip ratio or lateral side-slip angle of the individual actuator is so large that 
the tyre force reaches its friction limit, further increase of the steering angle or the traction or 
brake torque will impair the vehicle dynamics response. This is because the tyre friction force 
has reached its maximum value and the tyre force will decrease with the increase of the 
longitudinal slip ratio or lateral slip angle. Hsu et al. suggested the maximum slip angle 𝛼𝑠𝑠 
when the tyre has lost lateral grip according to Fiala’s tyre model as [52]: 
𝛼𝑚𝑖 = tan−1 �
3𝜇𝐹𝑧𝑖
𝐶𝛼
�        (𝑖 = 𝑓𝑓,𝑓𝑓, 𝑓𝑓, 𝑓𝑓) 
(84) 
Similarly, the maximum longitudinal slip ratio 𝑠𝑚𝑖 can also be calculated according to Fiala’s 
tyre model. Therefore, according to the estimated individual wheel slip angle, slip ratio and 
their friction limits, weighting factors 𝜌1 − 𝜌8  in equation (78) can be used to adjust the 
workload of each actuator to prevent the maximum slip angle or longitudinal slip being 
reached. The default values of 𝜌1 − 𝜌8 are 0.001, which mean all eight actuators are used. 
According to the slip angle and longitudinal slip ratio performance, if one of the actuators 
reaches the friction limit, the weighting factor of this actuator will be set as 1, which means 
this actuator is unused. 𝜌1 − 𝜌8 are defined by the following equations: 
𝜌1 = �
1                     𝑠𝑟𝑠 > 𝑠𝑚𝑟𝑠
0.001            𝑠𝑟𝑠 ≤ 𝑠𝑚𝑟𝑠
 
𝜌2 = �
1                     𝑠𝑟𝑟 > 𝑠𝑚𝑟𝑟
0.001            𝑠𝑟𝑟 ≤ 𝑠𝑚𝑟𝑟
 
𝜌3 = �
1                     𝑠𝑟𝑠 > 𝑠𝑚𝑟𝑠
0.001             𝑠𝑟𝑠 ≤ 𝑠𝑚𝑟𝑠
 
𝜌4 = �
1                    𝑠𝑟𝑟 > 𝑠𝑚𝑟𝑟
0.001             𝑠𝑟𝑟 ≤ 𝑠𝑚𝑟𝑟
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𝜌5 = �
1                     𝑎𝑟𝑠 > 𝑎𝑚𝑟𝑠
0.001             𝑎𝑟𝑠 ≤ 𝑎𝑚𝑟𝑠
 
𝜌6 = �
1                    𝑎𝑟𝑟 > 𝑎𝑚𝑟𝑟
0.001             𝑎𝑟𝑟 ≤ 𝑎𝑚𝑟𝑟
 
𝜌7 = �
1                     𝑎𝑟𝑠 > 𝑎𝑚𝑟𝑠
0.001             𝑎𝑟𝑠 ≤ 𝑎𝑚𝑟𝑠
 
𝜌8 = �
1                      𝑎𝑟𝑟 > 𝑎𝑚𝑟𝑟
0.001              𝑎𝑟𝑟 ≤ 𝑎𝑚𝑟𝑟
 
(85) 
The side-slip angle of each wheel is estimated by the side-slip angle estimator described in 
Section 3.1. The estimation of the vehicle longitudinal velocity, longitudinal slip ratio and 
friction coefficient has been suggested in Section 3.2. Therefore, in this paper, the 
longitudinal vehicle velocity, longitudinal tyre slip ratio and tyre-road friction coefficient are 
simply assumed to be known. 
To be more accurate, the calculation of tyre forces and the limitations of steering actuators 
and electric motors must also be considered by the following:  
𝐼𝜔?̇?𝑖 = 𝑇𝑖 + ∆𝑇𝑖 − 𝑅𝜔(𝐹𝑡𝑖 + ∆𝐹𝑡𝑖) 
 (86) 
where −𝑇𝑚𝑚𝑥 ≤ 𝑇𝑖 + ∆𝑇𝑖 ≤ 𝑇𝑚𝑚𝑥 and −𝛿𝑚𝑚𝑥 ≤ 𝛿𝑖 + ∆𝛿𝑖 ≤ 𝛿𝑚𝑚𝑥.                                                                                                
For the 4WIS-4WID electric vehicle, the limitation of the steering angle is between -90 
degrees and 90 degrees (𝛿𝑚𝑚𝑥 = 90), which is larger than the traditional vehicle [115]. The 
maximum driving torque of the individual wheel for the electric vehicle is 100 N.m [206].  
    
3) Stability control of vehicle body side-slip angle 
When considering the side-slip angle control, based on the desired vehicle body side-slip 
angle 𝛽𝑟𝑟𝑟, the adjusted total lateral control force ∆𝐹𝑦 can be calculated as: 
∆𝐹𝑦 = 𝐾2�𝛽𝑟𝑟𝑟 − 𝛽� 
(87) 
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where 𝛽  is the estimated side-slip angle and 𝛽𝑟𝑟𝑟  is the desired side-slip angle. 𝐾2  is the 
control gain for the side-slip angle controller.  
Note that vehicle body side-slip angle 𝛽 can be calculated according to the estimated front 
left wheel slip angle 𝑎𝑟𝑠  as: 
𝑎𝑟𝑠 = 𝛽 +
𝑓𝑟𝑓
𝑣𝑥
− 𝛿𝑟𝑠 
 (88) 
And the desired vehicle body slip angle is assumed to be zero [100]: 
𝛽𝑟𝑟𝑟 = 0 
 (89) 
The measurement value of longitudinal velocity 𝑣𝑥 in equation (88) is required and this value 
is assumed to be known in this study according to the estimation methods in Section 3.2. 
Similar to equation (75), the individually controlled tyre forces can be allocated to generate 
the required total lateral tyre force ∆𝐹𝑦  by equation (90) in the high level controller. The 
relative individual tyre forces ∆𝐹𝑡𝑖 and ∆𝐹𝑠𝑖 are used in equation (90) (not the absolute value 
of tyre force) because the total controlled lateral force is calculated from the relative body 
slip angle error in equation (87), which can be considered as the relative total lateral tyre 
force tracking error. 
𝐴 ∙ ∆𝐹′ = 𝐵′ 
 (90) 
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Similar to Section 5.1.1, the distributed individual tyre force to control the lateral force error 
can be calculated by the following least-square solution: 
∆𝐹′ = 𝑊−1𝐴𝑇(𝐴𝑊−1𝐴𝑇)−1𝐵′ 
(91) 
When the individual tyre side force is distributed, the individual wheel steering angle ∆𝛿𝑖 for 
side-slip angle control can be simply calculated according to equation (83) in the low level 
controller.  
When considering yaw rate and side-slip angle control together, both ∆𝐹 and ∆𝐹′  will be 
considered to calculate the required additional traction torque and steering angle.  
 
4) Simulation results 
In this section, the manoeuvres of combined road type changing and steering are presented to 
test the performance of the optimal control distribution method. This is because these 
manoeuvres are more challenging for the drivers and a handling controller and a stability 
controller are required. The initial tyre-road friction coefficient is 0.9. The simulation 
parameters are the same as Table III-1.  
In the first set of simulations, the vehicle is moving like the traditional front wheel steering 
and rear wheel drive vehicle. The initial velocity of the vehicle is 20 m/s and the front wheel 
steering angle 𝛿𝑟 = 5 degree, which is presented in Figure V-2. Figure V-3 shows the vehicle 
yaw rate and side-slip angle response when only yaw rate controller is implemented, while 
Figure V-5  presents the dynamics responses when the combined yaw rate and side-slip angle 
controller is utilised. Figure V-4 and Figure V-6 present the adjusted steering angle and 
traction or brake torque of each wheel for the above two situations. The desired vehicle 
responses and the actual vehicle responses without the controller are also presented for 
comparison. In addition, to verify the effectiveness of the proposed method, the simulation 
results of two other existing combined yaw rate and body side-slip angle control methods in 
the literature are also presented. The first method (Method 1) is the vehicle stability and fault-
tolerant control method, based on a combined active front wheel steering and rear wheel 
steering, while the function of fault-tolerant control is neglected in this comparison study [58]. 
In Method 2, the feedforward type of tyre force distribution method for motion control of a 
full drive-by-wire electric vehicle is presented [59]. The control targets are vehicle stability 
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control and tyre energy dissipation control, while the lateral one is neglected in this 
comparison study.  
In Figure V-3, the yaw rate response controlled by the proposed yaw rate controller and 
Method 1 show their advantage over Method 2, but the body side-slip angle response show a 
big disadvantage. When the proposed combined yaw rate and side-slip angle controller is 
utilised in Figure V-5, both the yaw rate response and the side-slip angle response are 
improved and show overall advantage over other existing methods. This illustrates the 
advantage of combined yaw rate and side-slip angle controller.  
  
Figure V-2. Vehicle input steering angle 
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(b) Side-slip angle of CG. 
Figure V-3. Vehicle dynamics response when yaw rate controller is applied. 
 
Figure V-4. Adjusted individual wheel steering angle (left figure) and traction or brake torque 
of each wheel (right figure) 
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(a) Yaw rate of CG. 
 
(b) Side-slip angle of CG. 
Figure V-5. Vehicle dynamics response when combined yaw rate and slip angle controller is 
applied.  
 
Figure V-6. Adjusted individual wheel steering angle (left figure) and traction or brake torque 
of individual wheel (right figure) 
 
The first set of simulations simulate the yaw rate control and side-slip angle control for 
traditional vehicle motion with a small steering angle, all of which has been extensively 
studied [176] [246], but there are fewer studies on the yaw control and side-slip angle control 
of a 4WIS-4WID vehicle with large steering angle and a high non-linear characteristic. This 
kind of motion can improve the mobility of the vehicle in narrow metropolitan spaces, as 
presented in the following second set of simulations.    
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In the second set of simulations, the test vehicle is moving in a J-turn with a front wheel 
steering angle of 1 rad (approximate 57.3 degree) for the traditional vehicle. For the 4WIS-
4WID electric vehicle, the individual wheel steering angles are 29.94 degrees for the front 
left wheel, 17.5 degrees for the front right wheel, -39.95 degrees for the rear left wheel and -
24.63 degrees for the rear right wheel. The vehicle’s initial velocity is 5 m/s and the friction 
coefficient is changed from 0.9 into 0.5 in 5 seconds. The input values are shown in Figure 
V-7.  
To compare this with the conventional front wheel steering and rear wheel drive vehicle, 
conventional vehicle performance when only utilising open-loop front wheel steering is 
denoted as  “No controller applied”  in Figure V-8. For the proposed combined control 
strategy, all four wheel steering angles and four wheel traction/brake torques (8 actuators) are 
used to control the vehicle. The vehicle dynamics responses controlled by the proposed 
controller are shown in Figure V-8 and the adjusted values of the actuators are presented in 
Figure V-9. For the purpose of comparison, the simulation results of dynamics performance 
of Method 1 and Method 2 are also presented in Figure V-8.  
In Figure V-8, the yaw rate response and the side-slip angle response show a large advantage 
over other methods when the proposed controller is applied. This suggests that the proposed 
optimal actuator force distributor can successfully track the desired yaw rate and improve the 
side-slip angle response especially in the large steering angle moving condition for the 4WIS-
4WID vehicle.        
  
                           (a) Input steering angle                    (b) Changed friction coefficient                          
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Figure V-7. Vehicle input steering angle (left figure) and input driving torque (right figure) in 
the second set of simulation. 
 
(a) Yaw rate of C.G. 
 
(b) Side-slip angle of CG. 
Figure V-8. Comparison of vehicle dynamics responses in the second set of simulation. 
 
5) Conclusion 
In conclusion, the simulation results prove that the proposed controller can successfully track 
the desired yaw rate and side-slip angle and show advantages over the other two existing 
control methods both in the scenario of large radius turning for the traditional vehicle and that 
of small radius turning for the 4WIS-4WID EV. 
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The yaw rate feedback controller based on controlling the additional yaw moment is proved 
to be able to accurately track the desired yaw rate, but the body side-slip angle response is 
compromised. Thus, a body side-slip angle feedback controller based on controlling 
additional total lateral tyre force is proposed and the combined yaw rate and body side-slip 
angle controller shows good control of both the yaw rate response and the body side-slip 
angle response. This study proves that adding yaw rate control and side-slip angle control 
results in an overall improvement in total performance.  
  
                      (a) Adjusted steering angle                  (b) Adjusted traction or brake torque                      
Figure V-9. Adjusted steering angle (left figure) and traction or brake torque (right figure) of 
four wheels in the second set of simulation. 
 
2. Two-level non-linear control allocation method 
 
In the above section, linear feedback method is applied to tracking the desired yaw rate and 
body side-slip angle. The linear feedback method, however, need to manually tune the 
feedback control gain and is less robust to the non-linear characteristic of the system. This 
section proposes the two-level non-linear control allocation method where the genetic 
algorithm is applied to automatically tune the feedback control gain and the robustness of the 
controller is improved. According to the desired control targets, the upper level controller is 
used to determine the ideal distributed tyre force for each wheel and the lower level controller 
aims to map the desired tyre force of each wheel to the control command of each driving or 
steering actuator. Figure V-10 shows the block diagram of the whole tyre force optimal 
distribution control system. 
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For traditional vehicles, the driver’s steering input is directly connected to the steering wheel, 
while the driver’s acceleration pedal is linked to the throttle of the engine and the brake pedal 
is connected to the brake system. For EVs with in-wheel motors, a new control system can be 
designed so that the driver is only required to determine the virtual input steering angle, and 
traction or braking torque, and the control allocation method can automatically control the 
individual actuators based on the virtual control inputs. The control system can guarantee the 
stability and handling of the vehicle. This can significantly decrease the driver’s workload 
and the vehicle dynamics performance can be improved by this automatic control system. 
 
Figure V-10. Block diagram of the control allocation system. 
 
1) Design of tyre longitudinal force and lateral force controller in the upper level 
 
In the upper level, a tyre force controller is designed to obtain the optimal longitudinal and 
lateral forces for each wheel according to the desired vehicle yaw rate and body side-slip 
angle. In addition, in order to avoid severe loading on an individual tyre during vehicle 
motion, the workload of each individual wheel must be minimised. 
The yaw rate control aims to improve vehicle handling. The desired yaw rate 𝑓𝑑  can be 
calculated by equation (74). 𝑣𝑥 is the vehicle longitudinal velocity, which, here, we assume to 
be known. 
Body side-slip angle control can improve vehicle stability and the desired body side-slip 
angle is zero (𝛽𝑑 = 0) [100]. The desired total longitudinal force 𝐹𝑥𝑑, total lateral force 𝐹𝑦𝑑 
and yaw moment 𝑀𝑑 can be determined based on the desired yaw rate and body slip angle as:  
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𝑀𝑑 = 𝐼𝑧?̇?𝑑 
(92) 
𝐹𝑦𝑑 = 𝑚𝑣𝑥�?̇?𝑑 + 𝑓𝑑� = 𝑚𝑣𝑥𝑓𝑑 
 (93) 
𝐹𝑥𝑑 =
𝑇𝑐
𝑅𝑤
 
 (94) 
where 𝑇𝑐 is the driving input from the driver. In (93), the total desired lateral tyre force 𝐹𝑦𝑑 is 
determined by 𝑚𝑣𝑥�?̇?𝑑 + 𝑓𝑑� [247]. We have assumed that the desired body side-slip angle 
𝛽𝑑 is equal to zero and consequently the derivative of the desired body side-slip angle ?̇?𝑑 also 
equals zero. Thus, 𝐹𝑦𝑑 is determined by 𝑚𝑣𝑥𝑓𝑑. In this system, the driver is only required to 
determine the virtual input steering angle 𝛿𝑟 and the virtual driving torque 𝑇𝑐. Then the upper 
level control system will automatically calculate the desired yaw rate and body side-slip 
angle, and consequently the desired total longitudinal force, total lateral force and total yaw 
moment can be determined.  
It should be noted that if the driver wants to maintain a constant velocity when turning, the 
desired total longitudinal force 𝐹𝑥𝑑 must be zero and the longitudinal vehicle velocity 𝑣𝑥 in 
equations (92)(93)(94) is the constant value of the initial velocity. This is because when the 
vehicle is turning at a constant velocity, the motion is a uniform circular motion. The 
longitudinal acceleration is zero, and the lateral acceleration is the centripetal acceleration in 
the uniform circular motion. Accordingly, the total longitudinal force 𝐹𝑥𝑑 should be zero, and 
the total lateral tyre force 𝐹𝑦𝑑 provides the centripetal force. This means the control system 
will automatically adjust the driving actuators to maintain zero total longitudinal tyre force 
when turning. 
In summary, the cost function of the upper level controller is defined as: 
𝐽1 =
𝑎
2
�
𝐹𝑥𝑖2 + 𝐹𝑦𝑖2
𝐹𝑧𝑖2
+
𝑏
2
�𝐹𝑥𝑑 − �𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟 + 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟��
2
4
𝑖=1
+
𝑐
2
�𝐹𝑦𝑑 − �𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟 + 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟��
2
+ 
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𝑑
2
�𝑀𝑑 − �𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� − 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� +
𝑏𝑓
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟� +
𝑏𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟)��
2
            
(95) 
where 𝑎,𝑏,𝑐 and 𝑑 are four scaling factors which determine the weight of each term. The 
range of each scaling factor is between 0 and 1. The larger the value of the scaling factor, the 
greater the weight of the corresponding term in the cost function. In the default setting, all the 
scaling factors are assumed to be 1, since the four terms are assumed to have equal priority, 
and each value of the scaling factor can be decreased so that the corresponding term has less 
weight. When 𝐹𝑥𝑑 , 𝐹𝑦𝑑  and 𝑀𝑑  are determined, the objective cost function (95) has eight 
variables (𝐹𝑥𝑖 and 𝐹𝑦𝑖 ). The minimised value can be obtained by calculating the partial 
differential of the objective function as: 
𝜕𝐽1
𝜕𝐹𝑥𝑓𝑥
= 0, 𝜕𝐽1
𝜕𝐹𝑥𝑓𝑟
= 0, 𝜕𝐽1
𝜕𝐹𝑥𝑟𝑥
= 0, 𝜕𝐽1
𝜕𝐹𝑥𝑟𝑟
= 0, 𝜕𝐽1
𝜕𝐹𝑦𝑓𝑥
= 0, 𝜕𝐽1
𝜕𝐹𝑦𝑓𝑟
= 0, 𝜕𝐽1
𝜕𝐹𝑦𝑟𝑥
= 0, 𝜕𝐽1
𝜕𝐹𝑦𝑟𝑟
= 0 
(96) 
Equation (96) calculates the optimal distributed tyre forces along the x and the y-axes. 
  
2) Design of tyre longitudinal slip ratio and lateral slip angle controllers in the lower 
level 
In the upper level, the desired tyre forces are obtained according to the driver’s virtual 
steering input 𝛿𝑟 and virtual driving input 𝑇𝑐. When the desired longitudinal and lateral tyre 
forces are determined, the next problem is how to most accurately map the desired tyre forces 
into the actual inputs of the steering angle and driving torque of each actuator. It should be  
noted that the driver cannot directly control the individual steering and driving actuators of 
each wheel in this study and these actual steering and driving actuators are controlled by the 
proposed two-level distribution control system. 
Before mapping the tyre forces into the command of each individual actuator, the tyre forces 
must be mapped into the directions along the tyre (traction or brake force 𝐹𝑡𝑖 ) and 
perpendicular to the tyre (side force 𝐹𝑠𝑖) according to equation (64) as: 
𝐹𝑡𝑖 =
𝐹𝑥𝑖+𝐹𝑦𝑖
(1+tan𝛿𝑖) cos𝛿𝑖
                                                        (a) 
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𝐹𝑠𝑖 =
𝐹𝑦𝑖−𝐹𝑥𝑖 tan𝛿𝑖
sin 𝛿𝑖+
tan𝛿𝑖
cos𝛿𝑖
                                                        (b) 
 (97) 
Suzuki et al. used the simple linear relations between the steering angle, driving torque and 
side force 𝐹𝑠𝑖 or traction or brake force 𝐹𝑡𝑖 as shown in equations (98)(99). [247]  
𝐹𝑠𝑟𝑠 = −𝐶𝑚 �𝛽 +
𝑓𝑟𝑓
𝑣𝑥
− 𝛿𝑟𝑠� 
𝐹𝑠𝑟𝑟 = −𝐶𝑚 �𝛽 +
𝑓𝑟𝑓
𝑣𝑥
− 𝛿𝑟𝑟� 
𝐹𝑠𝑟𝑠 = −𝐶𝑚 �𝛽 −
𝑓𝑟𝑓
𝑣𝑥
− 𝛿𝑟𝑠� 
𝐹𝑠𝑟𝑟 = −𝐶𝑚 �𝛽 −
𝑓𝑟𝑓
𝑣𝑥
− 𝛿𝑟𝑟� 
(98) 
𝑇𝑖 = 𝑅𝑤𝐹𝑡𝑖 
(99) 
In equation (98), 𝛽 is the vehicle body side-slip angle. 
For the linear model, however, the distributed steering and driving actuators cannot 
accurately obtain the desired tyre force when the tyre is working in the non-linear tyre region. 
Thus, new slip ratio and the slip angle controllers of each individual wheel are proposed in 
this section to deal with the non-linear characteristics of the tyre. Specifically, a PI slip ratio 
controller and a PI slip angle controller are designed for each wheel. The PI longitudinal slip 
ratio controller is defined as follows:   
∆𝑇𝑖 = 𝐾𝑠𝑖𝑝(𝑠𝑖𝑑 − 𝑠𝑖) + 𝐾𝑠𝑖𝑖 �(𝑠𝑖𝑑 − 𝑠𝑖) 
 (100) 
where ∆𝑇𝑖 is the adjusted driving torque of each wheel, which is added into the distributed 
driving torque 𝑇𝑖  obtained from the linear model (99). 𝑠𝑖  represents the actual slip ratio 
obtained from the vehicle dynamics model and 𝑠𝑑𝑖  represents the desired slip ratio 
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considering non-linear tyre characteristics. 𝐾𝑠𝑖𝑝 is the proportional control gain and 𝐾𝑠𝑖𝑖 is the 
integral control gain.    
It should be noted that based on the theory of PID (proportional, integral, and derivative) 
controllers, the simple P controller, the PI controller and the PID controller have all been 
considered and tested in this study. Doing this, however, showed that the PI controller could 
decrease the convergence steps more efficiently than the P controller, and the PID controller 
was only marginally better than the PI controller. For these reasons, the PI controller is used 
here.   
The PI lateral slip angle controller is presented as:  
∆𝛿𝑖 = 𝐾𝑚𝑖𝑝(𝑎𝑖𝑑 − 𝑎𝑖) + 𝐾𝑚𝑖𝑖 �(𝑎𝑖𝑑 − 𝑎𝑖) 
(101) 
where ∆𝛿𝑖 is the adjusted steering angle of each wheel, which is added into the distributed 
steering angle 𝛿𝑖  calculated from the linear model (98). 𝑎𝑖  represents the actual side-slip 
angle of the individual wheel obtained from the vehicle dynamics model and 𝑎𝑑𝑖 represents 
the desired side-slip angle of the individual wheel when considering the non-linear tyre 
characteristics. 𝐾𝑚𝑖𝑝 is the proportional control gain and 𝐾𝑚𝑖𝑖 is the integral control gain. 
It should be noted that the desired wheel side-slip angle and slip ratio are calculated by the 
inverse Dugoff tyre model (102) according to equation (65), and the actual values of the side-
slip angle and the slip ratio are obtained from the vehicle dynamics model and assumed to be 
known in this study. Note that the desired slip ratio 𝑠𝑑𝑖(𝑡) and slip angle 𝑎𝑑𝑖(𝑡) at the current 
time instance need the information from previous samples 𝑠𝑑𝑖(𝑡 − 1) and 𝑓(𝜆)(𝑡 − 1). 
𝑠𝑑𝑖(𝑡) =
𝐹𝑡𝑖(𝑡)�1−𝑠𝑑𝑖(𝑡−1)�
𝐼𝑠𝑟(𝜆)(𝑡−1)
                                                       (a) 
𝑎𝑑𝑖(𝑡) = tan−1
𝐹𝑠𝑖(𝑡)�1−𝑠𝑑𝑖(𝑡−1)�
𝐼𝑎𝑟(𝜆)(𝑡−1)
                                             (b) 
 (102) 
Estimation of the longitudinal velocity, longitudinal slip ratio, friction coefficient and lateral 
side-slip angle of the vehicle has been done previously in section 3.1 and 3.2. Thus, in this 
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paper, the longitudinal velocity of the vehicle, the longitudinal slip ratio and lateral side-slip 
angle of the tyre are assumed to be known.  
Figure V-11 shows the whole system diagram of the longitudinal slip ratio and lateral side-
slip angle PI controllers in the lower level control system, which are described by equation 
(102). When the PI controllers are applied, the controlled steering and driving actuators will 
interact with the vehicle motion according to the non-linear dynamics model. 
 
Figure V-11. Block diagram of the lower level distribution control system. 
 
  
3) Application of GA to determine the control gains of PI controllers 
 
In the slip ratio and side-slip angle controllers, there are a total of 16 feedback control gains 
which must be determined. These control gains are difficult to find by trial-and-error. GA is 
applied here to optimally determine the control feedback gains. GA originated from the 
computer science field of artificial intelligence, which is a type of search heuristics which 
mimics the process of natural selection. GA can significantly improve the searching 
efficiency and fast determine the feedback control gains, which shows advantageous over 
traditional searching algorithm. For the use of GA, a solution domain and the fitness function 
are required. For the proposed PI slip ratio and side-slip angle controllers, the solution 
domain of the control gains is defined as positive. The fitness function 𝐽2 is determined by the 
following equation: 
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𝐽2 = ��𝐴𝑒𝑦𝑚𝑤_𝑟𝑚𝑡𝑟2 + 𝐵𝑒𝑠𝑠𝑖𝑝_𝑚𝑛𝑎𝑠𝑟2 �
𝑇
𝑡=0
 
(103) 
where 𝑒𝑦𝑚𝑤_𝑟𝑚𝑡𝑟 represents the difference between the desired yaw rate and the actual yaw 
rate when the non-linear control method is applied. 𝑒𝑠𝑠𝑖𝑝_𝑚𝑛𝑎𝑠𝑟  represents the difference 
between the desired zero body side-slip angle and the actual vehicle body side-slip angle 
when the non-linear control method is applied. 𝐴 and 𝐵 are the scaling factors of the yaw rate 
error and slip angle error. The range of the scaling factors is between 0 and 1. The default 
value of 𝐴 and 𝐵 is 1. This value can be decreased so that the corresponding term has less 
weight in the optimal cost function 𝐽2.     
Simulations of vehicle motion are conducted to calculate the fitness function and the optimal 
solution can be determined after a number of fitness functions have been calculated and 
evaluated. Specifically, based on the solution domain, the initial random populations, which 
are the control gains of the PI controllers, are generated first. The fitness of each solution is 
then evaluated based on equation (103) and the most suitable parents are selected. Then the 
child solutions are created from the selected parents using single point crossover and the 
children solutions are subjected to the crossover and mutation operations. Finally, the parent 
generation is replaced by the child generation and the evaluation cycle continues until the 
termination criterion is met and the results of control gains are determined [248]. In this study, 
the termination criterion is that either the maximum generation is reached or the tolerance of 
the fitness function is met. Figure V-12 shows the whole working procedure of GA.       
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Figure V-12. Flow chart of GA. 
 
 
4) Simulation results 
To test the dynamics performance of the suggested optimal non-linear control allocation 
method, numerical simulations are conducted in various vehicle moving conditions. The 
parameter values used in the simulations are listed in Table V-1. First, the preliminary 
simulations are conducted to determine the 16 control gains of the PI controllers using GA. 
Then, simulations are conducted to test the control performance under various conditions.  
Table V-1. Parameter values used in simulations of nonlinear control allocation method. [100] 
𝐴 Scaling factor of yaw 
rate error in the 
fitness function of 
1 
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genetic algorithm  
𝐵 Scaling factor of body 
slip angle error in the 
fitness function of 
genetic algorithm 
1 
𝑎 Scaling factors in the 
cost function of upper 
level controller 
1 
𝑏 Scaling factors in the 
cost function of upper 
level controller 
1 
𝑐 Scaling factors in the 
cost function of upper 
level controller 
1 
𝑑 Scaling factors in the 
cost function of upper 
level controller 
1 
 
a) Preliminary simulations to determine the control gains  
In the GA, the domain of the proportional control gain is (0, 100) and the domain of the 
integral control gain is (0, 100). The population is set as 50 and the generation is 150. To 
calculate the fitness function, the conditions of the preliminary simulations must be chosen. 
These must be chosen carefully since it is expected that the control gains determined in the 
preliminary simulations can apply to the controllers used in various vehicle moving 
conditions. In this study, three sets of preliminary simulations are conducted at different 
initial longitudinal velocities in order to determine the control gains, which are 10 m/s, 12.5 
m/s and 15 m/s. Based on these three preliminary simulations, only the vehicle dynamics 
performance with the velocity between 10 m/s and 15 m/s is examined in this simulation 
section as examples. Vehicle motion with velocity beyond this range can be analysed using a 
similar approach but is not to be discussed in this paper. 
In the first preliminary simulation, the initial velocity is 10 m/s and the friction coefficient is 
0.9. The vehicle is performing a J-turn manoeuvre and the steering input is shown in Figure 
V-13. 
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Figure V-13. Driver’s input steering angle during a J-turn manoeuvre. 
As the generation number increases, cost function 𝐽2 in equation (103) decreases, as shown in 
Figure V-14. The finally determined control gains are shown in Table V-2. 
Table V-2. Determined PI control gains in the first preliminary simulation 
𝐾𝑠𝑟𝑠𝑝 3.6991 𝐾𝑠𝑟𝑟𝑝 1.1656 
𝐾𝑠𝑟𝑠𝑖 2.4235 𝐾𝑠𝑟𝑟𝑖 7.0466 
𝐾𝑠𝑟𝑠𝑝 5.4314 𝐾𝑠𝑟𝑟𝑝 7.0470 
𝐾𝑠𝑟𝑠𝑖 3.7549 𝐾𝑠𝑟𝑟𝑖 2.4243 
𝐾𝑚𝑟𝑠𝑝 3.5468 𝐾𝑚𝑟𝑟𝑝 1.5596 
𝐾𝑚𝑟𝑠𝑖 13.8790 𝐾𝑚𝑟𝑟𝑖 14.9479 
𝐾𝑚𝑟𝑠𝑝 6.0527 𝐾𝑚𝑟𝑟𝑝 2.1615 
𝐾𝑚𝑟𝑠𝑖 0.0567 𝐾𝑚𝑟𝑟𝑖 6.3381 
 
 
Figure V-14. The evolution of cost function 𝑱𝑱. 
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In the same manner, the second and third preliminary simulations are conducted and the PI 
control gains are summarised in Table V-3 and Table V-4. 
 
Table V-3. Determined PI control gains in the second preliminary simulation 
𝐾𝑠𝑟𝑠𝑝 9.3171 𝐾𝑠𝑟𝑟𝑝 5.6386 
𝐾𝑠𝑟𝑠𝑖 8.8754 𝐾𝑠𝑟𝑟𝑖 7.2875 
𝐾𝑠𝑟𝑠𝑝 12.2399 𝐾𝑠𝑟𝑟𝑝 8.1320 
𝐾𝑠𝑟𝑠𝑖 9.9795 𝐾𝑠𝑟𝑟𝑖 11.8256 
𝐾𝑚𝑟𝑠𝑝 17.4289 𝐾𝑚𝑟𝑟𝑝 17.2962 
𝐾𝑚𝑟𝑠𝑖 24.3627 𝐾𝑚𝑟𝑟𝑖 18.8589 
𝐾𝑚𝑟𝑠𝑝 0.8027 𝐾𝑚𝑟𝑟𝑝 4.5018 
𝐾𝑚𝑟𝑠𝑖 0.6040 𝐾𝑚𝑟𝑟𝑖 0.3321 
 
Table V-4. Determined PI control gains in the third preliminary simulation 
𝐾𝑠𝑟𝑠𝑝 3.8171 𝐾𝑠𝑟𝑟𝑝 4.6622 
𝐾𝑠𝑟𝑠𝑖 4.7184 𝐾𝑠𝑟𝑟𝑖 4.6527 
𝐾𝑠𝑟𝑠𝑝 2.4899 𝐾𝑠𝑟𝑟𝑝 7.2317 
𝐾𝑠𝑟𝑠𝑖 1.9046 𝐾𝑠𝑟𝑟𝑖 3.1343 
𝐾𝑚𝑟𝑠𝑝 4.6789 𝐾𝑚𝑟𝑟𝑝 9.6797 
𝐾𝑚𝑟𝑠𝑖 1.0952 𝐾𝑚𝑟𝑟𝑖 13.8589 
𝐾𝑚𝑟𝑠𝑝 5.2920 𝐾𝑚𝑟𝑟𝑝 4.3330 
𝐾𝑚𝑟𝑠𝑖 6.9648 𝐾𝑚𝑟𝑟𝑖 0.0103 
 
Figure V-14 shows the total control error as it changes with the vehicle velocity by using 
three different groups of control gains in the simulation of simple J-turning. The steering 
input of the simulation is the same as Figure V-13. The total control error is actually the value 
of fitness function 𝐽2 which is defined in equation (103). According to Figure V-15, the three 
groups of PI controller gains can all control the vehicle yaw rate and body slip angle well 
when the velocity is between 10 m/s and 15 m/s. However, each specific group of control 
gains is better at controlling performance within a specific range of vehicle velocity. The PI 
control gains in Table V-2 can achieve the best control performance between 10 m/s and 11.5 
m/s. The control gains in Table V-3 and Table V-4 can achieve the best control performance 
during the velocity range [11.5 13.5]  m/s and [13.5 15]  m/s respectively. During the 
transition between any two adjacent velocity ranges, the abrupt change of control gains may 
deteriorate the control performance. To prevent this kind of problem, the interpolation 
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method can be used. For example, during the transition velocity around 11.5 m/s, the total 
transition range is assumed to be 0.5 m/s (from 11.25m/s to 11.75 m/s) and the control gains 
used in the transition period can be calculated as follows: 
𝐾𝑇 =
11.75 − 𝑣𝑥
0.5
𝐾1 +
𝑣𝑥 − 11.25
0.5
𝐾2 
(104) 
where 𝐾𝑇 is the group of control gains used in the transition period. 𝐾1 and 𝐾2 are groups of 
control gains given in Table V-3 and Table V-4 respectively. 
 
Figure V-15. The total control error with respect to vehicle velocity and control gains. 
 
b) Simulation results of the control allocation method    
 
Once the control gains of the PI controllers have been determined, the optimal non-linear 
vehicle dynamics controller with the optimal control gains can be tested under various 
driving conditions.  
First, the vehicle performs a J-turn at an initial velocity of 15 m/s. The PI control gains in 
Table V-4 can be used and the friction coefficient is 0.9. The driver’s input steering angle is 
the same as in Figure V-13. The vehicle yaw rate response and body side-slip angle response 
are shown in Figure V-16 and Figure V-17, respectively. For the purpose of comparison, the 
simulation result of the linear optimal control allocation method using equations (98)-(99) is 
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also presented. The simulation performance is also presented when no optimal tyre force 
distribution method is applied. When no tyre force controller is applied, the driver’s input 
steering angle is directly applied to the two front wheels of the vehicle and the driver’s input 
driving torque is equally distributed to the two rear wheels, which is similar to the traditional 
front wheel steer and rear wheel drive vehicle.  
 
Figure V-16. The vehicle yaw rate response in the J-turn simulation. 
 
Figure V-17. The vehicle body side-slip angle in the J-turn simulation. 
 
According to Figure V-16 and Figure V-17, the linear tyre force distribution method performs 
well in controlling the body side-slip angle, but the yaw rate response is compromised. This 
is because the linear method assumes a linear vehicle dynamics relationship, and the non-
linear tyre characteristic is neglected. To achieve the desired tyre force, a larger side-slip 
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considered. Thus, the output yaw rate obtained from the linear method is smaller than the 
desired value because a smaller individual slip ratio and side-slip angle is achieved. The non-
linear method considers the non-linear tyre characteristic and consequently the yaw rate 
achieves the desired value. The body side-slip angle response in the non-linear method is 
equal to that achieved in the linear method, but, as explained above, the yaw rate performance 
of the non-linear method is far better.   
 
Figure V-18. The total lateral tyre force in the J-turn simulation. 
 
Figure V-19. The yaw moment in the J-turn simulation. 
 
In Figure V-18 and Figure V-19, the non-linear method proposed in this study can achieve 
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body side-slip angle can be achieved, as shown in Figure V-16 and Figure V-17. When the 
linear method is applied, the total lateral tyre force and yaw moment cannot reach the desired 
value because of the non-linear tyre characteristic. This means that the desired yaw rate 
cannot be achieved. This is shown in Figure V-16. It should be noted that there is a small 
difference between the total lateral force and yaw moment controlled by the non-linear 
method and the desired values at 2 seconds, as shown in Figure V-18 and Figure V-19, and 
this causes the small difference between the yaw rate controlled by the non-linear method and 
the desired value in 2 seconds in Figure V-16. In Figure V-20 and Figure V-21, the individual 
wheel side-slip angle controller and the slip ratio controller are proved to successfully 
achieve the desired values in the non-linear method.  
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Figure V-20. The individual wheel side-slip angle in the J-turn simulation controlled by the 
non-linear method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right 
wheel. 
 
 
 
 
 
Figure V-21. The individual wheel slip ratio in the J-turn simulation controlled by the non-
linear method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right wheel. 
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Figure V-22. Driver’s steering input in the lane change simulation. 
 
Figure V-23. The vehicle yaw rate response in the lane change simulation. 
 
Figure V-24. The vehicle body side-slip angle in the lane change simulation. 
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Figure V-23 and Figure V-24 show the simulation results of yaw rate and body side-slip 
angle. We can see in Figure V-23 and Figure V-24 that the linear method and non-linear 
method both have good performance in terms of yaw rate and body side-slip angle control. In 
Figure V-23, the non-linear method can achieve accurate yaw rate control, but the yaw rate 
control performance of the linear method is a little compromised. It is noted that the vehicle 
body side-slip angle control performance of the non-linear method is not as good as the linear 
method in Figure V-24. This is because the PI control gains used in the simulation of Figure 
V-24 are determined based on the J-turn manoeuvre at 10 m/s as given in Table V-2. 
Although the simulation of Figure V-24 is for the lane change motion, the compromised 
control performance is acceptable and the control gains determined in the J-turn manoeuvre 
are proved to successfully apply to the lane change motion under the same vehicle velocity 
condition. 
 
Figure V-25. The total lateral tyre force in the lane change simulation. 
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Figure V-26. The vehicle yaw moment in the lane change simulation. 
 
Figure V-25 and Figure V-26 suggest that the non-linear method has the better performance 
of achieving the desired total lateral tyre force and yaw moment compared with linear method, 
which proves to have better yaw rate control performance in Figure V-23. It is noted that the 
controlled yaw moment of non-linear method between 16 and 18 seconds in Figure V-26 has 
small disturbance, which causes the increased body side-slip angle controlled by the non-
linear method around 16 seconds in Figure V-24. Figure V-27 and Figure V-28 show that the 
desired individual wheel side-slip angle and slip ratio can be well tracked using the non-linear 
method.   
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Figure V-27. The individual wheel slip angle in the lane change simulation controlled by the 
non-linear method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right 
wheel. 
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Figure V-28. The individual wheel slip ratio in the lane change simulation controlled by the 
non-linear controller: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right 
wheel. 
 
The third simulation is the combined traction and steering motion. The initial velocity of the 
vehicle is 10 m/s and the control gains in Table V-2 are used. The friction coefficient is still 
0.9. The driver is still performing the J-turn manoeuvre, but the acceleration pedal is also 
pushed simultaneously. The input steering angle is the same as Figure V-13 and the input 
driving torque is shown in Figure V-29. 
 
Figure V-29. The input driving torque during the combined driving and steering motion. 
 
Figure V-30. The vehicle yaw rate response during the combined driving and steering motion. 
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Figure V-31. The vehicle body slip angle response during the combined driving and steering 
motion. 
Figure V-30 and Figure V-31 show the vehicle yaw rate and body side-slip angle responses. 
The desired yaw rate is increased, since the driver’s input traction torque is applied and 
vehicle longitudinal velocity is increased. The non-linear method can achieve the desired yaw 
moment and yaw rate. For the linear method, the distributed tyre side-slip angle is larger than 
the desired value, which causes the larger distributed lateral force and yaw rate. For the no 
controller applied situation, the yaw rate response does not increase with time but even 
decreases. This is because even when traction torque is applied, the increased longitudinal 
velocity caused by the increased driving force cannot overcome the decreased velocity caused 
by the vehicle turning without the distribution of the controlled tyre force. In addition, the 
linear method and non-linear method both have the good control performance of body side-
slip angle.  
Figure V-32 and Figure V-33 show that non-linear method achieve good control performance 
of total lateral tyre force and yaw moment, which leads to the good control performance of 
yaw rate and body side-slip angle. The linear method has larger distributed total lateral tyre 
force and the consequently yaw rate control performance is compromised. Figure V-34 and 
Figure V-35 also demonstrate that the desired individual wheel side-slip angle and slip ratio 
can be achieved using the non-linear method. 
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Figure V-32. The vehicle total lateral tyre force during the combined driving and steering 
motion. 
 
Figure V-33. The vehicle yaw moment during the combined driving and steering motion. 
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Figure V-34. The individual wheel slip angle controlled by the non-linear method during the 
combined driving and steering motion: (a) front left wheel (b) front right wheel (c) rear left 
wheel (d) rear right wheel. 
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Figure V-35. The individual wheel slip ratio of the vehicle controlled by the non-linear 
method during the combined driving and steering motion: (a) front left wheel (b) front right 
wheel (c) rear left wheel (d) rear right wheel. 
 
The split surface road condition can be referred to the split of road surface between front and 
rear parts of the vehicle [249] or the split of road surface between the left and right wheels of 
the vehicle [250]. To examine the simulation performance under the condition of the split of 
road surface between front and rear of the vehicle, the friction coefficient is assumed to be 
changed from 0.9 to 0.7 at 5 seconds in the third simulation. The simulation responses of yaw 
rate and body side-slip angle in Figure V-36 and Figure V-37 prove that the desired vehicle 
dynamics performance can be well achieved. Alternatively, to evaluate the control 
performance under the condition of the split of road surface between the left and right wheels 
of the vehicle, the friction coefficient of the left wheel is assumed as 0.9 and the friction 
coefficient of the right wheel is 0.7. The simulation results in Figure V-38 and Figure V-39 
suggest that the proposed non-linear controller can achieve the good yaw rate and body side-
slip angle responses, although the yaw rate response is a little compromised due to the split 
surface.    
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Figure V-36. The vehicle yaw rate response during the combined driving and steering motion 
under split surface road condition – the split of road surface between front and rear of the 
vehicle. 
 
Figure V-37. The vehicle body slip angle response during the combined driving and steering 
motion under split surface road condition – the split of road surface between front and rear of 
the vehicle. 
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Figure V-38. The vehicle yaw rate response during the combined driving and steering motion 
under split surface road condition – the split of road surface between left and right wheels. 
 
Figure V-39. The vehicle body slip angle response during the combined driving and steering 
motion under split surface road condition – the split of road surface between left and right 
wheels. 
The RMS errors of the yaw rate response and body side-slip angle response (compared with 
desired yaw rate and side-slip angle) of both linear and non-linear methods are summarised in 
Table V-5 and Table V-6. In Table V-5, the linear method has worse yaw rate tracking 
performance compared with the no controller applied situation in most of the simulations. 
This is because in the linear method, the desired lateral tyre forces are achieved by linear 
mapping of the steering angles, and the distributed steering angles are different from the 
desired ones due to the non-linear tyre characteristics. Due to this error, the RMS yaw rate 
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error of the linear method is relatively large. In the no controller applied situation, the 
required steering angles are directly applied to the two front wheels of the vehicle and 
consequently the RMS error is relatively small compared with the linear method. In the case 
of non-linear controller, the desired tyre forces can be achieved by taking into consideration 
the non-linear tyre characteristics and this results in a much better yaw rate tracking 
performance compared with the linear control and no controller applied situations. From 
Table V-6, it can be seen that both linear and non-linear methods have good body side-slip 
angle control performance compared with the no controller applied situation. This proves that 
the desired body side-slip angle can be tracked well when the desired tyre forces are achieved 
using the non-linear method. 
 
Table V-5. The RMS errors of yaw rate by different methods. 
 
 
Table V-6. The RMS errors of body side-slip angle by different methods. 
 
 
 
5) Conclusion 
In conclusion, the simulation results verify that: 
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1) In all the simulations of the J-turn, lane change and combined traction and J-turn 
manoeuvres, the non-linear method considers the non-linear tyre characteristic and 
consequently the controlled yaw rate and body side-slip angle track the desired values more 
accurately.   
2) The RMS errors of the yaw rate and body slip angle responses in all the simulations also 
suggest that the non-linear method has good yaw rate and body side-slip angle tracking 
performance.  
3) PI control gains can be determined offline in the preliminary simulations. During the 
actual vehicle motion, these PI control gains are already available for various vehicle velocity 
conditions. According to the velocity range of a particular vehicle, the corresponding group 
of PI control gains is selected. These PI control gains are robust in a simple J-turn motion, 
lane change motion and combined steering and driving motion (on the split surface road) 
within a certain range of vehicle velocity, as have been proven in the simulations. If there is a 
large change in vehicle velocity, the pre-determined PI control gains can be quickly switched. 
4) The GA is proved to successfully determine a large number of control gains 
simultaneously at reasonable computation cost. Since the GA is the optimal search method in 
the area of artificial intelligence, it has a faster convergence rate and a lower computational 
cost than the conventional mathematical optimisation method.   
5) The individual wheel slip ratio and side-slip angle PI controllers can successfully achieve 
the whole vehicle body side-slip angle and optimal yaw rate control. This suggests that when 
the desired slip ratio and side-slip angle of individual wheels are achieved by the lower level 
PI controllers, the desired individual tyre force, yaw rate and body side-slip angle in the 
upper controller can be achieved. In this way, the two-level control system proposed in this 
study can successfully achieve the desired control targets. 
 
 
 
3. Summary 
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In this chapter, both linear and non-linear over-actuated control allocation method for the 
vehicle stability control and handling control are suggested. These primary control targets are 
vital to the vehicle dynamics performance. In the following chapters, additional control 
targets, such as energy-efficient control, fault-tolerant control and autonomous vehicle 
control, are focused to present the extensive application of the over-actuated controller.  
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VI. Application of the over-actuator controller in the energy-efficient 
controller for the 4WIS-4WID electric vehicle  
 
The 4WIS-4WID EV has the advantage of redundant actuators which can be utilised to not 
only achieve the primary control goals of vehicle handling and stability, but can also realise 
the important goal of energy efficiency optimisation. 
Based on a review of the current literature, it can be seen that one of the most important 
questions to be considered for the simultaneous dynamics control and energy efficiency 
optimisation for over-actuated EVs is the cost function because control performance and 
energy efficiency have to be compromised.  
To deal with this question, this chapter first defines two criteria based on the tyre working 
region and the steering angle to categorise the vehicle motion status into linear pure 
longitudinal motion and non-linear motion or turning motion including non-linear straight 
line motion, lane change, cornering, and fish hook manoeuvres, etc.  
Then for different motion status, different cost functions are developed. In this chapter, 
minimisation of the total power loss and the achievement of the desired driving force are 
selected as the control targets during the linear pure longitudinal motion. In the non-linear 
motion or turning motion, the desired yaw rate, desired vehicle body side-slip angle and 
minimisation of the total power loss are three control targets, and desired yaw rate and body 
side-slip angle are chosen as the primary targets because of the importance of vehicle 
handling and stability performance. Based on the defined optimisation targets, the desired 
longitudinal and lateral tyre forces and yaw moment are then optimally distributed to the 
wheel driving and steering torques.  
Finally numerical simulations are used to verify the effectiveness of the proposed strategies. 
The simulation results show that the proposed strategies can provide better dynamics control 
performance with less energy consumption compared with the existing approach.  
The main contributions of this chapter are: (1) the vehicle planar dynamics model that 
includes the non-linear Dugoff tyre model and considers the vehicle load transfer effect is 
applied to better evaluate the control performance during the high velocity turning scenario; 
(2) based on  the different vehicle motion status identified by two criteria, different vehicle 
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control targets and control structures can be selected; (3) in the proposed two-layer control 
structure, individual tyre forces are allocated in the upper level by achieving the primary and 
secondary control targets. Because of the mapping error between the allocated tyre force and 
the actual output of an individual actuator in the lower level controller, the linear yaw rate 
feedback controller and body side-slip angle feedback controller are applied to guarantee the 
primary control targets. 
1. Motion status detection 
Vehicles undertaking different motions are driven under different conditions and the control 
objectives for these will be different. For over-actuated EVs, when the vehicle is undertaking 
a linear pure longitudinal motion, the energy efficiency will be the only control target to be 
considered. However, when the vehicle’s lateral motion becomes large enough or the 
vehicle’s tyre is working in the non-linear tyre region, the vehicle handling and stability 
performance become the primary control targets and the vehicle energy efficiency becomes 
the secondary control target.  
To deal with different control objectives, different control strategies will also need to be 
developed. In this research, the real-time optimal control of the individual longitudinal force 
will be applied when only the linear pure longitudinal motion is what is considered. During 
non-linear motion or turning motion, a two-level control strategy is proposed to achieve 
handling control, stability control and energy-efficient control. In the upper level, the target 
individual wheel longitudinal and lateral tyre forces are calculated according to the desired 
control targets. Then the actual individual steering and driving actuators are controlled 
according to the target individual tyre force in the lower level.  
Before applying this control strategy, the threshold that determines the transition point 
between the linear pure longitudinal motion and the non-linear motion or turning motion 
must be defined. The following criteria are used to determine this transition point.  
Criterion 1  
When the vehicle tyre works in the linear tyre region, vehicle handling and stability 
performance are less important than the energy efficiency. According to the Dugoff tyre 
model used in this research (65), when 𝜆𝑖 > 1, the tyre is working in the linear tyre region. 
This condition can also be represented by following inequality: 
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�(𝐶𝑠𝑠𝑖)2 + (𝐶𝛼 tan𝛼)2
1 − 𝑠𝑖
≤
1
2
𝜇𝐹𝑧𝑖 
 (105) 
In general, the side-slip angle of each wheel is difficult to measure directly, and hence many 
different estimation methods have been proposed. In this thesis, the side-slip angle is 
estimated by a side-slip angle estimator described in Section 3.1. The estimation of the 
vehicle longitudinal velocity, longitudinal slip ratio and friction coefficient has been 
suggested in Section 3.2. In this section, the longitudinal vehicle velocity, longitudinal tyre 
slip ratio and tyre-road friction coefficient are simply assumed to be known. Using the 
estimation results of the individual wheel side-slip angle and slip ratio, the inequality (105) 
can be used to examine Criterion 1.    
 
Criterion 2  
In addition to working in the linear tyre region, the lateral acceleration of the vehicle in linear 
pure longitudinal motion must be small enough to ignore. The following equation suggests 
that the vehicle’s lateral acceleration is related to the input steering angle of the vehicle wheel 
and the longitudinal velocity:  
?̇?𝑦 =
𝑣𝑥2
𝑅𝑔
=
𝑣𝑥2𝛿
𝑔�𝑓𝑟 + 𝑓𝑟�
 
(106) 
where 𝑅 is the vehicle turning radius, which is determined by the steering angle and vehicle 
base length. Figure VI-1 shows the plot of the vehicle lateral acceleration versus the input 
steering angle in a group of simulations using the vehicle dynamics model given in Chapter 4. 
As can be seen in Figure VI-1, the lateral acceleration is limited to the small value of 0.3 m/s2 
when the steering angle is less than 0.02 rad under various vehicle longitudinal velocity 
conditions. If the steering angle is larger than 0.02 rad, the lateral acceleration increases by a 
large amount when the longitudinal velocity is high. Thus, we assume that when the steering 
angle of the vehicle wheel is less than 0.02 rad, the vehicle lateral motion can be ignored.  
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Figure VI-1. Vehicle lateral acceleration versus input steering angle. 
 
 
Figure VI-2. Linear pure longitudinal motion status detection. 
 
Figure VI-2 shows the flow chart of the motion status detection method. The vehicle motion 
is pure linear longitudinal motion only when both the requirements of Criterion 1 and 
Criterion 2 are satisfied, and in this case the energy efficiency will be the primary control 
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target. When the tyre is working in the non-linear region and the steering angle is small, the 
stability of the vehicle is the major concern. When the steering angle is large and the tyre is 
working in the linear region, the handling of the vehicle plays a more important role. When 
the steering angle is large and the tyre is working in the non-linear region, both the vehicle 
stability and handling are primary control targets.     
 
2. Energy consumption model 
For EVs, the energy consumption models of the in-wheel driving motors are generally 
divided into two parts: pure energy consumption in driving mode and energy regeneration in 
braking mode based on the assumption that the energy can be partially re-gained through the 
regenerative braking function. The model which is widely used in the literature for the total 
power of in-wheel motors, 𝑃𝑚, can be described by the following equation by subtracting the 
total input power to the converter from the total output power of the battery [15].  
𝑃𝑚 = �
𝑃𝑂𝑖
𝜂𝑂𝑖
4
𝑖=1
−� 𝑃𝐼𝑖
4
𝑖=1
𝜂𝐼𝑖 
 (107) 
where 𝑃𝑂𝑖 is the output power in the energy consuming mode and 𝑃𝐼𝑖 is the input power in the 
energy gaining mode of the 𝑖th in-wheel motor, which are related to the driving torque 𝑇𝑑𝑖, 
braking torque 𝑇𝑏𝑖 and wheel angular velocity 𝜔𝑖 of the 𝑖th in-wheel motor as: 
𝑃𝑂𝑖 = 𝑇𝑑𝑖𝜔𝑖                                                             (a)  
𝑃𝐼𝑖 = 𝑇𝑏𝑖𝜔𝑖                                                              (b) 
 (108) 
where 𝜂𝑂𝑖 is the output power efficiency in the energy consuming mode and 𝜂𝐼𝑖 is the input 
power efficiency in the energy gaining mode of the 𝑖 th in-wheel motor, which can be 
represented by the following  relationships: 
𝜂𝑂𝑖 = 𝑝1𝑇𝑑4 + 𝑝2𝑇𝑑3 + 𝑝3𝑇𝑑2 + 𝑝4𝑇𝑑 + 𝑝5                                      (a) 
𝜂𝐼𝑖 = 𝑝6𝑇𝑏3 + 𝑝7𝑇𝑏2 + 𝑝8𝑇𝑏 + 𝑝9                                                  (b) 
(109) 
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where 𝑝1 − 𝑝9 are coefficients obtained by curve fitting of  the actual experimental data from 
an in-wheel BLDC motor [15]. Figure VI-3 presents the relationship between the power 
efficiency and the driving or braking torque. The blue line shows the relationship between the 
output power efficiency from the battery and the driving torque. The red line shows the 
relationship between the input power efficiency to the inverter and the braking torque. It is 
noted that different types of motors may have different curve fitting representations based on 
different experimental data. In this paper, equation (109) is used due to the available 
coefficient values.  
 
Figure VI-3. The power efficiency when the driving or braking torque is changed within its 
operation range. 
It should be  noted that the measurement of the output power of the motor or the input power 
to the converter (𝑃𝑂𝑖 or 𝑃𝐼𝑖) requires the information about the  driving or braking torque (𝑇𝑑𝑖 
or 𝑇𝑏𝑖 ) and the vehicle angular velocity 𝜔𝑖 , which are all easy to be measured from the 
current of the electric in-wheel motor and the encoder sensor. 
In addition, the power loss contributing to the tyre lateral side-slip 𝑃𝛼  and the power loss 
related to the tyre longitudinal slip 𝑃𝑠 can be described by equation (110) and equation (111), 
respectively [198]: 
𝑃𝛼 = � |𝐹𝑠𝑖𝑢𝑖 tan𝛼𝑖|
𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟
 
(110) 
𝑃𝑠 = � |𝐹𝑡𝑖𝑢𝑖𝑠𝑖|
𝑖=𝑟𝑠,𝑟𝑟,𝑟𝑠,𝑟𝑟
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(111) 
The total tyre power loss 𝑃𝑡𝑦𝑟𝑟 due to the tyre lateral and longitudinal slip can be calculated 
by adding up the values of 𝑃𝛼 and 𝑃𝑠 as: 
𝑃𝑡𝑦𝑟𝑟 = 𝑃𝛼 + 𝑃𝑠 
(112) 
According to equation (112), the total tyre lateral power loss is related to the lateral tyre force 
and lateral side-slip angle. Since the absolute value of the lateral tyre force is increasing with 
the increase of the absolute value of the lateral side-slip angle, we can simply conclude that 
the total lateral tyre power loss can be minimised by minimising the individual lateral tyre 
force.  
Similarly, according to equations (110)(111), the total longitudinal power loss of the tyre is 
related to the longitudinal tyre force and longitudinal slip ratio. Because the absolute value of 
the longitudinal tyre force is also increasing with the absolute value of the longitudinal slip 
ratio, the total longitudinal power loss of the tyre can be minimised by minimising the 
individual longitudinal tyre force. 
In the following proposed optimal tyre force distributor (113), in the cornering condition and 
the least-square allocation method for the yaw rate feedback controller (77) and body slip 
angle feedback controller (91), the minimising of the distributed individual tyre force is the 
optimal control target, which can guarantee the minimisation of the total power loss of the 
tyre.        
 
3. Control strategy for linear pure longitudinal motion  
In the linear pure longitudinal motion, it is assumed that there is either little or no steering 
input applied and the tyre is working in the linear region according to Criterion 1 and 
Criterion 2. In this case, only vehicle longitudinal dynamics and wheel dynamics are 
considered, and the cost function of CA problem can be represented as follows: 
min
𝐹𝑥𝑖
𝑃𝑐 
 (113) 
subject to:  
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𝐹𝑥𝑑 = 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟 + 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟                                           (a)                                             
𝑀𝑑 =
𝑏𝑓
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟� +
𝑏𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟)                                    (b) 
where 𝐹𝑥𝑑 is the total desired longitudinal tyre force, which is determined according to the 
driver’s input driving torque or brake torque. Due to the pure longitudinal motion condition, 
the desired yaw moment 𝑀𝑑  in (113)(b) should be zero. After the desired individual 
longitudinal tyre force 𝐹𝑥𝑖  is obtained, the individual driving or braking torque can be 
controlled to achieve the desired longitudinal tyre force using the following equations. 
𝑇𝑑𝑖 = 𝐹𝑥𝑖𝑅𝜔             𝐹𝑥𝑖 ≥ 0 
(114) 
𝑇𝑏𝑖 = |𝐹𝑥𝑖|𝑅𝜔             𝐹𝑥𝑖 < 0 
(115) 
In this case, the desired tyre force can be perfectly achieved because the tyre is working in the 
linear region according to Criterion 1. Therefore, this optimal distribution method is an open-
loop control method without any feedback information.  
In this study, an in-wheel BLDC electric motor is applied. It has been suggested [198] that 
the maximum driving torque 𝑇𝑑𝑚𝑚𝑥 is 100 N.m and the maximum regenerative brake torque 
𝑇𝑏𝑚𝑚𝑥  is 80 N.m. According to equations (114)(115), the constraints of the allocated 
longitudinal tyre force can be presented by the following equation as an additional constraint 
in the optimisation problem (113): 
−𝑇𝑏𝑚𝑎𝑥
𝐼𝜔
≤ 𝐹𝑥𝑖 ≤
𝑇𝑑𝑚𝑎𝑥
𝐼𝜔
                                                    (113) (d) 
Now, 𝑃𝑐 can be calculated according to equations (107)-(109) as: 
𝑃𝑐 = ∑
𝐹𝑥𝑖𝐼𝜔𝜔𝑖
𝜂𝑂𝑖
4
𝑖=1                       𝐹𝑥𝑖 ≥ 0 
 (116) 
𝑃𝑐 =
1
∑ |𝐹𝑥𝑖|𝐼𝜔𝜔𝑖4𝑖=1 𝜂𝐼𝑖
                   𝐹𝑥𝑖 < 0 
(117) 
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Equations (116)(117) are proposed to maximise the regenerative braking power and minimise 
the output driving power, and minimisation of the total motor power 𝑃𝑚 can be achieved. 
The lateral tyre force and steering angle are all approximated as zeros in the pure longitudinal 
motion condition. Thus, tyre longitudinal force 𝐹𝑥𝑖  is used instead of 𝐹𝑡𝑖  to calculate the 
driving torque 𝑇𝑑𝑖 or braking torque 𝑇𝑏𝑖 in equations (113) (d) and (114)-(117). It is noted 
that when the steering angle is not too large (no more than 10 degrees) in the cornering 
condition in Section 6.4, the effect of the steering angle on power consumption can still be 
neglected and 𝑃𝑐 is still calculated by equations (116)(117).  
To obtain the optimisation solution, a variety of optimisation methods can be found in the 
literature. In this paper, the Matlab function, Fmincon, is used to solve the problem of (113). 
Fmincon can be utilised to minimise any formation of the cost function under both linear and 
non-linear constraints. When there is only linear pure longitudinal motion, only linear 
constraints are considered when searching for the optimal tyre force distribution with small 
computational effort.  
 
4. Control strategy for non-linear motion or turning motion  
When the vehicle is turning, the vehicle lateral dynamics must be the primary concern and the 
primary control target must be the handling and stability performance while the secondary 
control target is the optimisation of energy efficiency. This is because in such a situation, 
vehicle safety is what is critical.  
Vehicle cornering motion control is a complex optimisation problem, so a two-level control 
strategy is proposed in this study to solve this problem. In the upper level, the desired 
longitudinal and lateral tyre forces are calculated by the optimisation algorithm according to 
the desired control targets. Then, in the lower level, the individual steering and 
driving/braking torques are mapped from the desired tyre force of each wheel. And then the 
additional controlled steering angle and driving/braking torque of each wheel are calculated 
from the linear feedback controllers based on the yaw rate error and body side-slip angle 
error. Figure VI-4 shows the overview of the proposed integrated energy efficiency and 
dynamics control strategy in the lateral motion condition.  
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It should be noted that when the proposed integrated controller is working under the 
conditions of non-linear longitudinal motion, the desired total lateral force 𝐹𝑦𝑑  and yaw 
moment 𝑀𝑑 can be assumed as zeros in this two-level control strategy.       
 
Figure VI-4. A two-level integrated controller for vehicle turning motion. 
 
1) Upper level control  
In the upper level control, the desired individual tyre lateral force and longitudinal force are 
calculated according to the optimal cost function. The cost function for this control allocation 
problem can be represented as follows: 
min
𝐹𝑥𝑖,𝐹𝑦𝑖
𝑎1
2
�
𝐹𝑥𝑖2 + 𝐹𝑦𝑖2
(𝜇𝐹𝑧𝑖)2
+
4
𝑖=1
𝑎2𝑃𝑐 
(118) 
subject to:  
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𝐹𝑥𝑑 = 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟 + 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟                                            (a) 
𝐹𝑦𝑑 = 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟 + 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟                                            (b) 
𝑀𝑑 = 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� − 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� +
𝑏𝑓
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟� +
𝑏𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟)       (c) 
𝐹𝑥𝑖2 + 𝐹𝑦𝑖2 ≤ 𝜇𝐹𝑧𝑖2                                                            (d) 
−𝑇𝑏𝑚𝑎𝑥
𝐼𝜔
≤ 𝐹𝑥𝑖 ≤
𝑇𝑑𝑚𝑎𝑥
𝐼𝜔
                                                         (e) 
where 𝑎1,𝑎2  are the scaling factors for the two optimisation terms. 𝑃𝑐  is represented by 
equation (116)(117). The first term of the cost function (118) is about the minimising of the 
workload of longitudinal and lateral forces of each tyre, and the second term of the cost 
function (118) corresponds to the total motor power consumption. The first term relates to the 
energy efficient control of the tyre friction power loss and the second term relates to the 
energy efficient control of the total motor power. The primary control target about handling 
and stability performance will be achieved by finding the required tyre force of each wheel to 
satisfy the equality constraints (118)(a-c) and inequality constraint (118)(d). The constraint 
(118)(f) roughly suggests the maximum and minimum value of the distributed longitudinal 
tyre force. Although the actual available allocated driving torque or braking torque may be 
affected by the steering angle of each individual wheel and mapping error from the 
distributed tyre force to the actuators, constraint (118)(d) can be still considered as the 
reasonable longitudinal tyre force allocation boundary in the optimisation problem (118) in 
the upper level controller. Then the actual allocated driving or brake toque of each wheel can 
be limited to within the detailed boundary in the lower level controller. The vehicle lateral 
distributed tyre force of each wheel is limited by the boundary that combines constraints 
(118)(d) and (118)(e).    
The desired total longitudinal force 𝐹𝑥𝑑, total lateral force 𝐹𝑦𝑑 and yaw moment 𝑀𝑑 can be 
determined based on the desired yaw rate and slip angle as follows : 
𝑀𝑑 = 𝐼𝑧?̇?𝑑                                                                (a) 
𝐹𝑦𝑑 = 𝑚𝑣𝑥�?̇?𝑑 + 𝑓𝑑� = 𝑚𝑣𝑥𝑓𝑑                                           (b) 
𝐹𝑥𝑑 = ∑ 𝐹𝑥𝑖 = ∑
𝑇𝑑𝑖−𝑇𝑏𝑖
𝐼𝜔
4
𝑖=1
4
𝑖=1                                           (c) 
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(119) 
where 𝑓𝑑 is the desired yaw rate, which can be calculated by the following equation [100] 
similar to equation (74): 
𝑓𝑑 =
𝑣𝑥𝛿𝑓
�𝑠𝑓+𝑠𝑟��1+𝑃𝑣𝑥2�
           when |𝑓𝑑| < 𝑓𝑚𝑚𝑥                                     (a) 
𝑓𝑑 = 𝑓𝑚𝑚𝑥                    when |𝑓𝑑| > 𝑓𝑚𝑚𝑥                                       (b) 
 (120) 
where 𝑓𝑚𝑚𝑥 =
𝜇𝑎
𝑣𝑥
, which presents the handling limit the of maximum yaw rate due to the tyre 
friction limit [251]. 𝑣𝑥 is the vehicle longitudinal velocity, which is assumed to be known in 
this study as noted in Remark 1. 𝛿𝑟 is the front wheel steering angle, and we assume that the 
steering angles of front left wheel and front right wheel are same in the ideal condition, that is 
𝛿𝑟𝑠 = 𝛿𝑟𝑟 = 𝛿𝑟 . 𝛽𝑑  is the desired vehicle body side-slip angle, of which value reflects the 
vehicle stability.  The desired body side-slip angle is generally defined as zero (𝛽𝑑 = 0) [100]. 
Non-linear constraint (118)(d) describes the friction circle, which means that the maximum 
longitudinal force and maximum lateral force the individual tyre can generate are constrained 
in an ellipse circle. However, this non-linear constraint will greatly increase the 
computational effort. Castro et al. suggested this non-linear inequality can be approximated 
by the N half-spaces [252]:  
𝐶 �
𝐹𝑥𝑖
𝐹𝑦𝑖
� ≤ 𝐷𝜇𝐹𝑧𝑖 
(121) 
where 𝐶 ∈ 𝑅𝑁×2, 𝐷 ∈ 𝑅𝑁 are matrices that characterise the half-spaces. One may see that, as 
the number of half-space 𝑁 is increased, the friction circle constraints can be approximated 
with increasing accuracy. However, during the actual implementation of the controller, 𝑁 can 
not be too large, as the computational effort will greatly increase. 
Although the non-linear constraint (118)(d) has been linearized, the optimisation problem 
(118) is still a time consuming optimisation problem. In the simulation, the Fmincon function 
in Matlab is utilised to solve this problem, but relatively long computational time is required. 
For real application, a computationally efficient algorithm needs to be developed and/or fast 
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computer software needs to be used to implement the algorithm. This, however, is beyond the 
scope of this paper. 
2) Lower level control  
When the desired longitudinal and lateral tyre forces are determined in the upper level, the 
next problem is how to map the desired tyre forces into the actual steering angle and driving 
torque of each individual actuator optimally. The linear mapping method is widely used to 
achieve this target. The detailed explanation of this linear mapping method can be found in 
Section 5.2.2. 
However, the distributed steering and driving actuators cannot accurately generate the desired 
tyre force when the tyre is working in the non-linear tyre region. This problem can be solved 
by measuring the actual tyre forces and using them as feedback information to adjust the 
control of the steering and driving actuators. As the tyre forces are difficult to measure in 
practice, the alternative feedback values of yaw rate and body side-slip angle are used instead 
in this paper. Although this alternative method has the problem of mapping from the yaw rate 
error and body side-slip angle error to the additionally controlled tyre forces, which is a time 
consuming and complex process, the advantage of this approach is that the control target of 
handling and stability performance can be directly and perfectly tracked and the computation 
speed of this approach is also fast enough to realise real-time control according to the 
simulation.      
Thus, effective proportional feedback controllers of the vehicle body side-slip angle and yaw 
rate are used to overcome the yaw rate control error and body side-slip angle control error 
caused by the non-linear tyre characteristic. The detailed explanation of the design linear 
feedback yaw rate controller and body side-slip angle controller can be found in equations 
(73)-(78) and equations (87)-(91) in Section 5.1, respectively.   
The non-linear or turning motion control allocation method has a complex two-layer 
hierarchical control structure. In the upper level controller, the cost function (118) is 
minimised under three equality constraints and two inequality constraints. These three 
equality constraints are actually three feedforward virtual control laws calculated from the 
desired yaw rate and body side-slip angle. These equality constraints guarantee these primary 
control targets. The cost function (118) includes two secondary control targets: the 
minimisation of the total tyre force workload (power loss due to tyre friction) and the 
minimisation of the total power consumed by the driving motor. The scaling factors 𝑎1 and 
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𝑎2 have default values of 1 and these values can be adjusted in different conditions. Due to 
the non-linear characteristic of the vehicle model, however, the allocated desired tyre forces 
cannot be perfectly allocated to the individual actuator. For this reason, in order to further 
improve the primary control targets of vehicle stability and handling, two parallel feedback 
controllers are proposed in the lower level control system: a yaw rate proportional feedback 
controller and a body side-slip angle proportion feedback controller.     
Although various optimisation algorithms can be used to solve the optimisation problems 
(113) and (118), the Matlab embedded function ‘Fmincon’ is used to solve the problems 
because ‘Fmincon’ can be widely applied for the linear, quadratic or sum of square cost 
function under linear or non-linear equality and inequality constraints. This embedded 
optimisation function can balance the optimisation efficiency and design flexibility. Although 
the suggested optimisation problems (113) and (118) only have linear constraints, the non-
linear constraints are still applicable if users want to add additional modifications.  
In the ‘Fmincon’ function, there are four optimisation options: ‘active set’, ‘interior-point’, 
‘trust-region-reflective’ and ‘sequential quadratic programming (SQP)’. The default 
algorithm is ‘interior-point’, which can be classified as a large-scale algorithm. This kind of 
algorithm uses a linear algorithm that does not need to store or operate on a full matrix, and 
this can significantly reduce the size of the required memory and computational speed. In 
contrast, ‘active set’ and SQP can be classified as the medium-scale algorithm that internally 
creates full matrices and uses dense linear algebra, which can be time consuming. Although 
‘trust-region-reflective’ method can also be classified as a large-scale algorithm, this 
algorithm has the strict requirement of the constraints and objective function, which limits the 
application of this method. In the simulation part, the simulation results of the ‘active set’, 
‘interior-point’ and ‘SQP’ algorithms are compared to find the most suitable algorithm for the 
proposed EECA method.  
In the actual implementation of the proposed EECA control method, a switcher must be 
designed to achieve the smooth transition between the controllers under the pure longitudinal 
condition and under the cornering condition. It can be seen that the major difference between 
the controllers in pure longitudinal condition and in the cornering condition is the application 
of the linear yaw rate feedback controller and the linear body side-slip angle feedback 
controller in the lower level controller in the cornering condition. In the upper level controller 
in the cornering condition, if the driver’s input steering angle is close to zero, the desired total 
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lateral tyre force and yaw moment are zero and this is similar to the pure longitudinal 
condition. Thus, a scaling factor 𝑝 is applied to multiply the controlled individual tyre force 
∆𝐹 in equation (75) from the yaw rate feedback controller and ∆𝐹′ in equation (90) from the 
body slip angle feedback controller: 
∆𝐹 = 𝑝∆𝐹 
 (122) 
∆𝐹′ = 𝑝∆𝐹′ 
(123) 
If   Criterion 1 and Criterion 2 are both satisfied, 𝑝 = 0; otherwise, 𝑝 = 1.   
 
5. Simulation results 
 
To test the dynamic performance of the suggested integrated dynamics control and energy 
efficiency optimisation method, numerical simulations are conducted under various 
conditions. The parameter values used in the simulations are listed in Table VI-1.  
 
Table VI-1. Parameter values used in simulations. [100] 
𝑎1 Scaling factor of the 
lateral motion energy-
efficient controller 
1 
𝑎2 Scaling factor of the 
lateral motion energy-
efficient controller 
1 
ℎ height of the vehicle 
centre of gravity 
0.533 m 
𝐾1 Proportional gain in 
actuator distribution 
yaw rate controller 
20000 
𝐾2 Proportional gain in 
actuator distribution 
slip angle controller 
1000000 
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1) The simulation results of pure longitudinal motion 
In the first set of simulations, the vehicle is moving along the straight lane to test the energy-
efficient control performance during linear pure longitudinal motion. The initial vehicle 
velocity is 15 m/s and the friction coefficient is assumed as 0.9 in this set of simulations. The 
driver’s total input driving torque is shown in Figure VI-5 as the large driving torque 
condition and the small driving torque condition. 
 
(a) large torque condition                        (b) small torque condition 
Figure VI-5. Driver’s total input driving torque in the simulation of linear pure longitudinal 
motion. 
 
(a) large torque condition                        (b) small torque condition 
Figure VI-6. The controlled vehicle longitudinal velocity in the linear pure longitudinal 
motion.  
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(a) large torque condition (interior point)                             (b) small torque condition (interior point) 
Figure VI-7. The distributed driving torque of the individual wheels in the linear pure 
longitudinal motion. 
The algorithms of the ‘interior point’, ‘active set’ and ‘SQP’ in the optimisation function 
‘Fmincon’ are compared in the simulations. As can be seen in Figure VI-6, the controlled 
vehicle longitudinal velocity can achieve the desired velocity value under both large and 
small driving torque conditions. The optimisation result of the distributed driving torque and 
braking torque of each wheel is shown in Figure VI-7. Under the medium and high driving 
torque conditions in Figure VI-7(a), the equal distribution of the driving torque and braking 
torque is the optimal method. In Figure VI-7(b), however, the optimisation method suggests 
that the two front wheels are responsible for the major driving workload and the braking 
torque is equally distributed in the small torque demand condition. It should be noted that 
only the torque distribution of the ‘interior point’ method is presented in Figure VI-6 and 
Figure VI-7. The total output power of the four-wheel optimal distribution under both large 
and small torque conditions is shown in Figure VI-8, which includes the total motor driving 
power and the total tyre power loss. To clearly present the power efficiency of each method, 
the root mean square (RMS) values of the power consumption of each method are presented 
in Table VI-2. All the three optimisation algorithms consume a similar motor driving power 
under the conditions of large driving torque demand, but the power consumption is different 
when there is small driving torque demand. The ‘interior point’ method has the best total 
power saving performance under conditions where there is small torque applied. It should be 
noted that the torque distribution in Figure VI-7(a) is perfectly overlapped due to the same 
energy efficiency map applied. In the real situation, the individual driving motor may have 
slightly different energy efficiency maps even if the same types of motors are applied. This 
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study, however, only shows the ideal conditions for theoretical analysis and this minor 
problem is not considered here.    
 
(a) total driving output power - large torque                  (b) total tyre power loss – large torque  
  
(c) total driving output power – small torque               (d) total tyre power loss - small torque 
Figure VI-8. The vehicle output power in simulation of the pure longitudinal motion. 
 
2) The simulation results of vehicle cornering motion 
Linear pure longitudinal motion is a simple control allocation scenario, and only the four 
driving/braking actuators are utilised. When the vehicle is cornering, the control targets of 
handling, stability and energy efficiency must all be achieved. In addition to four 
driving/braking control actuators, four steering control actuators are used to achieve the 
control targets. In the second set of simulations, the vehicle is performing a simple J-turn 
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manoeuvre with the steering angle of 5 degrees (Figure VI-9) under the initial velocity of 15 
m/s. There is no driving or braking torque applied in the vehicle cornering motion. The 
controlled yaw rate and body slip angle of three different algorithms (‘interior point’, ‘active 
set’ and ‘SQP’) in the Matlab embedded function ‘Fmincon’ in the proposed integrated 
dynamics control and energy efficiency optimisation method are compared with the desired 
values in Figure VI-10 and Figure VI-11, respectively. The simulation results of a traditional 
vehicle dynamics controller are also presented for comparison. In the traditional vehicle 
dynamics controller, the linear feedback stability controller and handling controller in [31] 
are applied, but the energy efficiency optimal cost function in equation (118) is not included. 
For the sake of brevity, we are calling the proposed integrated dynamics control and energy 
efficiency optimisation method the ‘interior point method’, ‘active set method’ and ‘SQP 
method’ in contrast to the traditional vehicle dynamics control method which we call the 
‘traditional control method’. Figure VI-10 and Figure VI-11 suggest that both the traditional 
control method and integrated control method can achieve the desired yaw rate accurately. 
The ‘SQP method’ and the ‘active set method’ can achieve better body slip angle control 
performance than the ‘interior point’ method. This proves that the primary control goals can 
be achieved by the proposed integrated control method when the vehicle is doing a cornering 
motion. 
 
Figure VI-9. Driver’s input steering angle in the second simulation of cornering motion. 
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Figure VI-10. Vehicle controlled yaw rate in the second set of simulations. 
 
Figure VI-11. Vehicle controlled body slip angle in the second set of simulations. 
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Figure VI-12. The distributed vehicle input driving torque of each wheel in the second 
simulation: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right wheel. 
  
(a) total driving power loss                                   (b) total tyre friction loss 
Figure VI-13. Total vehicle output power in the second simulation of cornering motion. 
Figure VI-12 and Figure VI-13 present the individual tyre driving torque and total power 
output of the vehicle controlled by the proposed integrated control method and traditional 
control method. The integrated control method shows a large improvement in the total 
vehicle output power, which proves that the secondary control target of energy efficient 
control can be achieved. The ‘interior point’ algorithm in particular shows the obvious 
advantage in power saving compared with other algorithms. The ‘SQP’ method and the 
‘active set’ method also save more on total power consumption compared with the traditional 
control method. This result has been clearly presented by the RMS value of the power 
consumption in Table VI-2.               
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In the third simulation, the motion of a double lane change is tested to prove the robustness of 
the proposed controller. The initial vehicle velocity is increased to 20 m/s. The friction 
coefficient is changed from 0.9 to 0.7 in 10 seconds in order to represent the changing of the 
road condition. The vehicle input steering angle is shown in Figure VI-14. According to 
Figure VI-15 and Figure VI-16, similar to the second set of simulations, the proposed 
integrated control method can achieve good yaw rate and body side-slip angle control 
performance. Particularly, the ‘active set’ method can achieve better body side-slip angle 
control performance compared with the ‘interior point’ method and the ‘SQP’ method. 
 
Figure VI-14. Driver’s total input driving torque in the third simulation. 
 
Figure VI-15. Vehicle controlled yaw rate in the third simulation. 
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Figure VI-16. Vehicle controlled side-slip angle in the third simulation. 
   
   
 
Figure VI-17. The distributed input driving torque of each wheel in the third simulation: (a) 
front left wheel (b) front right wheel (c) rear left wheel (d) rear right wheel. 
0 2 4 6 8 10 12 14 16 18 20
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
time (s)
ve
hi
cl
e 
co
nt
ro
lle
d 
bo
dy
 s
lip
 a
ng
le
 (d
eg
re
e)
 
 
interior point method
active set method
SQP method
traditional control method
0 2 4 6 8 10 12 14 16 18 20
-30
-20
-10
0
10
20
30
40
50
60
70
time (s)
ac
tu
al
 v
eh
ic
le
 d
riv
in
g 
to
rq
ue
 (
N
.m
)
 
 
interior point method
active set method
SQP method
traditional control method
0 2 4 6 8 10 12 14 16 18 20
-30
-20
-10
0
10
20
30
40
50
60
70
time (s)
ac
tu
al
 v
eh
ic
le
 d
riv
in
g 
to
rq
ue
 (
N
.m
)
 
 
interior point method
active set method
SQP method
traditional control method
0 2 4 6 8 10 12 14 16 18 20
-40
-30
-20
-10
0
10
20
30
40
50
time (s)
ac
tu
al
 v
eh
ic
le
 d
riv
in
g 
to
rq
ue
 (
N
.m
)
 
 
interior point method
active set method
SQP method
traditional control method
0 2 4 6 8 10 12 14 16 18 20
-50
-40
-30
-20
-10
0
10
20
30
40
time (s)
ac
tu
al
 v
eh
ic
le
 d
riv
in
g 
to
rq
ue
 (
N
.m
)
 
 
interior point method
active set method
SQP method
traditional control method
(a) (b) 
(c) (d) 
161 
 
  
(a) total motor driving power 
 
(b) total tyre friction power loss 
Figure VI-18. The total output power of the vehicle in the third simulation. 
Figure VI-17 shows the driving torque of each individual wheel. In Figure VI-18, the total 
motor driving power and total tyre friction power loss of each control method are compared. 
The ‘interior point’ method has better motor driving efficiency and less tyre friction loss 
compared both with other proposed methods and with the traditional control method. As can 
be seen in Table VI-2, the ‘interior point’ method also has the smallest total power 
consumption compared with other algorithms and the traditional control method.    
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Table VI-2. RMS value of the vehicle total power consumption 
Vehicle moving scenarios Motor driving 
power loss (kW) 
Tyre friction power 
loss (kW) 
Total power loss 
(kW) 
Pure longitudinal 
motion 
Large 
driving 
input 
Interior 
point 
method 
4.446 0.00982 4.456 
Active set 
method 
4.479 0.00908 4.488 
SQP 
method 
4.479 0.00908 4.488 
Traditional 
method 
4.479 0.00908 4.488 
Small 
driving 
input 
Interior 
point 
method 
0.5119 7.06 × 10−5 0.5120 
Active set 
method 
0.7104 2.28 × 10−4 0.7106 
SQP 
method 
0.5512 6.12 × 10−5 0.5513 
Traditional 
method 
0.7204 3.85 × 10−5 0.7204 
Cornering motion J-turn Interior 
point 
method 
1.034 5.991 7.025 
Active set 
method 
7.045 7.283 14.33 
SQP 
method 
6.829 7.161 13.99 
Traditional 
method 
9.549 7.230 16.78 
Double 
line 
change 
Interior 
point 
method 
0.9060 4.107 5.013 
Active set 
method 
3.307 4.654 7.961 
SQP 
method 
1.251 4.130 5.381 
Traditional 
method 
4.056 4.532 8.588 
Combined pure 
longitudinal and 
cornering  motion 
Interior point method 2.111 8.933 11.04 
Active set method 15.43 13.30 28.73 
SQP method 14.15 12.03 26.18 
Traditional method 16.35 13.44 29.79 
 
 
3) The simulation results of combined vehicle longitudinal motion and cornering motion 
The fourth simulation is used to explore how to use Criterion 1 and Criterion 2 to detect the 
motion status and implement the corresponding control strategy. The input steering angle is 
shown in Figure VI-19(a) and the input driving torque is shown in Figure VI-19(b). In the 
first 4 seconds, the vehicle is under linear pure longitudinal motion, while the vehicle lateral 
motion starts after 4 seconds. In this way, this simulation can perform the changing of the 
control strategy from the pure longitudinal motion into the turning motion. The vehicle initial 
velocity is 17.5 m/s and friction coefficient is 0.9. 
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(a)                                                            (b) 
Figure VI-19. Driver’s (a) steering angle input and (b) total input driving torque in the fourth 
simulation. 
Figure VI-20 and Figure VI-21 suggest the yaw rate and body side-slip angle responses in the 
whole simulation of changing from the linear pure longitudinal motion into the turning 
motion. At the beginning, the vehicle is moving under the conditions of linear pure 
longitudinal motion and only the driving energy-efficient controller is applied since Criterion 
1 and Criterion 2 are both satisfied. After nearly 5 seconds, the vehicle starts turning and the 
vehicle is no longer performing linear pure longitudinal motion because Criterion 1 and 
Criterion 2 are not both satisfied. The stability controller and handling controller are 
implemented immediately by the designed switcher after 5 seconds to improve the yaw rate 
and body side-slip angle responses which are the primary control targets. Meanwhile, the 
driving actuator’s energy efficiency is also improved due to the secondary control target. All 
three algorithms can roughly achieve the desired yaw rate and the controlled body side-slip 
angle of the ‘interior point’ method is larger than that of other proposed methods as well as 
the traditional control method. 
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Figure VI-20. Vehicle controlled yaw rate in the fourth simulation. 
 
Figure VI-21. Vehicle controlled body slip angle in the fourth simulation. 
Figure VI-22 and Figure VI-23 show the actual individual wheel driving torque and total 
actual output power in the whole simulation. In the first 5 seconds when the vehicle is under 
the condition of pure linear longitudinal motion, the driving toque is equally distributed 
among all four wheels. After 5 seconds, when the cornering motion starts, the ‘interior point’ 
method has the smallest motor driving power and tyre friction power loss compared with 
other algorithms and the traditional control method. The RMS value of the power 
consumption in Table VI-2 also verifies that the ‘interior power’ method has the best power 
saving performance.     
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Figure VI-22. The actual driving torque of each wheel in the fourth simulation: (a) front left 
wheel (b) front right wheel (c) rear left wheel (d) rear right wheel.  
 
(a) total motor driving power               (b) total tyre friction power loss 
Figure VI-23. The vehicle’s total output power in the fourth simulation. 
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6. Summary 
 
This chapter proposes an integrated dynamics control and energy efficiency optimisation 
method for both linear pure longitudinal motion and non-linear or turning motion. In the 
linear pure longitudinal motion, only the energy-efficient controller is proposed. In the 
vehicle non-linear motion or turning motion, the handling controller, stability controller and 
energy-efficient controller are all suggested. According to the simulation results, our findings 
can be summarised as follows: 
In linear pure longitudinal motion, the simulation results suggest that the equal distribution of 
the driving torque and the braking torque of individual wheels is the optimal control 
allocation method during the medium-high torque demand. In the small torque demand, two 
specific wheels in the same axle are responsible for the major driving workload.  
In both the pure cornering motion and combined traction and cornering motion, the 
simulation results suggest that the proposed integrated controller can successfully achieve the 
primary handling and stability control. In addition, the total output power of the driving toque 
is also optimised compared with the traditional dynamics control method. Particularly, 
although the body side-slip angle control performance is compromised, the ‘interior point’ 
algorithm of the integrated controller can achieve the best total power saving performance in 
most of the simulations. ‘Active set’ and ‘SQP’ algorithms have better body side-slip angle 
control but the total power efficiency improvement is limited. This is because the side-slip 
angle control needs more control efforts and energy consumption, so it is hard to balance the 
side-slip angle performance and the energy efficiency. This study suggests that the 
optimization algorithm should be chosen based on the priority: if the vehicle is moving 
smoothly and the energy efficiency is the primary issue, the ‘interior point’ algorithm can be 
implemented; if the vehicle is turning abruptly and the stability is more important, the ‘Active 
set’ and ‘SQP’ algorithms should be selected.         
The proposed motion detection criteria are proved to successfully determine the transition 
point between the linear pure longitudinal motion and the non-linear motion or the cornering 
motion, and the control strategies can be switched by a designed switcher at this transition 
point.  
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In the following chapter, the application of the over-actuated controller on the fault-tolerant 
control will be focused. 
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VII. Application of the over-actuated control allocation method in the design of 
the fault-tolerant control 
 
This chapter focuses on the fault-tolerant control method and the location of the specific 
faulty wheel is assumed to be known. This assumption is reasonable according to the 
literature [202] [216] [217] [173]. The newly proposed SMC fault-tolerant controller focuses 
primarily on 4WIS-4WID EVs. The main contribution of this paper is to solve the coupling 
effect of different control targets by grouping the actual driving actuators in fault-tolerant 
control of a 4WID vehicle. In addition, due to the fault of one specific wheel, the steering 
geometry of the whole vehicle will be re-arranged and the actual steering actuators will be 
adjusted in the 4WIS vehicle.  
 
1. Steering geometry while wheel-fault happening 
 
According to [80] [52], a complete steering model for an individual wheel of the electric 
vehicle can be presented by the following equation: 
𝐼𝑠?̈?𝑖 + 𝑐𝑠?̇?𝑖 + 𝑘𝑠𝛿𝑖 = 𝜏𝑚 + 𝜏𝑗 + 𝜏𝑚𝑐𝑡 
(124) 
where 𝜏𝑚𝑐𝑡  is the actual steering torque generated from the steering motor. The output 
steering angle 𝛿𝑖 can be controlled by adjusting the actual steering torque 𝜏𝑚𝑐𝑡 according to 
the desired steering angle given by the driver. Therefore, the steering angle of an individual 
wheel 𝛿𝑖  is assumed to be known when all the wheels work well. However, when an 
individual steering motor cannot work, the actual steering torque is zero and the output 
steering angle is governed by the following equation:   
𝐼𝑠?̈?𝑖 + 𝑐𝑠?̇?𝑖 + 𝑘𝑠𝛿𝑖 = 𝜏𝑚 + 𝜏𝑗 
(125) 
It is suggested that the jacking torque does not play the important role when the vehicle 
longitudinal velocity is large and the tyre lateral force is large. In this study, the vehicle initial 
longitudinal velocity is 20 m/s or 15 m/s, which is quite large. Thus, the effect of jacking 
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torque can be neglected and the steering angle is determined by the total alignment moment 
𝜏𝑚: 
𝜏𝑚 = −�𝑡𝑚 + 𝑡𝑝0 −
𝑡𝑝0𝐶𝛼
3𝜇𝐹𝑧𝑖
|tan𝛼𝑖|� 𝐹𝑠𝑖 
(126) 
where 𝑡𝑚 is the mechanical trail and 𝑡𝑝0 is the initial pneumatic trail. 
If one wheel is faulty during vehicle turning, the steering angle of other three wheels must be 
adjusted according to the steering geometry in Figure VII-1 to maintain the turning. One 
simple method to realise the geometry in Figure VII-1 is shown as follows: 
1) If the faulty wheel is the front wheel, the vehicle ICR is located on the extension cord of 
the front track. The steering angle of the healthy front wheel is zero and the steering angle of 
the front faulty wheel is determined by (125)(126). The steering angles of the rear left and 
rear right wheels can be calculated as [7]: 
𝛿𝑖 = tan−1�𝐷𝑇(𝑥𝑖 − 𝑥𝐼𝐼𝐼),−𝐷𝑇(𝑦𝑖 − 𝑦𝐼𝐼𝐼)� 
(127) 
where 𝑥𝐼𝐼𝐼 = 𝑓𝑟 and 𝑦𝐼𝐼𝐼 =
𝑠𝑓+𝑠𝑟
𝛿𝑑
. 𝑖 = 𝑓𝑓, 𝑓𝑓, which presents the rear left and rear right wheel, 
respectively. 𝛿𝑑 is the desired steering angle, which is determined by the driver. (𝑥𝑟𝑠 ,𝑦𝑟𝑠) =
�−𝑓𝑟 ,
𝑏𝑓
2
�  and (𝑥𝑟𝑟 ,𝑦𝑟𝑟) = �−𝑓𝑟 ,−
𝑏𝑓
2
�  are the positions of the wheel centre. 𝐷𝑇 = 1 , if 
turning in an anti-clockwise direction; 𝐷𝑇 = −1, if turning in a clockwise direction.  
It should be noted that if the driver’s desired steering centre is 𝛿𝑑, the vehicle turning radius 
is 𝑅 = 𝑠𝑓+𝑠𝑟
𝛿𝑑
 . The turning radius is the distance between the vehicle centre of gravity and the 
ICR but in this paper it is assumed that the distance between the front wheel centre (rear 
wheel centre) and the ICR is the turning radius. This assumption is reasonable because 
usually, the turn radius is much larger than the vehicle wheel base.   
2) If the faulty wheel is the rear wheel, the vehicle ICR is located on the extension cord of the 
rear track. The steering angle of the rear healthy wheel is zero and the steering angle of the 
rear faulty wheel can be determined by equations (125) and (126). The steering angles of the 
front left and front right wheel can be calculated using equation (127). In equation (127), 
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𝑖 = 𝑓𝑓,𝑓𝑓, which represents the front left and front right wheel, respectively. In addition, 
𝑥𝐼𝐼𝐼 = −𝑓𝑟 and 𝑦𝐼𝐼𝐼 =
𝑠𝑓+𝑠𝑟
𝛿𝑑
. (𝑥𝑟𝑠 ,𝑦𝑟𝑠) = �−𝑓𝑟 ,
𝑏𝑓
2
� and (𝑥𝑟𝑟 ,𝑦𝑟𝑟) = �−𝑓𝑟 ,−
𝑏𝑓
2
� are positions 
of the wheel centre. 𝐷𝑇 = 1, if the turning is anti-clockwise; 𝐷𝑇 = −1, if the turning is 
clockwise. 
The motor driver and in-wheel motor driving unit can be described by a control gain 𝑘𝑖 , 
which is related to the in-wheel driving motor of each wheel. 
𝑘𝑖 =
𝑇𝑖
𝑉𝑖
 
(128) 
where 𝑇𝑖 is the driving torque of each wheel of the in-wheel motor and 𝑉𝑖 is the input voltage 
of the in-wheel motor. 
If the driving wheel is in a healthy condition, the normalised control gain 𝑘𝑖 is assumed to be 
equal to 1. The value of 𝑘𝑖 can be estimated by various fault diagnosis methods [202] [217].  
The specific faulty wheel can be identified according to the estimation results of the control 
gain of driving torque 𝑘𝑖. 
 
Figure VII-1. The vehicle steering geometry when one of the four wheels is the faulty wheel. 
It should be noted that if the two front wheels of the vehicle cannot work during turning, the 
vehicle can move like a rear wheel steering vehicle. Similarly, if the two rear wheels of the 
vehicle are faulty during turning, the vehicle can move as a front wheel steering vehicle. 
However, if one of the front wheels and one of the rear wheels cannot work or more than 
three wheels are faulty, the vehicle cannot make a turn and must stop.  
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2.   Sliding mode controller design 
 
To evaluate the SMC, the vehicle dynamics equation can be simplified using the following 
equations [202]: 
?̇?𝑥 = 𝑣𝑦𝑓 +
1
𝑚
𝐹𝑥                                                         (a) 
?̇?𝑦 = −𝑣𝑥𝑓 +
1
𝑚
𝐹𝑦                                                       (b) 
?̇? = 1
𝐼𝑧
𝑀𝑧                                                                   (c) 
(129) 
where 𝐹𝑥, 𝐹𝑦 and 𝑀𝑧 are the total longitudinal force, lateral force and yaw moment. 
𝐹𝑥 = 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟 + 𝐹𝑥𝑟𝑠 + 𝐹𝑥𝑟𝑟                                            (a) 
𝐹𝑦 = 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟 + 𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟                                            (b) 
𝑀𝑧 = 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� − 𝑓𝑟�𝐹𝑦𝑟𝑠 + 𝐹𝑦𝑟𝑟� +
𝑏𝑟
2
�𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟� +
𝑏𝑟
2
(𝐹𝑥𝑟𝑠 − 𝐹𝑥𝑟𝑟) 
  (c) 
(130) 
According to [20], equation (129) can be rewritten as: 
�
?̇?𝑥
?̇?𝑦
?̇?
� = �
𝑣𝑦𝑓
−𝑣𝑥𝑓
0
� + 𝐵𝑦(𝛿𝑖)𝑭𝒔 + 𝐵𝑥(𝛿𝑖)𝑭𝒕 
(131) 
where 𝑭𝒕 = [𝐹𝑡𝑟𝑠 𝐹𝑡𝑟𝑟 𝐹𝑡𝑟𝑠 𝐹𝑡𝑟𝑟]𝑻 , 𝑭𝒔 = [𝐹𝑠𝑟𝑠 𝐹𝑠𝑟𝑟 𝐹𝑠𝑟𝑠 𝐹𝑠𝑟𝑟]𝑻 , which presents the 
tyre force along the wheel direction and perpendicular to the wheel direction, respectively.  
𝐵𝑥(𝛿𝑖)
=
⎣
⎢
⎢
⎢
⎢
⎡
1
𝑚
0 0
0
1
𝑚
0
0 0
1
𝐼𝑧⎦
⎥
⎥
⎥
⎥
⎤
⎣
⎢
⎢
⎡
cos𝛿𝑟𝑠 cos𝛿𝑟𝑟 cos𝛿𝑟𝑠 cos 𝛿𝑟𝑟
sin 𝛿𝑟𝑠 sin 𝛿𝑟𝑟 sin 𝛿𝑟𝑠 sin 𝛿𝑟𝑟
𝑓𝑟 sin𝛿𝑟𝑠 +
𝑏𝑟
2
cos𝛿𝑟𝑠 𝑓𝑟 sin𝛿𝑟𝑟 −
𝑏𝑟
2
cos𝛿𝑟𝑟
𝑏𝑟
2
cos𝛿𝑟𝑠 − 𝑓𝑟 sin 𝛿𝑟𝑠 −
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin𝛿𝑟𝑟⎦
⎥
⎥
⎤
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𝐵𝑦(𝛿𝑖)
=
⎣
⎢
⎢
⎢
⎢
⎡
1
𝑚
0 0
0
1
𝑚
0
0 0
1
𝐼𝑧⎦
⎥
⎥
⎥
⎥
⎤
⎣
⎢
⎢
⎡
− sin 𝛿𝑟𝑠 − sin 𝛿𝑟𝑟 − sin𝛿𝑟𝑠 − sin𝛿𝑟𝑟
cos𝛿𝑟𝑠 cos𝛿𝑟𝑟 cos 𝛿𝑟𝑠 cos 𝛿𝑟𝑟
𝑓𝑟 cos𝛿𝑟𝑠 −
𝑏𝑟
2
sin 𝛿𝑟𝑠 𝑓𝑟 cos 𝛿𝑟𝑟 +
𝑏𝑟
2
sin𝛿𝑟𝑟 −
𝑏𝑟
2
sin 𝛿𝑟𝑠 − 𝑓𝑟 cos𝛿𝑟𝑠
𝑏𝑟
2
sin 𝛿𝑟𝑟 − 𝑓𝑟 cos𝛿𝑟𝑟⎦
⎥
⎥
⎤
 
According to the wheel dynamics and equation (128), the individual tyre longitudinal force 
𝐹𝑡𝑖 can be written as: 
𝐹𝑡𝑖 =
𝑘𝑖𝑉𝑖 − 𝐼𝜔?̇?𝑖
𝑅𝜔
 
(132) 
Therefore, the longitudinal tyre force can be presented by the following equation: 
𝑭𝒕 =
1
𝑅𝜔
⎣
⎢
⎢
⎡
𝑘𝑟𝑠 0 0 0
0 𝑘𝑟𝑟 0 0
0
0
0
0
𝑘𝑟𝑠
0
0
𝑘𝑟𝑟⎦
⎥
⎥
⎤
⎣
⎢
⎢
⎡
𝑉𝑟𝑠
𝑉𝑟𝑟
𝑉𝑟𝑠
𝑉𝑟𝑟⎦
⎥
⎥
⎤
−
𝐼𝜔
𝑅𝜔
⎣
⎢
⎢
⎡
?̇?𝑟𝑠
?̇?𝑟𝑟
?̇?𝑟𝑠
?̇?𝑟𝑟⎦
⎥
⎥
⎤
 
 (133) 
Based on (133), vehicle model (131) can be rewritten as: 
�
?̇?𝑥
?̇?𝑦
?̇?
� = �
𝑣𝑦𝑓
−𝑣𝑥𝑓
0
� + 𝐵𝑦(𝛿𝑖)𝑭𝒔 +
𝐵𝑥(𝛿𝑖)
𝑅𝜔
⎝
⎛
⎣
⎢
⎢
⎡
𝑘𝑟𝑠 0 0 0
0 𝑘𝑟𝑟 0 0
0
0
0
0
𝑘𝑟𝑠
0
0
𝑘𝑟𝑟⎦
⎥
⎥
⎤
⎣
⎢
⎢
⎡
𝑉𝑟𝑠
𝑉𝑟𝑟
𝑉𝑟𝑠
𝑉𝑟𝑟⎦
⎥
⎥
⎤
− 𝐼𝜔
⎣
⎢
⎢
⎡
?̇?𝑟𝑠
?̇?𝑟𝑟
?̇?𝑟𝑠
?̇?𝑟𝑟⎦
⎥
⎥
⎤
⎠
⎞ 
(134) 
It is assumed that the lateral tyre force can be described by the following equation related to 
the side-slip angle if the linear relationship is assumed: 
𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 = 𝐶𝑚𝛼𝑖�𝑣𝑥,𝑣𝑦, 𝑓� 
(135) 
If the non-linear tyre characteristic is considered, the tyre lateral force can be presented as 
follows: 
𝐹𝑠𝑖 = 𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ∆𝐹𝑠𝑖 = 𝐶𝑚𝛼𝑖�𝑣𝑥,𝑣𝑦, 𝑓� + ∆𝐹𝑠𝑖 
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 (136) 
∆𝐹𝑠𝑖 represents the additional lateral tyre force caused by the non-linear tyre characteristic.  
In this way, equation (134) can be rewritten as equation (137) by neglecting the lateral tyre 
non-linear characteristics and acceleration of the wheel angular velocity. This simplification 
is reasonable because these neglected values can be compensated for by increasing the sliding 
mode gain.  
�
?̇?𝑥
?̇?𝑦
?̇?
� = �
𝑣𝑦𝑓
−𝑣𝑥𝑓
0
�+𝐵𝑦(𝛿𝑖)𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 +
1
𝑅𝜔
⎣
⎢
⎢
⎢
⎢
⎡
1
𝑚
0 0
0
1
𝑚
0
0 0
1
𝐼𝑧⎦
⎥
⎥
⎥
⎥
⎤
 
⎣
⎢
⎢
⎢
⎡
cos𝛿𝑟𝑠 𝑘𝑟𝑠 cos𝛿𝑟𝑟 𝑘𝑟𝑟
sin 𝛿𝑟𝑠 𝑘𝑟𝑠 sin 𝛿𝑟𝑟 𝑘𝑟𝑟
cos𝛿𝑟𝑠 𝑘𝑟𝑠 cos𝛿𝑟𝑟 𝑘𝑟𝑟
sin 𝛿𝑟𝑠 𝑘𝑟𝑠 sin 𝛿𝑟𝑟 𝑘𝑟𝑟
�𝑓𝑟 sin𝛿𝑟𝑠 +
𝑏𝑟
2
cos𝛿𝑟𝑠� 𝑘𝑟𝑠 �𝑓𝑟 sin 𝛿𝑟𝑟 −
𝑏𝑟
2
cos 𝛿𝑟𝑟�𝑘𝑟𝑟 �
𝑏𝑟
2
cos 𝛿𝑟𝑠 − 𝑓𝑟 sin𝛿𝑟𝑠� 𝑘𝑟𝑠 �−
𝑏𝑟
2
cos𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� 𝑘𝑟𝑟⎦
⎥
⎥
⎥
⎤
 
⎣
⎢
⎢
⎡
𝑉𝑟𝑠
𝑉𝑟𝑟
𝑉𝑟𝑠
𝑉𝑟𝑟⎦
⎥
⎥
⎤
 
(137) 
where 𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 =
⎣
⎢
⎢
⎢
⎡𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥,𝑣𝑦, 𝑓�⎦
⎥
⎥
⎥
⎤
 
The SMC control law is evaluated according to equation (137):  
?̇?𝑥 = 𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐1                                            (a) 
?̇?𝑦 = −𝑣𝑥𝑓 + 𝐵𝑦2𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐2                                          (b) 
?̇? = 𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐3                                                   (c) 
(138) 
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where 𝐵𝑦1 = �−
sin 𝛿𝑓𝑓
𝑚
−
sin 𝛿𝑓𝑓
𝑚
−
sin 𝛿𝑓𝑓
𝑚
−
sin 𝛿𝑓𝑓
𝑚
�, 𝐵𝑦2 = �
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
�, 𝐵𝑦3 =
�1𝐼𝑧 �𝑓𝑓 cos 𝛿𝑓𝑓 −
𝑏𝑓
2
sin 𝛿𝑓𝑓�
1
𝐼𝑧
�𝑓𝑓 cos 𝛿𝑓𝑓 +
𝑏𝑓
2
sin 𝛿𝑓𝑓�
1
𝐼𝑧
�− 𝑏𝑓
2
sin 𝛿𝑓𝑓 − 𝑓𝑓 cos 𝛿𝑓𝑓�
1
𝐼𝑧
�𝑏𝑓
2
sin 𝛿𝑓𝑓 − 𝑓𝑓 cos 𝛿𝑓𝑓�� 
The control law can be chosen such as: 
𝜐1 = −𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑟 − 𝐾1𝑠𝑔𝑠(𝑆1)                                (a) 
𝑣2 = 𝑣𝑥𝑓 − 𝐵𝑦2𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑦𝑟 − 𝐾2𝑠𝑔𝑠(𝑆2)                                (b) 
𝑣3 = −𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑟 − 𝐾3𝑠𝑔𝑠(𝑆3)                                        (c) 
 (139) 
where 𝑣𝑥𝑟, 𝑣𝑦𝑟 and 𝑓𝑟 present the desired longitudinal velocity, lateral velocity and yaw rate. 
?̇?𝑥𝑟 , ?̇?𝑦𝑟  and ?̇?𝑟  and the desired longitudinal acceleration, lateral acceleration and yaw 
acceleration. 𝐾1 , 𝐾2  and 𝐾3  are the control gains of SMC corresponding to 𝜐1 , 𝜐2  and 𝜐3 
respectively. 
The sliding surface of each channel 𝑆1, 𝑆2 and 𝑆3 can be defined as: 
𝑆𝑛 = 𝑥𝑛 − 𝑥𝑛𝑟 
(140) 
where 𝑠 = 1,2,3, 𝑥𝑛𝑟  is the vehicle state reference �𝑣𝑥𝑟 , 𝑣𝑦𝑟 , 𝑓𝑟� and 𝑥𝑛  is the vehicle state 
�𝑣𝑥, 𝑣𝑦, 𝑓�.  
To prove the stability of the suggested control law, the Lyapunov method is used. The 
Lyapunov functions for the three channels can be chosen as: 
𝑉𝑛 =
1
2
𝑆𝑛2 
(141) 
The time derivative of the above Lyapunov function is: 
?̇?1 = 𝑆1?̇?1 = 𝑆1(?̇?𝑥 − ?̇?𝑥𝑟) = 𝑆1�𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐1 − ?̇?𝑥𝑟�               (a) 
?̇?2 = 𝑆2?̇?2 = 𝑆2�?̇?𝑦 − ?̇?𝑦𝑟� = 𝑆2�−𝑣𝑥𝑓 + 𝐵𝑦2𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐2 − ?̇?𝑦𝑟�             (b) 
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?̇?3 = 𝑆3?̇?3 = 𝑆3(?̇? − ?̇?𝑟) = 𝑆3�𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐3 − ?̇?𝑟�                               (c) 
(142) 
By applying the suggested control law in equation (139), equation (142) is rewritten as: 
?̇?1 = 𝑆1?̇?1 = −𝑆1𝐾1𝑠𝑔𝑠(𝑆1) = −𝐾1|𝑆1|                                   (a) 
?̇?2 = 𝑆2?̇?2 = −𝑆2𝐾2𝑠𝑔𝑠(𝑆2) = −𝐾2|𝑆2|                                  (b) 
?̇?3 = 𝑆3?̇?3 = −𝑆3𝐾3𝑠𝑔𝑠(𝑆3) = −𝐾3|𝑆3|                                  (c) 
(143) 
According to equation (143), the time derivative of the above Lyapunov function is always 
negative, which proves the stability of the whole system. 
To achieve the control law in equation (139), the actual driving torque of each wheel should 
be distributed according to equation (138):   
𝜐1 =
1
𝐼𝜔𝑚
�cos 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + cos 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟 + cos 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + cos 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟� = −𝑣𝑦𝑓 −
𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑟 − 𝐾1𝑠𝑔𝑠(𝑆1)                   (a) 
𝜐2 =
1
𝐼𝜔𝑚
�sin 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + sin 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟 + sin 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + sin 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟� = 𝑣𝑥𝑓 −
𝐵𝑦2𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑦𝑟 − 𝐾2𝑠𝑔𝑠(𝑆2)                   (b) 
𝑣3 =
1
𝐼𝜔𝐼𝑧
��𝑓𝑟 sin 𝛿𝑟𝑠 +
𝑏𝑓
2
cos 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + �𝑓𝑟 sin 𝛿𝑟𝑟 −
𝑏𝑓
2
cos 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟 + �
𝑏𝑟
2
cos 𝛿𝑟𝑠 −
𝑓𝑟 sin 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟� = −𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑟 − 𝐾3𝑠𝑔𝑠(𝑆3)  
(c) 
(144) 
It is noted that the longitudinal velocity, lateral velocity and yaw rate are assumed to be 
available. Lateral tyre force 𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 can be estimated according to the linear tyre model and 
the side-slip angle of each individual wheel and the non-linear tyre characteristic is neglected. 
These assumptions are reasonable because the estimation of the longitudinal velocity, lateral 
velocity, longitudinal slip ratio, friction coefficient and lateral side-slip angle of the vehicle 
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has been done previously [61] [62] [27]. The actual vehicle yaw rate 𝑓 can be measured by 
inertial measurement unit (IMU). 
The function 𝑠𝑔𝑠(𝑥) used in SMC control law (144) will cause the serious chattering effect 
due to the abrupt change. In order to achieve continues and smooth switching control law, the 
saturation function 𝑆𝑎𝑡(𝑥) is used as follows instead of 𝑠𝑔𝑠(𝑥) in SMC: 
𝑆𝑎𝑡(𝑥) = �
1                    𝑖𝑓 𝑥 > 𝜀
𝑠𝑔𝑠(𝑥)          𝑖𝑓 − 𝜀 ≤ 𝑥 ≤ 𝜀
−1                   𝑖𝑓 𝑥 < −𝜀
 
(145) 
where 𝜀 is the thickness of the boundary layer.  
The desired longitudinal acceleration ?̇?𝑥𝑟 is determined by driver’s desired driving input 𝑇𝑑, 
which is shown in equation (146). The desired longitudinal velocity 𝑣𝑥𝑟 can be determined by 
the integration of the desired longitudinal acceleration.  
?̇?𝑥𝑟 =
𝑇𝑑
𝑚𝑅𝜔
 
(146) 
The desired lateral velocity and lateral acceleration are assumed as zero. The lateral velocity 
is related to the vehicle body side-slip angle, which is an important value to present the 
vehicle stability. Boada et al. suggested the vehicle desired body side-slip angle is zero [100]:    
𝛽𝑑 = 0 
(147) 
The desired yaw rate can be calculated according to equation (74). The desired yaw 
acceleration is determined by the derivative of the desired yaw rate.   
When a particular driving motor fails, the corresponding driving gain 𝑉𝑖 can be reduced to 
reflect this failure. The vehicle handling and stability can be guaranteed by achieving the 
virtual control values 𝜐1, 𝜐2 and 𝜐3 in SMC.  
In the traditional SMC method, the distributed input voltage 𝑉𝑖 of each driving motor can be 
solved by equation (144). However, there are four variables in three equations. Even if one of 
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the driving motors is faulty, we actually do not need to control all these three control targets 
under certain scenarios. For example, only control of the longitudinal velocity and yaw rate 
are required under normal driving conditions with a small steering angle. If the vehicle is 
turning with a large steering angle, only control of the yaw rate and body side-slip angle 
(related to the lateral velocity) is required.       
Therefore, the SMC control system in equation (144) can be considered as an over-actuated 
control allocation problem. An allocation optimisation method can be proposed to minimise 
the control effort of each individual driving motor and meet the constraints of equation (144) 
at the same time. The constraints (144)(a), (144)(b) and (144)(c) can be chosen according to 
the actual scenarios. The cost function of the optimisation problem is: 
𝐽 =
1
𝑘𝑟𝑠
𝑢𝑟𝑠2 +
1
𝑘𝑟𝑟
𝑢𝑟𝑟2 +
1
𝑘𝑟𝑠
𝑢𝑟𝑠2 +
1
𝑘𝑟𝑟
𝑢𝑟𝑟2  
(148) 
s.t. equations (148)(a), (148)(b) and (148)(c). 
The cost function (148) can minimise the driving effort of individual wheels. Meanwhile, 
including the motor driving gain can counterbalance the large driving effort of a faulty wheel. 
In addition, the practical limitation of the the maximum driving torque of the individual 
wheel for the electric vehicle 𝑇𝑚𝑚𝑥 is 250 N.m [221]. Thus, the additional constraint of the 
control input is added into (148): 
−𝑇𝑚𝑚𝑥 ≤ 𝑘𝑖𝑉𝑖 ≤ 𝑇𝑚𝑚𝑥 
(149) 
The allocated driving torque should also consider the effect of tyre force saturation. The 
actual total longitudinal tyre force and lateral tyre force generated by a specific tyre are 
limited by the vertical load of the wheel and the tyre-road friction coefficient. The following 
friction circle constraint is widely used in to describe the tyre force saturation: 
𝐹𝑡𝑖2 + 𝐹𝑠𝑖2 ≤ 𝜇𝐹𝑧𝑖2  
 (150) 
However, this non-linear constraint will greatly increase the computational effort. Castro et al. 
suggested this non-linear inequality can be approximated by the N half-spaces [252]: 
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𝐶 �𝐹𝑡𝑖𝐹𝑠𝑖
� ≤ 𝐷𝜇𝐹𝑧𝑖 
(151) 
where 𝐶 ∈ 𝑅𝑁×2, 𝐷 ∈ 𝑅𝑁 are matrices that characterise the half-spaces. One may see that, as 
the number of half-space 𝑁 is increased, the friction circle constraints can be approximated 
with increasing accuracy. However, during the actual implementation of the controller, 𝑁 
cannot be too large, as the computational effort will greatly increase. To improve the 
computational efficiency, 𝐹𝑡𝑖 can be calculated from the driving torque (equation (152)) and 
𝐹𝑠𝑖 is equal to 𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍. 
𝐹𝑡𝑖 =
𝑘𝑖𝑉𝑖
𝑅𝜔
 
(152) 
The inequality (151) can be considered as another constraint of the optimisation problem 
(148). 
 
3. Numerical comparison between SMC controller and other vehicle dynamics 
controllers 
 
In this section, two sets of simulations are used to test the proposed SMC fault-tolerant 
controller. These simulation results are also compared with the traditional vehicle dynamics 
controller which does not consider the fault-tolerant problem. The traditional method uses the 
linear feedback method to adjust the four steering angles and four driving torques in order to 
achieve the desired yaw rate and body side-slip angle, which is similar to the method 
described in Section 5.1. We denote this as the linear feedback method in the following 
paragraph. In addition, the simulation results during the situation where no controller is 
applied are also presented in order to verify the SMC control performance. The vehicle 
parameters used in the simulations are listed in Table VII-1. 
Table VII-1. Parameter values used in simulations. [100] [80] 
𝑡𝑚 Mechanical trail 0.028 m 
𝑡𝑝0 Initial pneumatic trail 0.05 m 
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𝑘𝑠 Stiffness coefficient 
of kingpin 
362 
N.m/rad 
𝐼𝑠 Effective rotational 
inertia 
4 Kg.m2 
𝑏𝑠 Effective damping 
coefficient 
88 
N.m/(rad/s) 
 
In the first set of simulations, the motion of a single lane change is examined. The driver’s 
input steering angle is shown in Figure VII-2 and the friction coefficient is assumed as 0.9. 
The vehicle initial velocity is 20 m/s. It is assumed that the wheel fault first happens in the 
rear right wheel from 2 seconds to 2.5 seconds. The driver still wants to accelerate the vehicle 
and the desired total driving torque is shown in Figure VII-3. In the proposed SMC controller, 
only the longitudinal velocity control law 𝑣1 and yaw rate control law 𝑣3 are applied here. 
This is because the longitudinal velocity and yaw rate are primary control targets under 
normal driving conditions. The value of the allocated driving torque is determined by the 
control law 𝜐1 to overcome the friction force and achieve the desired longitudinal velocity. In 
the linear feedback controller and no controller applied conditions, the desired driving torque 
in Figure VII-3 is equally distributed to two rear wheels.  
Figure VII-4 suggests that the proposed SMC method and the linear feedback controller can 
both achieve the desired yaw rate accurately compared with when there is no controller 
applied. The SMC method shows robust control performance when the rear right wheel is 
faulty over a period of time. The linear feedback controller uses the driving torque to adjust 
the yaw rate. Under normal driving conditions, this control effort is small and the loss of 
working effort of one wheel will not significantly impair the yaw rate control performance. 
Figure VII-5 shows that the proposed SMC method can better achieve the desired 
longitudinal velocity compared with the linear feedback controller due to the applied control 
law 𝑣1 (channel 1 of SMC).  
Next, the wheel fault is assumed to occur in the two rear wheels from 2 seconds to 2.5 
seconds. Figure VII-6 and Figure VII-7 also compare the control performance of yaw rate 
and longitudinal velocity between the proposed SMC method and the use of a linear feedback 
controller. The linear feedback controller has a serious error at 2.5 seconds and the simulation 
stops because the scenario that both the two rear wheels are faulty is more challenging than 
one faulty wheel scenario. The proposed SMC method can achieve the desired yaw rate even 
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if the two rear wheels cannot work properly from 2 seconds to 2.5 seconds. The desired 
longitudinal velocity can be also better achieved due to the applied control law 𝑣1.          
 
Figure VII-2. Driver’s steering input during the motion of single lane change. 
 
 
Figure VII-3. Driver’s desired driving input during the motion of single lane change. 
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Figure VII-4. Vehicle controlled yaw rate during the motion of single lane change. (one 
faulty wheel) 
 
Figure VII-5. Vehicle longitudinal velocity during the motion of single lane change. (one 
faulty wheel) 
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Figure VII-6. Vehicle controlled yaw rate during the motion of single lane change. (two 
faulty wheels) 
 
Figure VII-7. Vehicle longitudinal velocity during the motion of single lane change. (two 
faulty wheels) 
In the second set of simulations, the vehicle is performing a simple J-turn motion and the 
input steering angle is shown in Figure VII-8. Vehicle initial velocity is 15 m/s and friction 
coefficient is 0.9. The rear right wheel is faulty from 2 seconds to 4 seconds. In this 
simulation, the steering angle is large and the primary control targets have changed into the 
yaw rate and vehicle body side-slip angle. Thus, in theory, control law 𝑣2 and control law 𝑣3 
should be applied in this simulation. However, when the steering angle is large, there is a 
strong coupling effect between the control laws 𝑣2 and 𝑣3 and both the control performance 
of the yaw rate and the body side-slip angle will be negatively affected. Therefore, the 
simulation results of the application of yaw rate control law 𝑣3  in SMC alone and the 
simulation results of the application of both control laws 𝑣2 and 𝑣3 in SMC are compared to 
show this strong coupling effect. In the next section, this problem is solved by grouping the 
driving control actuators. The detailed explanation of this and the simulation results can be 
found in the following sections. 
It should be noted that the only application of yaw rate control law 𝑣3 is briefly called yaw 
rate SMC and the application of both control laws 𝑣2 and 𝑣3 is called combined SMC in the 
following paragraph.   
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Figure VII-8. Driver’s input steering angle during a J-turn manoeuvre. 
 
Figure VII-9. Vehicle controlled yaw rate during a J-turn manoeuvre. (one faulty wheel) 
According to Figure VII-9, the yaw rate SMC method can track the desired yaw rate response 
perfectly even though the rear right wheel is faulty after 2 seconds. The yaw rate control 
performance of the combined SMC is compromised due to the coupling effect between 
control laws 𝑣2  and 𝑣3 . The linear feedback controller also has a serious error during 2 
seconds and the simulation stops at 2 seconds, which is obviously not suitable to the fault-
tolerant control. In Figure VII-9, the simulation of the linear feedback control stops due to the 
wheel fault in 2 seconds. The combined SMC method shows even worse body side-slip angle 
response compared with the no controller applied situation and the yaw rate SMC method. 
Since the combined SMC shows no advantages over the yaw rate SMC, only yaw rate SMC 
is applied under the large steering angle turning condition in the following simulation. In the 
next section, the body side-slip angle performance when the SMC method is applied is 
improved by grouping the driving actuators.    
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Figure VII-10. Vehicle body slip angle performance during J-turn manoeuvre. (one faulty 
wheel) 
Figure VII-9 shows the yaw rate response and Figure VII-10 shows the body side-slip angle 
response when the two rear wheels are assumed to be faulty. From 2 seconds to 4 seconds, 
the rear right wheel of the electric vehicle is faulty. Moreover, the two rear wheels are faulty 
from 4 seconds to 5 seconds. The motor control gains of the two rear wheels are shown in 
Figure VII-11. In the simulation, the application of the linear feedback controller stops at 2 
seconds. The yaw rate SMC method cannot achieve good control of the yaw rate and body 
side-slip angle after 4 seconds since all the two rear wheels lost the control. However, the 
control performance of SMC method is still better than no controller applied condition. 
 
Figure VII-11. The motor control gains of two rear wheels during J-turn manoeuvre. (two 
faulty wheels) 
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Figure VII-12. Vehicle controlled yaw rate during a J-turn manoeuvre. (two faulty wheels) 
 
Figure VII-13. Vehicle body slip angle performance during J-turn manoeuvre. (two faulty 
wheels) 
 
In this section, the simulation results prove that the proposed SMC controller can achieve 
better control under normal driving conditions and in a large steering angle J-turn manoeuvre 
than the linear feedback controller but the proposed SMC method still has some 
disadvantages. For instance, large sliding gains 𝐾1,𝐾2 and 𝐾3 are required in the above two 
sets of simulations in order to achieve good control performance. These large values will 
induce the chattering effects caused by frequent switching around the sliding surface. In 
addition, during the J-turn manoeuvre with a large steering angle, due to the strong coupling 
effect between the lateral velocity control 𝑣2 and the yaw rate control 𝑣3, only the yaw rate 
control 𝑣3 is applied, and consequently the body side-slip angle response is compromised.  
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4.     Innovative actuator-grouping SMC controller 
 
In this section, some improved SMC methods are proposed to solve the two disadvantages of 
the SMC controller mentioned in the above section. Alipour et al.  introduced the PISMC 
method, which included a proportional and integral controller into the SMC [221]: 
𝜐1 = −𝑣𝑦𝑓 − 𝐵𝑦1𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑥𝑟 + 𝐾𝑝1(𝑣𝑥𝑑 − 𝑣𝑥) + 𝐾𝑖1 ∫(𝑣𝑥𝑑 − 𝑣𝑥) − 𝐾1𝑆𝑎𝑡(𝑆1)                                
(a) 
𝑣2 = 𝑣𝑥𝑓 − 𝐵𝑦2𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑦𝑟 + 𝐾𝑝2�𝑣𝑦𝑑 − 𝑣𝑦� + 𝐾𝑖2 ∫�𝑣𝑦𝑑 − 𝑣𝑦� − 𝐾2𝑆𝑎𝑡(𝑆2)                                
(b) 
𝑣3 = −𝐵𝑦3𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑟 + 𝐾𝑝3�𝑣𝑦𝑑 − 𝑣𝑦� + 𝐾𝑖3 ∫�𝑣𝑦𝑑 − 𝑣𝑦� − 𝐾3𝑆𝑎𝑡(𝑆3)                                                
(c) 
 (153) 
where 𝐾𝑝1,𝐾𝑖1,𝐾𝑝2,𝐾𝑖2,𝐾𝑝3,𝐾𝑖3  are determined online by the Levenberg Marquardt 
algorithm (LMA) algorithm, which aims to minimise the tracking error of the yaw rate or 
body side-slip angle. The detailed LMA algorithm can be found in [221]. In this study, the 
LMA algorithm is further revised by adding a threshold value of the yaw rate error or body 
side-slip angle error. This is because a too small yaw rate or body side-slip angle error will 
cause the singularity of the matrix and the LMA algorithm will not be accurate. On the other 
hand, a small yaw rate or body side-slip angle error means that the SMC method has tracked 
the desired values perfectly and the PI controller is no longer required.  
The threshold value of the yaw rate error is defined as 𝑒𝑟0 and the threshold value of the body 
side-slip angle is defined as 𝑒𝑑0. If either the actual yaw rate error 𝑒𝑟 or the body side-slip 
angle error 𝑒𝑑 is larger than its threshold value, the PISMC will be actuated to control the 
vehicle. Otherwise, the traditional SMC is applied. The detailed structure of this threshold 
selection method is shown in Figure VII-14. 
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Figure VII-14. The flow chart of the threshold selection method of PISMC. 
In the 4WID vehicle, there are four driving actuators which can be utilised if all the wheels 
are in the healthy condition. When there is a large steering angle during turning, the control 
targets are yaw rate and body side-slip angle. When all the four wheels are used 
simultaneously to control the yaw rate and body side-slip angle, there is a strong coupling 
effect on these two control targets. To solve this problem, the four driving motors are 
grouped into the class of the two front driving motors and the class of the two rear driving 
motors. If front wheels are steering wheels, the two front wheels are used to control the body 
side-slip angle and the two rear wheels are used to control the yaw rate. Similarly, if the rear 
wheels are steering wheels, the two rear wheels are used to control the body side-slip angle 
and the two front wheels are used to control the yaw rate. This is because only the steering 
wheel can generate enough vehicle lateral tyre force to control the vehicle body side-slip 
angle and all the four wheels can generate enough yaw moment to control the yaw rate. This 
control law can be considered as the revised SMC controller as follows:  
𝜐1 =
1
𝐼𝜔𝑚
�cos 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + cos 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟 + cos 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + cos 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟� = −𝑣𝑦𝑓 −
𝐵𝑦1𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑥𝑟 − 𝐾1𝑆𝑎𝑡(𝑆1)                   (a) 
𝜐2 =
1
𝐼𝜔𝑚
�𝑎1sin 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑎2sin 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟 + 𝑎3sin 𝛿𝑟𝑠 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑎4sin 𝛿𝑟𝑟 𝑘𝑟𝑟𝑢𝑟𝑟� =
𝑣𝑥𝑓 − 𝐵𝑦2𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑦𝑟 − 𝐾2𝑆𝑎𝑡(𝑆2)                   (b) 
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𝑣3 =
1
𝐼𝜔𝐼𝑧
�𝑏1 �𝑓𝑟 sin 𝛿𝑟𝑠 +
𝑏𝑓
2
cos 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑏2 �𝑓𝑟 sin 𝛿𝑟𝑟 −
𝑏𝑓
2
cos 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟 +
𝑏3 �
𝑏𝑟
2
cos 𝛿𝑟𝑠 − 𝑓𝑟 sin 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑏4 �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟� =
−𝐵𝑦3𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑟 − 𝐾3𝑆𝑎𝑡(𝑆3)  
(c) 
(154) 
where if the vehicle is front wheel steering, 𝑎1 = 𝑎2 = 𝑏3 = 𝑏4 = 1 and 𝑎3 = 𝑎4 = 𝑏1 =
𝑏2 = 0. If the vehicle is rear wheel steering, 𝑎1 = 𝑎2 = 𝑏3 = 𝑏4 = 0 and 𝑎3 = 𝑎4 = 𝑏1 =
𝑏2 = 1.  
If there is one faulty wheel among the four wheels, the front left wheel and rear right wheel 
can be put into a group, and front right wheel and rear left wheel can be put into a group. In 
this way, we can guarantee there are always two driving wheels being utilised to control the 
vehicle yaw rate, since one wheel is not enough to control the yaw rate. In equation (154), if 
the vehicle is front wheel steering and the faulty wheel is the rear left wheel, 𝑎2 = 𝑏1 = 𝑏4 =
1 and 𝑎1 = 𝑎4 = 𝑏2 = 0. If the vehicle is front wheel steering and the faulty wheel is the rear 
right wheel, 𝑎1 = 𝑏2 = 𝑏3 = 1 and 𝑎2 = 𝑎3 = 𝑏1 = 0. If the vehicle is rear wheel steering 
and the faulty wheel is the front left wheel, 𝑎4 = 𝑏2 = 𝑏3 = 1 and 𝑎2 = 𝑎3 = 𝑏4 = 0. If the 
vehicle is rear wheel steering and the faulty wheel is the front right wheel, 𝑎3 = 𝑏1 = 𝑏4 = 1 
and 𝑎1 = 𝑎4 = 𝑏3 = 0.     
If the two front wheels or two rear wheels of the vehicle are faulty, the vehicle can still 
perform the cornering motion. In this way, there are two wheels left to be controlled. In this 
situation, these two wheels are used to control the yaw rate and the vehicle body side-slip 
angle cannot be controlled due to the limited number of driving actuators. Therefore, 
equation (154) can be represented as follows: 
If the two front wheels are faulty: 
𝑣3 =
1
𝐼𝜔𝐼𝑧
�𝑏3 �
𝑏𝑟
2
cos 𝛿𝑟𝑠 − 𝑓𝑟 sin 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑏4 �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟� =
−𝐵𝑦3𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑟 − 𝐾3𝑆𝑎𝑡(𝑆3)  
 (155) 
where 𝑏4 = 𝑏3 = 1.  
If the two rear wheels are faulty: 
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𝑣3 =
1
𝐼𝜔𝐼𝑧
�𝑏1 �𝑓𝑟 sin 𝛿𝑟𝑠 +
𝑏𝑓
2
cos 𝛿𝑟𝑠� 𝑘𝑟𝑠𝑢𝑟𝑠 + 𝑏2 �𝑓𝑟 sin 𝛿𝑟𝑟 −
𝑏𝑓
2
cos 𝛿𝑟𝑟� 𝑘𝑟𝑟𝑢𝑟𝑟� =
−𝐵𝑦3𝐹𝑠𝑖−𝑠𝑖𝑛𝑟𝑚𝑟 + ?̇?𝑟 − 𝐾3𝑆𝑎𝑡(𝑆3)  
(156) 
where 𝑏2 = 𝑏1 = 1.  
 
5. Simulation results with actuator-grouping SMC controller 
 
Section 7.3 shows the simulation results which proved that the proposed SMC method can 
achieve good control performance under normal driving conditions but the control 
performance of the body side-slip angle is compromised during turning when there is a large 
steering angle. In this section, the vehicle under extreme turning conditions is examined 
where the revised actuator-grouping SMC controller is expected to overcome the 
compromised control performance of the body side-slip angle. The simulation performance of 
PISMC is also tested in order to decrease the sliding mode control gain and decrease the 
driving control effort. Under extreme turning conditions, the yaw rate and body side-slip 
angle are the primary control targets.  
In the first set of simulations, the vehicle is performing the simple J-turn motion and the input 
steering angle is the same as the value in Figure VII-8. The initial vehicle velocity is 15 m/s 
and the friction coefficient is 0.9. We assume the vehicle’s rear right wheel is broken between 
2 seconds to 4 seconds. First the PISMC method is used in order to attempt to improve the 
control performance of the traditional SMC method. The yaw rate SMC method is applied as 
the traditional SMC due to the strong coupling effect between control targets.     
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Figure VII-15. Vehicle yaw rate response during a J-turn manoeuvre when PISMC is applied. 
  
Figure VII-16. Vehicle body side-slip angle response during a J-turn manoeuvre when 
PISMC is applied 
According to Figure VII-15 and Figure VII-16, when the PISMC is applied, the stability of 
the SMC can be improved and the sliding control gain, which is 500 in this simulation, can be 
decreased. (The default value of sliding mode control gain is 4000 for the traditional SMC 
method.) The control error of the yaw rate can be compensated for by the PI controller and 
less control effort is required, as shown in Figure VII-17 and Figure VII-18. The 
improvement in the vehicle body side-slip angle, however, is still not significant.  
 
Figure VII-17. The input driving torque of each individual wheel when traditional SMC 
method is applied. 
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Figure VII-18. The input driving torque of each individual wheel when PISMC method is 
applied. 
In the next set of simulations, the driver’s input steering angle is shown in Figure VII-19 and 
all the other conditions remain unchanged. Figure VII-20 and Figure VII-21 show the vehicle 
yaw rate response and body side-slip angle response when the revised actuator-grouping 
SMC method is applied. In Figure VII-20, the yaw rate controlled by the traditional SMC 
method and revised actuator-grouping SMC method can both achieve the desired yaw rate 
accurately. According to Figure VII-21, the body side-slip angle control performance of the 
revised actuator-grouping SMC method is significantly better than the traditional SMC 
method and also better than the no controller applied condition. When no controller is applied, 
the yaw rate control performance is much worse than the controlled methods. The sharp 
increase of the yaw rate at 2 seconds is mainly because the rear right wheel is faulty and the 
steering angle is no longer controlled by the driver at this time. In addition, in order to 
comprehensively analyse the vehicle stability performance, the value of the vehicle body 
side-slip angle rate is also introduced and shown in Figure VII-22. In Figure VII-22, the 
actuator-grouping SMC also shows advantage over the traditional SMC.  
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Figure VII-19. The driver’s steering input when the revised actuator-grouping SMC 
controller is used. 
 
Figure VII-20. Vehicle yaw rate response when the revised actuator-grouping SMC controller 
is used. (one faulty wheel) 
 
0 1 2 3 4 5 6 7 8 9 10
0
1
2
3
4
5
6
7
8
Time (s)
D
riv
er
 in
pu
t s
te
er
in
g 
an
gl
e 
(d
eg
re
e)
0 1 2 3 4 5 6 7 8 9 10
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
time (s)
ve
hi
cl
e 
ya
w
 r
at
e 
(r
ad
/s
)
 
 
Yaw rate SMC
Actuator-grouping SMC
No controller applied
Desired value
0 1 2 3 4 5 6 7 8 9 10
-7
-6
-5
-4
-3
-2
-1
0
1
time (s)
ve
hi
cl
e 
bo
dy
 s
lip
 a
ng
le
 (d
eg
re
e)
 
 
Yaw rate SMC
Actuator-grouping SMC
No controller applied
Desired value
193 
 
Figure VII-21. Vehicle body side-slip angle response when the revised actuator-grouping 
SMC controller is used. (one faulty wheel) 
 
Figure VII-22. Vehicle body side-slip angle change rate when the revised actuator-grouping 
SMC controller is used. (one faulty wheel)  
In the above simulations, it is assumed that only the rear right wheel cannot work between 2 
to 4 seconds. In the following simulation, the rear right wheel can be assumed as the faulty 
wheel from 4 to 6 seconds. After that, the two rear wheels are both assumed to be faulty from 
6 to 7 seconds and only the two front wheels can be steered and driven to maintain the 
vehicle dynamics performance. The motor control gains of the two faulty rear wheels are 
shown in Figure VII-23.   
 
Figure VII-23. The motor control gains of two rear wheels. (two faulty wheels) 
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Figure VII-24. Vehicle yaw rate response when the revised actuator-grouping SMC controller 
is used. (two faulty wheels) 
 
According to Figure VII-24, the traditional SMC method and the proposed actuator-grouping 
SMC method can achieve the desired yaw rate perfectly when only one wheel does not work 
or no fault happens. When two rear wheels are faulty, the yaw rate responses of two SMC 
methods increase sharply because the steering angles of two rear wheels are uncontrolled. 
The revised actuator-grouping SMC shows better yaw rate control performance than the 
traditional SMC and no controller applied condition. The body side-slip angle performance in 
Figure VII-25 and body side-slip angle change rate performance in Figure VII-26 are similar 
to Figure VII-21 and Figure VII-22, respectively and this proves that the proposed actuator-
grouping SMC method can significantly improve the body side-slip angle response even 
when two rear wheels are faulty. 
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Figure VII-25. Vehicle body side-slip angle response when the revised actuator-grouping 
SMC controller is used. (two faulty wheels) 
 
Figure VII-26. Vehicle body side-slip angle change rate when the revised actuator-grouping 
SMC controller is used. (two faulty wheels) 
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term. If one specific control target is focused, the corresponding scaling factor can be 
increased. It has been suggested that the control targets can be different in different vehicle 
moving conditions and consequently the values of these scaling factors can be different. 
Particularly, in the normal driving condition, longitudinal velocity and yaw rate control are 
focused (𝑅1 = 1,𝑅2 = 0,𝑅3 = 1). In the vehicle J-turn motion, the vehicle body side-slip 
angle and yaw rate control are focused (𝑅1 = 0,𝑅2 = 1,𝑅3 = 1). 
Table VII-2 and Table VII-3 summarise the RMS values of the body side-slip angle response 
and yaw rate response in the second and last set of simulations, which are corresponding to 
Figure VII-19 to Figure VII-26. These two sets of simulations are all J-turn motions and 
consequently the scaling factors 𝑅1 = 0,𝑅2 = 1,𝑅3 = 1 . Table VII-2 and Table VII-3 
suggest that the proposed actuator-grouping SMC has much better overall control 
performance compared with yaw rate SMC and no controller applied condition in the 
simulation when only one wheel is faulty or in the simulation when two rear wheels are faulty.  
Table VII-2. RMS values of control targets in the second set of simulations. 
Control method Longitudinal 
velocity error 
Body slip angle 
error 
Yaw rate error Overall error 
No controller 
applied 
0 0.0452 0.0346 0.0798 
Yaw rate SMC 0 0.0350 0.0057 0.0407 
Actuator-grouping 
SMC 
0 0.0215 0.0084 0.0299 
 
Table VII-3. RMS values of control targets in the last set of simulations. 
Control method Longitudinal 
velocity error 
Body slip angle 
error 
Yaw rate error Overall error 
No controller 
applied 
0 0.1333 0.3906 0.5239 
Yaw rate SMC 0 0.0580 0.1609 0.2189 
Actuator-grouping 
SMC 
0 0.0324 0.1088 0.1412 
   
 
 
6.   Summary 
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This chapter first suggests some modifications to the traditional SMC method to achieve 
fault-tolerant control of a 4WIS-4WID electric vehicle. The steering geometry must be re-
arranged according to the location of the faulty wheels. In addition, three SMC control laws 
(longitudinal velocity control, lateral velocity control and yaw rate control) can be selected 
freely based on the specific vehicle motion scenarios.  
In Section 7.3, these modifications on the SMC method are compared with the linear 
feedback control method and the major findings can be summarised as follows: 
1) Under normal driving conditions, the SMC method can achieve the desired yaw rate 
accurately when one or two wheels are faulty. The linear feedback method always has serious 
error and is not suitable for the fault tolerant control. In addition, the SMC method has better 
control performance over the longitudinal velocity compared with the linear feedback method 
due to the application of virtual control law 𝑣1.    
2) In the scenario of large steering angle turning, the SMC method can achieve the desired 
yaw rate when one of the front wheels or two front wheels are faulty, while the simulation of 
the linear feedback control method stops when the wheel fault happens. This proves the 
robustness of the SMC method. However, the vehicle body side-slip angle performance is 
compromised due to the coupling effect between different control targets.       
To solve this problem, the driving actuators can be grouped and each group of actuators can 
be used to achieve the specific control target. This avoids the strong coupling effect between 
the individual control targets. The simulation in 7.5 still uses a large steering angle turning 
scenario to test the control performance of this revised actuator-grouping SMC method. The 
simulation results prove that both the body side-slip angle and the body side-slip angle rate 
are significantly improved compared with the traditional SMC method when one or two 
wheels are faulty.   
In the next chapter, the application of over-actuated control allocation method on the 
autonomous vehicle control will be extensively focused. 
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VIII. Application of over-actuated control allocation method on the autonomous 
vehicle trajectory control 
 
The primary control target of the autonomous vehicle control in this chapter is the desired 
vehicle trajectory. The over-actuated control allocation method is advantageous to achieve 
this primary control target, while also can achieve some secondary control targets, such as the 
vehicle stability and handling performance. In this chapter, the trajectory tracking method is 
first designed by strictly following the desired path. Then this method is improved by the 
potential field method which does not require to strictly track the desired path and the vehicle 
dynamics performance can be improved. 
 
1.  The autonomous vehicle trajectory controller by strictly tracking the desired 
path 
 
This section focuses on the analysis of the comprehensive vehicle dynamics and control of 
the 4WIS-4WID vehicle in the overtaking scenario. It is assumed that the vehicle trajectory is 
known during the overtaking maneuverer. The four-wheel PID steering angle controller, four-
wheel SMC steering controller, four-wheel SMC driving controller, and four-wheel combined 
yaw rate and longitudinal velocity SMC driving controller are proposed based on the 4WIS-
4WID vehicle dynamics model. The proposed four-wheel combined yaw rate and 
longitudinal velocity SMC driving controller can achieve simultaneous control of the vehicle 
yaw rate and velocity due to the redundant control actuators of the 4WIS-4WID vehicle. In 
addition, the vehicle dynamics model also considers the load transfer effect that may cause 
the serious problem of vehicle rollover during the lane change of vehicle overtaking. The 
contribution of this paper can be summarised as follows: 1) Unlike most of the existing 
studies in literature which only used vehicle kinematic model or limited dynamics model to 
describe the vehicle motion in the overtaking scenario, this paper provides a comprehensive 
study on vehicle dynamic model based control of autonomous vehicle in the overtaking 
scenario. 2) This paper applies the advanced characteristics of 4WIS-4WID to the control of 
autonomous electric vehicle so that the optimal multi-objective control performance is 
achieved. 3) In this study, the autonomous control of the EV is achieved by separating the 
steering controller from the driving controller to alleviate the strong coupling effect between 
them. 
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1) Traditional autonomous vehicle trajectory controller 
 
Until now, the trajectory control of the autonomous vehicle is based primarily on the control 
actuators of the front steering wheel and driving pedal. Petrov and Nashashibi proposed the 
kinematic modelling and adaptive control of the overtaking vehicle and overtaken vehicle 
[223]. In this study, however, only vehicle kinematic model is included and the dynamics 
model is not considered. A model predictive controller was developed to estimate the future 
position of the vehicle and an online objective function was optimised to minimise the error 
between the desired vehicle position and the estimated position [234]. Estimation of the 
future position of the vehicle may not be accurate, however, and the real-time feedback of the 
vehicle position is more reliable. 
We assume that the optimal trajectory has been selected by various trajectory optimisation 
techniques in the literature [253] [237] [254]. To achieve this desired trajectory, vehicle 
steering input and driving torque input are utilised to separately control the lateral position 
and longitudinal position.  
 
a) Steering and lateral motion controller 
Traditionally, the steering angle of front wheel can be controlled by the simple PID controller 
as follows: 
𝛿𝑟 = 𝐾𝑝1(𝑦𝑑 − 𝑦) + 𝐾𝑖1 �(𝑦𝑑 − 𝑦) + 𝐾𝑑1
𝑑(𝑦𝑑 − 𝑦)
𝑑𝑡
 
(158) 
where 𝑦 is the actual vehicle lateral position in real time, which is obtained by GPS. 𝑦𝑑 is the 
desired lateral position in the desired vehicle trajectory. 
𝐾𝑝1,𝐾𝑖1,𝐾𝑑1 are the PID control gains of the steering controller. For the linear control system, 
the fixed PID control gains can be used to design the controller. However, for the non-linear 
vehicle model and controller used in this study, these PID control gains should be updated in 
real-time to deal with the nonlinear characteristic. In this study, the adaptive law developed 
by [255] is utilised to tune the control gains in equation (158) in real-time.  
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In [255], the nonlinear lateral vehicle dynamics in equation (63) can be rewritten as the 
following equations: 
𝑣𝑦 = ?̇?                                                                 (a) 
?̇?𝑦 = −𝑣𝑥𝑓 +
𝐹𝑡𝑓𝑥 sin 𝛿𝑓+𝐹𝑠𝑓𝑥 cos𝛿𝑓+𝐹𝑡𝑓𝑟 sin𝛿𝑓+𝐹𝑠𝑓𝑟 cos𝛿𝑓+𝐹𝑠𝑟𝑥+𝐹𝑠𝑟𝑟
𝑚
                   (b) 
(159) 
When the vehicle steering angle is not too large, equation (159)(b) can be approximated as 
the following equation:  
?̇?𝑦 = 𝐹 + 𝐺𝛿𝑟(𝜃) 
(160) 
where 𝐹 = −𝑣𝑥𝑓 +
𝐹𝑠𝑓𝑥+𝐹𝑠𝑓𝑟+𝐹𝑠𝑟𝑥+𝐹𝑠𝑟𝑟
𝑚
, 𝐺 = 𝐹𝑡𝑓𝑥+𝐹𝑡𝑓𝑟
𝑚
, 𝜃 = �
𝐾𝑝1
𝐾𝑖1
𝐾𝑑1
�.  
Assume the desired input steering angle is: 
𝛿𝑟∗ = 𝐺−1�−𝐹 + ?̇?𝑦𝑑 + 𝑘0𝑒 + 𝑘1?̇?� 
(161) 
where 𝑒 = 𝑦𝑑 − 𝑦, ?̇? = 𝑣𝑦𝑑 − 𝑣𝑦. Substituting (161) into (160): 
?̈? + 𝑘1?̇? + 𝑘0𝑒 = 0 
 (162) 
where ?̈? = ?̇?𝑦𝑑 − ?̇?𝑦. If 𝑘0 and 𝑘1 satisfy that all the roots of the equation 𝑠2 + 𝑘1𝑠 + 𝑘0 = 0 
are in the open left-half of the s-plane, then 𝑒(𝑡) → 0 as 𝑡 → ∞ in equation (162).  
In the next step, a proper adaption law will be designed to online adjust the parameters of 
𝐾𝑝1,𝐾𝑖1,𝐾𝑑1 such that 𝛿𝑟(𝜃) in equation (159) can follow the desired steering angle 𝛿𝑟∗ based 
on the Lyapunov approach.  Equation (160) can be rewritten as the following equation: 
?̇?𝑦 = 𝐹 + 𝐺𝛿𝑟(𝜃) + 𝐺𝛿𝑟∗ − 𝐺𝛿𝑟∗ = 𝐺𝛿𝑟(𝜃) + ?̇?𝑦𝑑 + 𝑘𝐸 − 𝐺𝛿𝑟∗ 
(163) 
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where 𝑘 = �𝑘1𝑘2
�, 𝐸 = �𝑒?̇?�. From equation (163): 
?̈? = −𝑘𝑇𝐸 + 𝐺 �𝛿𝑟∗ − 𝛿𝑟(𝜃)� 
(164) 
Equation (164) can be rewritten as: 
?̇? = 𝐴𝑐𝐸 + 𝐵𝑐 �𝛿𝑟∗ − 𝛿𝑟(𝜃)� 
(165) 
where 𝐴𝑐 = �
0 1
−𝑘0 −𝑘1
�, 𝐵𝑐 = �
0
𝐺�. 
The adaptive control law is designed to minimise the error defined by 
𝑤 = 𝛿𝑟(𝜃∗) − 𝛿𝑟∗ 
 (166) 
where 𝜃∗  represents the desired PID control gains. Combining equation (165) and (166) 
together: 
?̇? = 𝐴𝑐𝐸 + 𝐵𝑐 �𝛿𝑟(𝜃∗) − 𝛿𝑟(𝜃)� − 𝐵𝑐𝑤 
(167) 
To guarantee the stability of the designed control law, the following Lyapunov candidate 
function is suggested: 
𝑉 =
1
2
𝐸𝑇𝑃𝐸 +
1
2𝛾
(𝜃∗ − 𝜃)𝑇(𝜃∗ − 𝜃) 
 (168) 
where 𝛾 > 0 is a tuning rate determining the convergence speed. From (168): 
?̇? ≤ −
1
2
𝐸𝑇𝑄𝐸 −
1
𝛾
(𝜃∗ − 𝜃)𝑇�?̇? − 𝛾𝐸𝑇𝑃𝐵𝑐𝜉(𝑒)� − 𝐸𝑇𝑃𝐵𝑐𝑤 
(169) 
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where 𝑃  and 𝑄  are all positive definite symmetric matrices. 𝜉(𝑒) = �
𝑒
∫ 𝑒
?̇?
� . The detailed 
mathematical explanation from equations (168) to (169) can be found in [255]. 
If the control law is chosen by:  
?̇? = 𝛾𝐸𝑇𝑃𝐵𝑐𝜉(𝑒) 
 (170) 
Equation (169) can be rewritten as: 
?̇? ≤ −
1
2
𝐸𝑇𝑄𝐸 − 𝐸𝑇𝑃𝐵𝑐𝑤 
(171) 
In [255], it is proved that −1
2
𝐸𝑇𝑄𝐸 − 𝐸𝑇𝑃𝐵𝑐𝑤  is always negative and the adaptive PID 
controller is stable.  
It is noted that the vehicle lateral position error and lateral velocity error can be measured by 
the GPS. The vehicle tyre force is assumed to be known because a number of studies have 
proposed different vehicle tyre force estimation methods [21] [79].  
 
b) Driving and longitudinal motion controller 
Assume the vehicle is rear wheel driving vehicle and driving torque is equally distributed into 
the two rear wheels. The SMC is widely used to achieve the longitudinal motion control by 
tracking the desired velocity. The SMC law is evaluated according to the vehicle dynamics 
equation (63):  
?̇?𝑥 = 𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐1 
(172) 
where 𝐵𝑦1 = �−
sin𝛿𝑓𝑥
𝑚
− sin𝛿𝑓𝑟
𝑚
− sin𝛿𝑟𝑥
𝑚
− sin𝛿𝑟𝑟
𝑚
� and 𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 =
⎣
⎢
⎢
⎢
⎡𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥, 𝑣𝑦, 𝑓�⎦
⎥
⎥
⎥
⎤
.  
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The control law can be chosen such as: 
𝜐1 = −𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑑 − 𝐾1𝑠𝑔𝑠(𝑆1) 
(173) 
where 𝑣𝑥𝑑  presents the desired longitudinal velocity and ?̇?𝑥𝑑  is the desired longitudinal 
acceleration. 𝐾1 is the control gain of SMC corresponding to 𝜐1. 
The sliding surface of channel 𝑆1 can be defined as: 
𝑆1 = 𝑣𝑥 − 𝑣𝑥𝑑 
 (174) 
To prove the stability of the suggested control law, the Lyapunov method is used. The 
Lyapunov function for the sliding surface 𝑆1 can be chosen as: 
𝑉1 =
1
2
𝑆12 
(175) 
The time derivative of the above Lyapunov function is: 
?̇?1 = 𝑆1?̇?1 = 𝑆1(?̇?𝑥 − ?̇?𝑥𝑟) = 𝑆1�𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐1 − ?̇?𝑥𝑑� 
(176) 
By applying the suggested control law in equation (173), equation (176) is rewritten as: 
?̇?1 = 𝑆1?̇?1 = −𝑆1𝐾1𝑠𝑔𝑠(𝑆1) = −𝐾1|𝑆1| 
(177) 
According to equation (177), the time derivative of the above Lyapunov function is always 
negative. This proves the stability of the SMC control system. 
To achieve the control law (173), the distributed torque of each rear wheel 𝑇𝑟 is calculated by 
wheel dynamics equation (70):   
𝜐1 =
2𝑇𝑟
𝑅𝜔𝑚
= −𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑟 − 𝐾1𝑠𝑔𝑠(𝑆1) 
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𝑇𝑟 =
𝐼𝜔𝑚
2
�−𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑟 − 𝐾1𝑠𝑔𝑠(𝑆1)�  
(178) 
It is noted that because it is assumed that the steering angle of the two rear wheels are zero, 
𝐹𝑡𝑖 = 𝐹𝑥𝑖 in equation (178). The wheel rotation speed ?̇?𝑖 is also neglected in equation (178). 
The actual vehicle longitudinal velocity 𝑣𝑥 , lateral velocity 𝑣𝑦  and yaw rate 𝑓  can be 
measured by the GPS and inertial measurement unit (IMU).  
In this section, the adaptive PID controller is applied to control the vehicle lateral motion and 
the SMC controller is proposed to achieve the vehicle longitudinal motion control. The 
overall stability of the whole system when these two kinds of controllers are applied together 
should be discussed. According to equation (160), when the desired steering angle is 
achieved, the desired lateral trajectory is satisfied. In addition, when the desired driving 
torque is achieved in equation (161), the desired longitudinal trajectory is satisfied. 
?̇?𝑦 = ?̇?𝑦 = 𝐹 + 𝐺𝛿𝑟∗ = 𝐹 + 𝐺�𝐺−1�−𝐹 + ?̇?𝑦𝑑 + 𝑘0𝑒 + 𝑘1?̇?��     
?̇?𝑦𝑑 − ?̇?𝑦 + 𝑘0𝑒 + 𝑘1?̇? = 0                                         (a) 
?̇?𝑥 = 𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐1 
= 𝑣𝑦𝑓 + 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + �−𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑥𝑑 − 𝐾1𝑠𝑔𝑠(𝑆1)� = ?̇?𝑥𝑑   (b) 
(179) 
According to equation (179), if the desired steering angle 𝛿𝑟∗ and desired driving control law 
𝜐1 can be achieved simultaneously, the vehicle desired longitudinal and lateral position can 
be achieved and the stability of the whole system is guaranteed.      
 
2) Innovative autonomous vehicle trajectory controller 
 
The traditional dynamics control methods for autonomous vehicles only use one steering 
actuator and one driving actuator and this may hinder control. In this section, the 4WIS and 
4WID EVs are utilised to realise autonomous control and a total of eight control actuators can 
be used. This control problem is actually the over-actuated control allocation problem and 
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redundant control actuators can be used to improve the control performance or achieve 
additional control targets.  
a) Steering and lateral motion controller 
In this section, the innovative steering controllers based on 4WIS EV are proposed. Two 
lateral steering controllers: the PID controller and the SMC controller are proposed. 
(1) PID controller 
Based on the steering controller (158), for the 4WIS vehicle, the steering angle of individual 
wheel can be calculated by the following equation: 
𝛿𝑖 = tan−1�𝐷𝑇(𝑥𝑖 − 𝑥𝐼𝐼𝐼),−𝐷𝑇(𝑦𝑖 − 𝑦𝐼𝐼𝐼)� 
 (180) 
where 𝑥𝐼𝐼𝐼 = 0  and 𝑦𝐼𝐼𝐼 =
𝑠𝑓+𝑠𝑟
𝛿𝑑
, which means that the turning radius is 𝑠𝑓+𝑠𝑟
𝛿𝑑
. 𝑖 =
𝑓𝑓, 𝑓𝑓, 𝑓𝑓, 𝑓𝑓 , which represents the front left, front right, rear left and rear right wheel, 
respectively. �𝑥𝑟𝑠 ,𝑦𝑟𝑠� = �𝑓𝑟 ,
𝑏𝑓
2
�  and �𝑥𝑟𝑟 ,𝑦𝑟𝑟� = �𝑓𝑟,−
𝑏𝑓
2
� , (𝑥𝑟𝑠 ,𝑦𝑟𝑠) = �−𝑓𝑟 ,
𝑏𝑓
2
�  and 
(𝑥𝑟𝑟 , 𝑦𝑟𝑟) = �−𝑓𝑟 ,−
𝑏𝑓
2
� are the positions of the wheel centre. 𝛿𝑑 is the desired steering angle, 
which is equal to 𝛿𝑟 in PID controller (158), which means that the desired total steering angle 
of the proposed four wheel steering controller is the same as the front wheel steering angle in 
the traditional method. 𝐷𝑇 = 1, if turning in an anti-clockwise direction; 𝐷𝑇 = −1, if turning 
in a clockwise direction. 
(2) SMC controller 
The SMC is utilised to achieve the steering and lateral motion control, which is robust to the 
model parameter uncertainty and non-linear characteristic of the model. The vehicle lateral 
motion dynamics equation can be described by the follows based on equation (63): 
?̈? = −𝑣𝑥𝑓 + 𝐵𝑦2𝒇(𝒗𝑱) 
 (181) 
where 𝑓(𝑣2) = �
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
cos 𝛿𝑓𝑓
𝑚
� and 𝐵𝑦2 =
⎣
⎢
⎢
⎢
⎡𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑠�𝑣𝑥, 𝑣𝑦, 𝑓�
𝐶𝑚𝛼𝑟𝑟�𝑣𝑥, 𝑣𝑦, 𝑓�⎦
⎥
⎥
⎥
⎤
.  
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Control input 𝒗𝑱 = �
𝛿𝑓𝑓
𝛿𝑓𝑓
𝛿𝑓𝑓
𝛿𝑓𝑓
�. 
The control law can be chosen such as:   
𝐵𝑦2𝒇(𝒗𝑱) = 𝑣𝑥𝑓 + ?̈?𝑑 − 𝜆𝑦�̇ − 𝐾1𝑠𝑔𝑠(𝑆2) 
 (182) 
The control target of steering SMC is the desired lateral position, so the sliding surface is 
chosen as sliding around the desired lateral position 𝑦𝑑: 
𝑆2 = 𝑦�̇ + 𝜆𝑦� 
(183) 
where 𝑦� = 𝑦 − 𝑦𝑑.  
To prove the stability of the suggested control law, the Lyapunov function of sliding surface 
𝑆2 is shown as follows: 
𝑉2 =
1
2
𝑆22 
(184) 
The time derivative of the above Lyapunov function is presented as follows by applying the 
control law (182): 
?̇?2 = 𝑆2?̇?2 = 𝑆2�𝑦�̈ + 𝜆𝑦�̇� = 𝑆2�−𝑣𝑥𝑓 + 𝐵𝑦2𝒇(𝒗𝑱) − ?̈?𝑑 + 𝜆𝑦�̇�
= 𝑆2�−𝑣𝑥𝑓 + 𝑣𝑥𝑓 + ?̈?𝑑 − 𝜆𝑦�̇ − 𝐾2𝑠𝑔𝑠(𝑆2) − ?̈?𝑑 + 𝜆𝑦�̇� = −𝐾2|𝑆2| 
 (185) 
According to equation (185), the time derivative of the above Lyapunov function is always 
negative. This proves the stability of the SMC control system. 
Equation (182) can be considered as the non-linear equality constraints of an over-actuated 
control allocation problem. The cost function of this control allocation problem is shown as 
follows, which aims to minimise the steering effort of individual wheel: 
𝐽1 = 𝛿𝑟𝑠2 + 𝛿𝑟𝑟2 + 𝛿𝑟𝑠2 + 𝛿𝑟𝑟2  
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(186) 
With the inequality constraint 
−
𝜋
2
≤ 𝛿𝑖 ≤
𝜋
2
 
and the equality constraint (182). 
     
3) Driving and longitudinal motion controller 
 
To fully utilise the redundant driving actuators, the SMC suggested in Section 8.1.1 is 
extended into four-wheel driving control in this section to improve longitudinal control 
performance. Based on equations (70) and (161), control law (173) can be revised as follows:   
𝜐1 =
1
𝐼𝜔𝑚
�cos 𝛿𝑟𝑠 𝑇𝑟𝑠 + cos 𝛿𝑟𝑟 𝑇𝑟𝑟 + cos 𝛿𝑟𝑠 𝑇𝑟𝑠 + cos 𝛿𝑟𝑟 𝑇𝑟𝑟� = −𝑣𝑦𝑓 − 𝐵𝑦1𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 +
?̇?𝑥𝑟 − 𝐾1𝑠𝑔𝑠(𝑆1)                    
(187) 
where 𝑇𝑟𝑠 ,𝑇𝑟𝑟 ,𝑇𝑟𝑠 ,𝑇𝑟𝑟 are vehicle driving torques of front left wheel, front right wheel, rear 
left wheel and rear right wheel. 
The 4WID electric vehicle has the advantage to achieve the multiple control targets due to the 
more control actuators can be used. Thus, in addition to the vehicle longitudinal velocity, the 
vehicle yaw rate can be controlled by SMC. Specifically, the vehicle yaw dynamics can be 
described by the following equation according to equation (63): 
?̇? = 𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + 𝜐3 
 (188) 
Where 
𝐵𝑦3 =
1
𝐼𝑧
�𝑓𝑓 cos 𝛿𝑓𝑓 −
𝑏𝑓
2
sin 𝛿𝑓𝑓 𝑓𝑓 cos 𝛿𝑓𝑓 +
𝑏𝑓
2
sin 𝛿𝑓𝑓 −
𝑏𝑓
2
sin 𝛿𝑓𝑓 − 𝑓𝑓 cos 𝛿𝑓𝑓
𝑏𝑓
2
sin 𝛿𝑓𝑓 − 𝑓𝑓 cos 𝛿𝑓𝑓� 
The control law 𝑣3 can be chosen that: 
𝑣3 = −𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑑 − 𝐾3𝑠𝑔𝑠(𝑆3) 
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(189) 
where ?̇?𝑑  is the desired yaw acceleration. The desired yaw rate 𝑓𝑑  is determined by the 
derivative of the desired yaw angle 𝜑𝑑 . Desired yaw angle 𝜑𝑑  can be calculated by the 
following equation:  
𝜑𝑑 = 𝑎𝑡𝑎𝑠
𝑦𝑑(𝑡) − 𝑦𝑑(𝑡 − 1)
𝑥𝑑(𝑡) − 𝑥𝑑(𝑡 − 1)
 
(190) 
where 𝑦𝑑(𝑡) suggests the desired lateral position in current time step and 𝑦𝑑(𝑡 − 1) presents 
the desired lateral position in the previous time step. 𝑥𝑑(𝑡) presents the desired longitudinal 
position in current time step and 𝑥𝑑(𝑡 − 1) suggests the desired longitudinal position in the 
previous time step. The control target of SMC is the desired yaw rate, so the sliding surface is 
chosen as sliding around the desired yaw rate 𝑓𝑑: 
𝑆3 = 𝑓 − 𝑓𝑑 
(191) 
To prove the stability of the suggested control law, the Lyapunov function of sliding surface 
𝑆3 is shown as follows: 
𝑉3 =
1
2
𝑆32 
(192) 
The time derivative of the above Lyapunov function is presented as follows by applying the 
control law (189): 
?̇?3 = 𝑆3?̇?3 = 𝑆3(?̇? − ?̇?𝑑) = 𝑆3�𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 − 𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑑 − 𝐾3𝑠𝑔𝑠(𝑆3) − ?̇?𝑑� 
= −𝐾3|𝑆3|   
(193)                           
According to equation (193), the time derivative of the above Lyapunov function is always 
negative. This proves the stability of the SMC control system. 
To achieve the control law (189), the distributed torque of each wheel 𝑇𝑖  is calculated by 
wheel dynamics equation (70) and (63): 
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𝑣3 =
1
𝑅𝜔𝐼𝑧
��𝑓𝑟 sin 𝛿𝑟𝑠 +
𝑏𝑟
2
cos 𝛿𝑟𝑠� 𝑇𝑟𝑠 + �𝑓𝑟 sin 𝛿𝑟𝑟 −
𝑏𝑟
2
cos 𝛿𝑟𝑟� 𝑇𝑟𝑟
+ �
𝑏𝑟
2
cos 𝛿𝑟𝑠 − 𝑓𝑟 sin 𝛿𝑟𝑠� 𝑇𝑟𝑠 + �−
𝑏𝑟
2
cos 𝛿𝑟𝑟 − 𝑓𝑟 sin 𝛿𝑟𝑟� 𝑇𝑟𝑟�
= −𝐵𝑦3𝑭𝒔−𝒍𝒍𝒕𝒍𝒕𝒍 + ?̇?𝑑 − 𝐾3𝑠𝑔𝑠(𝑆3) 
(194) 
Equations (187) and (194) can be considered as the equality constraints of an over-actuated 
optimal control allocation problem. The cost function of this control allocation problem is 
shown as follows, which aims to minimise the driving effort of individual wheel: 
𝐽2 = 𝑇𝑟𝑠2 + 𝑇𝑟𝑟2 + 𝑇𝑟𝑠2 + 𝑇𝑟𝑟2  
(195) 
With the inequality constraints 
−|𝑇𝑚𝑚𝑥| ≤ 𝑇𝑖 ≤ |𝑇𝑚𝑚𝑥| 
and the equality constraints (187) and (194). 
The practical limitation of the maximum driving torque of the individual wheel for the 
electric vehicle 𝑇𝑚𝑚𝑥 is 250 N.m [221]. 
It should be noted that equality constraint (187) is the longitudinal velocity controller and 
constraint (194) is the yaw rate. Therefore, the proposed longitudinal motion controller can 
be named as the integrated velocity and yaw rate SMC driving controller.   
In addition, the function 𝑠𝑔𝑠(𝑥) used in SMC will cause the serious chatting effect due to the 
abrupt change. In order to achieve continues and smooth switching control law, the saturation 
function 𝑆𝑎𝑡(𝑥) is used as follows instead of 𝑠𝑔𝑠(𝑥) in SMC: 
𝑆𝑎𝑡(𝑥) = �
1                    𝑖𝑓 𝑥 > 𝜀
𝑥        𝑖𝑓 − 𝜀 ≤ 𝑥 ≤ 𝜀
−1                   𝑖𝑓 𝑥 < −𝜀
 
 (196) 
where 𝜀 is the thickness of the boundary layer, which should be chosen as a small value and 
is assumed as 0.05 in this study [243]. 
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4) Simulation results 
 
In this section, the traditional autonomous vehicle controllers and innovative vehicle 
controllers are compared. For the purpose of simplification, the traditional PID steering 
controller is called ‘2 wheel PID steering’ and the four wheel steering PID controller is called 
‘4 wheel PID steering’ in this section. The four wheel SMC steering controller is called ‘4 
wheel SMC steering’. In addition, the traditional two wheel SMC longitudinal velocity 
controller and four wheel SMC velocity controller are called ‘2 wheel SMC driving’ and ‘4 
wheel SMC driving’. The combined longitudinal velocity SMC controller and yaw rate SMC 
controller is called ‘4 wheel combined SMC driving’. The simulation parameters are shown 
in Table VIII-1. It should be noted that the different steering controllers and driving 
controllers are combined together as different integrated controllers, which is shown in  
Table VIII-1. Parameter values used in simulations. [100] 
𝐾1 Sliding mode control gain 
for the longitudinal velocity 
control  
4000 
𝐾2 Sliding mode control gain 
for the lateral position 
control  
9 
𝐾3 Sliding mode control gain 
for the yaw rate control 
4000 
𝜀 Thickness of boundary 
layer   
0.05 
𝛾 Tuning rate of the PID 
adaptive controller 
0.01 
 
 
Table VIII-2. Different integrated controllers 
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In the first set of simulations, it is assumed that the overtaking vehicle is moving behind the 
overtaken vehicle in the same track and the initial velocity of these two vehicles is both 20 
m/s. During the vehicle overtaking, the overtaking vehicle is assumed to have a lane change 
manoeuvre to the right track, and then the overtaking vehicle speeds up in order to go ahead 
of the overtaken vehicle. After that, the overtaking vehicle takes another lane change 
manoeuvre in order to go back to the left track. Thus, the desired vehicle trajectory of the 
overtaking can be determined by the following equation: 
𝑦𝑑 =
⎩
⎪⎪
⎨
⎪⎪
⎧
0                              𝑖𝑓 𝑥𝑑 < 100
−�𝑅 − �𝑅2 − (𝑥𝑑 − 100)2�        𝑖𝑓 100 ≤ 𝑥𝑑 < 200
−5                    𝑖𝑓 200 ≤ 𝑥𝑑 < 300
�𝑅 − �𝑅2 − (𝑥𝑑 − 300)2� − 5         𝑖𝑓 300 ≤ 𝑥𝑑 < 400
0                              𝑖𝑓 𝑥𝑑 ≥ 400
 
 (197) 
where 𝑅 is the turning radius, which is assumed as 1000 in this study. The turning radius of 
the desired trajectory is chosen as a large value since the longitudinal velocity is relatively 
high. The width of the lane of normal road is approximately 5 meters, so the desired lateral 
displacement is chosen as 5 meters. The desired longitudinal position 𝑥𝑑 is determined by the 
vehicle desired longitudinal velocity 𝑣𝑥𝑑. It is assumed that the longitudinal velocity remains 
constant value of 20 m/s before and during the first lane change manoeuvre. Then the vehicle 
speeds up gradually from 20 m/s into 30 m/s in the right track and the vehicle maintains this 
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speed in the second lane change manoeuvre. In this way, the overtaking vehicle can avoid the 
collision with the overtaken vehicle if the overtaken vehicle maintains its initial velocity.  
The desired vehicle trajectory during the vehicle overtaking is shown in Figure VIII-1 (a) and 
the desired longitudinal velocity is shown in Figure VIII-1 (b). The friction coefficient is 0.9 
in the simulations of this whole section.  
  
(a) desired vehicle trajectory                                   (b) desired vehicle longitudinal velocity 
Figure VIII-1. Vehicle desired trajectory in the first set of simulations. 
 
In this set of simulation, the results of different steering controllers and driving controllers are 
compared in the following figures: 
 
(a) longitudinal position vs time                           (b) lateral position vs time 
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(c) longitudinal velocity vs time                      (d) yaw rate vs time 
Figure VIII-2. Comparison between the vehicle desired dynamics response and the actual 
response in the first set of simulations. 
Figure VIII-2 (b) shows that the proposed four-wheel PID steering controller has better 
control performance compared with two-wheel PID steering controller due to the 4WIS, but 
the problem of oscillation still exists. The SMC steering controller is more stable than the 
PID controller and has better control performance. Simulations show that all the desired 
longitudinal position and longitudinal velocity can be perfectly tracked for all of the three 
methods. This is because the desired longitudinal velocity is easy to achieve and the more 
difficult longitudinal driving scenario must be considered. The normal size figures of the 
longitudinal position and longitudinal velocity response of the three control methods are not 
shown because all the controlled results converge into the same line. Instead of that, the 
enlarged figures of the longitudinal position and velocity response are presented in Figure 
VIII-2 (a) and (c). From Figure VIII-2 (a) and (c), it can still be seen that the traditional two-
wheel SMC driving has slightly worse control compared with the proposed four-wheel SMC 
driving controller and four-wheel combined SMC driving controller.  
Figure VIII-2 (d) compares the yaw rate response of different driving control methods. The 
yaw rate responses of the traditional two-wheel SMC driving controller and the four-wheel 
SMC driving controller are highly unstable, but the yaw rate controlled by the four-wheel 
combined SMC driving controller is greatly improved and close to the desired value. This 
proves that the proposed four-wheel combined SMC controller can achieve the control targets 
of yaw rate and longitudinal velocity simultaneously and also shows the advantage of the 
4WID vehicle. 
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(a) traditional controller applied             (b) the first improved controller 
 
(c) the second improved controller  
Figure VIII-3. Vehicle vertical load of each wheel in the first set of simulations 
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(a) traditional controller applied 
  
(b) the first improved controller 
 
(c) the second improved controller 
Figure VIII-4. Vehicle steering and driving inputs in the first set of simulations 
Figure VIII-3 shows the load transfer effect of the combined lateral and longitudinal 
dynamics controller on the vehicle load. When the traditional controller is used as in Figure 
VIII-3 (a), the vertical load oscillates widely at 10 seconds and 17 seconds when the vehicle 
is starting to turn. These oscillations are so large that the vertical load is less than zero and the 
vehicle may roll over. When the first improved controller is applied in Figure VIII-3 (b), the 
vehicle vertical load oscillation is significantly alleviated due to the 4WIS. Figure VIII-3 (c) 
suggests that the rollover problem is not showing when the second improved controller is 
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applied. However, at 10 second and 17 second, when the vehicle is in the transit time 
between turning and straight moving, the load transfer effect is still quite significant.  
In Figure VIII-4, due to the application of the 4WID and 4WIS, the first improved controller 
costs less steering and driving control effort compared with the traditional two-wheel 
controller. The second improved controller needs more driving torque compared with the first 
improved controller because the additional control target of yaw rate is achieved.    
In the second set of simulations, in order to make the overtaking scenario more challenging, 
the desired vehicle trajectory is changed according to the following equation, which is shown 
in Figure VIII-5 (a): 
𝑦𝑑 =
⎩
⎪⎪
⎨
⎪⎪
⎧
0                              𝑖𝑓 𝑥𝑑 < 150
−�𝑅 − �𝑅2 − (𝑥𝑑 − 150)2�        𝑖𝑓 150 ≤ 𝑥𝑑 < 300
−11.3                    𝑖𝑓 300 ≤ 𝑥𝑑 < 450
�𝑅 − �𝑅2 − (𝑥𝑑 − 450)2� − 11.3         𝑖𝑓 450 ≤ 𝑥𝑑 < 600
0                              𝑖𝑓 𝑥𝑑 ≥ 600
 
 (198) 
In addition, the desired longitudinal velocity is increased to the values in Figure VIII-5 (b). 
Figure VIII-6 (b) shows that oscillation problem of the two-wheel PID and four-wheel PID 
steering controllers is more serious than the first scenario with the increase of vehicle velocity. 
This suggests the disadvantage of the PID steering controller when the longitudinal velocity 
is large. The four-wheel SMC steering controller shows good control compared with the other 
methods. Figure VIII-6 (a) and (c) show that the two-wheel SMC driving and four-wheel 
SMC driving cannot work properly after 11 seconds and the four-wheel combined SMC 
driving controller has good control. Figure VIII-6 (d) suggests that the proposed four wheel 
combined SMC driving controller can better achieve the desired yaw rate compared with 
other methods. 
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(a) vehicle desired trajectory                         (b) vehicle desired velocity 
Figure VIII-5. The desired vehicle trajectory in the second set of simulations. 
 
(a) longitudinal position vs time                           (b) lateral position vs time 
  
(c) longitudinal velocity vs time                       (d) yaw rate vs time 
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Figure VIII-6. Comparison between the desired dynamics response and the actual response in 
the second set of simulations.  
  
(a) traditional controller applied                (b) the first improved controller 
 
(c) the second improved controller 
Figure VIII-7. Vehicle vertical load of each wheel in the second set of simulations. 
Figure VIII-7 proves that although the second improved controller has a more significant load 
transfer effect than the situation in the first scenario, it still has much better control 
performance than the other two methods. Figure VIII-8 presents the input steering angle and 
driving torque of the second improved controller. The driving and steering inputs of the 
traditional controller and the first improved controller are not presented here because the 
simulation is failure after 11 second.     
2 4 6 8 10 12
-5
-4
-3
-2
-1
0
1
2
3
4
5
x 10
4
time (s)
v
e
h
ic
le
 v
e
rt
ic
a
l 
lo
a
d
 (
N
)
 
 
Front left wheel
Front right wheel
Rear left wheel
Rear right wheel
0 2 4 6 8 10 12
-1.5
-1
-0.5
0
0.5
1
1.5
2
2.5
x 10
4
time (s)
ve
hi
cl
e 
ve
rt
ic
al
 lo
ad
 (
N
)
 
 
Front left wheel
Front right wheel
Rear left wheel
Rear right wheel
0 5 10 15 20 25
1000
1500
2000
2500
3000
3500
4000
4500
5000
5500
6000
time (s)
ve
hi
cl
e 
ve
rt
ic
al
 lo
ad
 (
N
)
 
 
Front left wheel
Front right wheel
Rear left wheel
Rear right wheel
219 
 
 
Figure VIII-8. Vehicle steering and driving inputs of the second improved controller in the 
second set of simulations. 
Thus, it can be concluded that the proposed combined four-wheel SMC steering controller 
and four-wheel combined SMC driving controller can achieve better trajectory and dynamics 
control performance than other methods. 
 
5) Conclusion 
 
Most of the existing studies on the autonomous control of vehicle overtaking motion applied 
the vehicle kinematic model or the limited dynamics model to describe the vehicle motion, 
which is only suitable at low speed and in-doors. This section, however, proposes a 
comprehensive vehicle dynamics control of the on-road autonomous EV with high velocity 
by utilising the redundant control actuators from 4WIS-4WID characteristics. Moreover, 
unlike the holonomic omni-directional robot, strong coupling effect between the longitudinal 
motion, lateral motion and yaw motion is a great challenge for the autonomous vehicle 
motion control. In this section, the autonomous control of the overtaking motion of the EV is 
achieved by separating the steering controller (to achieve the desired lateral position) from 
the driving controller (to achieve the desired longitudinal position and yaw rate) to alleviate 
the strong coupling effect between them. Specifically, this paper proposes a four-wheel PID 
steering controller and a four-wheel SMC steering controller which are based on the 
traditional two wheel steering controller. In addition, based on the traditional two-wheel 
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driving controller, this section suggests a four-wheel SMC driving controller and a four-
wheel combined yaw rate and longitudinal velocity SMC driving controller. Simulation has 
shown:  
1) When the four-wheel SMC steering controller and four-wheel combined yaw rate and 
longitudinal velocity SMC driving controller are used together, the controlled vehicle can 
achieve most of the control targets. This proves that the control method based on 4WID and 
4WIS vehicles can achieve much better control performance than the traditional methods.  
2)  When the four-wheel PID steering controller and four-wheel SMC driving controller are 
used together, the controlled vehicle can achieve better control performance compared with 
the traditional method. This good performance can be achieved, however, when the 
longitudinal velocity is not too high. The higher the velocity, the higher the oscillation will be. 
3) The four-wheel combined yaw rate and longitudinal velocity SMC driving controller can 
achieve both the desired yaw rate and the longitudinal velocity simultaneously. This suggests 
that using over-actuated control allocation can achieve multiple control targets. 
The trajectory tracking control of the autonomous EV is a complex and challenge task and 
this section is only a small step. This paper only considers the pre-defined road centre line to 
be followed in the vehicle trajectory tracking. In the potential field method proposed in the 
next section, the road boundary instead of a simple centre line of the road should be 
considered and the desired trajectory can be optimised within the road boundary based on 
different control targets (such as the minimum traveling time or the smooth of the vehicle 
trajectory). In addition, the situation when the static or moving obstacles on the road is 
considered and the obstacle avoiding control is implemented.   
 
2. Potential field method based autonomous vehicle trajectory control 
 
In this study, an innovative potential field method aiming to achieve the vehicle trajectory 
control based on yaw angle control is proposed. This potential filed method includes the 
attractive potential function, repulsive potential function and the yaw angle potential function 
that minimises the yaw angle change rate. Instead of using the relative positions, this paper 
uses the difference between the desired velocity and the actual velocity to describe the 
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attractive potential function since the vehicle lateral velocity is directly related to the yaw 
angle. The repulsive potential function is proposed to guarantee the actual vehicle position is 
constrained by the upper and lower boundary. The vehicle dynamics motion is described by 
the time-derivative equations and these equations should be transferred into the position-
dependent equations that describe the vehicle actual trajectory to guarantee the satisfaction of 
the road boundary. In addition, the yaw angle potential function is suggested in this paper to 
minimise the yaw angle change rate and improve the handling and stability of the vehicle. 
These potential functions can be minimised to determine the real-time desired yaw angle. 
Then according to the desired yaw angle, a two-level vehicle trajectory controller is 
suggested to track this desired yaw angle and the desired trajectory. In the upper level, the 
desired vehicle total longitudinal force, total lateral force and yaw moment are determined 
according to the desired yaw angle and desired longitudinal velocity. In the lower level, the 
controlled values of individual steering and driving actuator are optimally allocated in the 
4WIS-4WID EV to achieve the desired total longitudinal force, lateral force and yaw 
moment. 
The main contributions of this section can be summarised as follows: 1) an innovative yaw-
angle based potential field function is proposed to achieve the desired road trajectory within 
the certain road boundary and minimise the yaw angle change rate. 2) a two-level vehicle 
dynamics trajectory controller is proposed to optimally distribute the individual control 
actuator. 
 
1) Potential Field Method 
 
In the autonomous vehicle steering control, the potential field includes the component that 
guides the vehicle towards the desired path and the obstacle potentials induced by the road 
curb or other vehicles in the traffic. The total potential energy function can be presented by 
the following equation: 
𝑈 = 𝑈𝑚𝑡𝑡 + 𝑈𝑟𝑟𝑝 + 𝑈𝑠 
(199) 
where 𝑈𝑚𝑡𝑡 is the attractive potential that guides the vehicle towards the desired path and 𝑈𝑟𝑟𝑝 
is the repulsive potential that guides the vehicle away from the obstacle. 𝑈𝑠 is the potential 
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function that minimise the yaw angle change rate, which can improve the vehicle handling 
and stability performance: 
𝑈𝑠 = 𝑐�𝜑(𝑘 + 1) − 𝜑(𝑘)�
2
 
(200) 
where 𝜑(𝑘) and 𝜑(𝑘 + 1) present the yaw angle in the 𝑘𝑡ℎ time step and (𝑘 + 1)𝑡ℎ time 
step. 𝑐 is the scaling factor. 
The attractive potential 𝑈𝑚𝑡𝑡 can be presented by equation (201) according to [235]: 
𝑈𝑚𝑡𝑡 = 𝛼𝑝‖𝑝𝑡𝑚𝑟(𝑘) − 𝑝(𝑘)‖𝑟 + 𝛼𝑣‖𝑣𝑡𝑚𝑟(𝑘) − 𝑣(𝑘)‖𝑛 
(201) 
where 𝑝(𝑘) and 𝑝𝑡𝑚𝑟(𝑘) denote the position of the vehicle and the desired path at time 𝑡. 
𝑣𝑡𝑚𝑟(𝑘) and 𝑣(𝑘) present the actual velocity of the vehicle and the desired velocity of the 
trajectory at time step 𝑘, which includes the longitudinal velocity and lateral velocity. 𝛼𝑝 and 
𝛼𝑣  are scalar positive parameters. 𝑓  and 𝑠  are positive parameters. In the actual vehicle 
dynamics control, the vehicle velocity can be easily controlled by achieving the desired 
longitudinal velocity and yaw angle. However, the vehicle position error is hard to be 
controlled for the on-road vehicle. The control of the lateral and longitudinal position 
tracking error requires the control of the longitudinal and lateral forces. For the in-door robot 
such as the holonomic omni-directional robot, the orientation and position can be controlled 
independently and consequently the longitudinal position and lateral position can be perfectly 
tracked without interfering with the yaw angle. However, for the autonomous EV, the 
longitudinal force and lateral force will have strong couple effect on the yaw angle of the 
vehicle during the position tracking due to the limitation of the vehicle mobility. Therefore, in 
this study, the desired trajectory is only tracked by the desired vehicle velocity and equation 
(201) can be rewritten as follows by assuming 𝑠 = 2: 
𝑈𝑚𝑡𝑡 = 𝛼𝑣‖𝑣𝑡𝑚𝑟(𝑘) − 𝑣(𝑘)‖2 = 𝛼𝑣�𝑣𝑥(𝑘) tan𝜑(𝑘) − 𝑣𝑦𝑑−𝑎(𝑘)�
2
 
 (202) 
where 𝑣𝑥 is the longitudinal velocity in the vehicle body-fixed coordinate system, and this 
value is transferred into the global coordinate system as the lateral velocity by multiplying 
tan𝜑. 𝑣𝑦𝑑−𝑎 is the desired vehicle lateral velocity of the central line of the desired trajectory 
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in the global coordinate system, and this value is obtained according to the derivative of the 
lateral position of the central line of the trajectory. The actual vehicle longitudinal velocity is 
assumed to track the desired value accurately due to the application of the trajectory 
controller in Section 8.2.2, so it is not included in equation (202).    
In addition, to determine the repulsive potential function of the road, the road boundary 
trajectory should be determined at first. The on-board sensors and camera can obtain the 
information of the road boundary ahead of the vehicle [233]. In addition, the real-time vehicle 
states (such as longitudinal velocity, lateral velocity and yaw rate) are assumed to be known 
or measurable since a number of studies and Chapter 3 of this thesis have proposed various 
vehicle state estimation methods [61] [62]. The road boundary can be described by the line of 
the upper boundary and the line of the lower boundary: 
𝑌𝑢𝑏 = 𝑓1(𝑋)                                                                (a) 
  
𝑌𝑠𝑏 = 𝑓2(𝑋)                                                               (b) 
(203) 
where 𝑋 is the longitudinal position and 𝑌𝑢𝑏(𝑌𝑠𝑏) is the lateral position of the boundary in the 
global coordinate system. 
This road boundary position function depends on the position. In order to guarantee the 
vehicle is moving within the road boundary, the repulsive potential function is determined by 
the distance between the current vehicle lateral position and lateral positions of the 
corresponding upper and lower boundary when their longitudinal positions are same. 
However, the vehicle motion equations are usually described by the function depending on 
time in the vehicle body-fixed coordinate system. Thus, the following equations are used to 
transfer the time-dependent vehicle motion equation in the body-fixed coordinate system into 
the position-dependent vehicle motion equation in the global coordinate system: 
𝑋(𝑘 + 1) = 𝑋(𝑘) + ∆𝑡�𝑣𝑥 (𝑘)cos𝜑(𝑘) − 𝑣𝑦(𝑘) sin𝜑(𝑘)�                          (a) 
𝑌(𝑘 + 1) = 𝑌(𝑘) + ∆𝑡�𝑣𝑥(𝑘) sin𝜑(𝑘) + 𝑣𝑦(𝑘) cos𝜑(𝑘)�                          (b) 
 (204) 
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where 𝑘 presents the number of time step. ∆𝑡 is the length of each time step and can be 
presented by the difference between the time value of the next time step 𝑡(𝑘 + 1) and the 
current time step 𝑡(𝑘): 
∆𝑡 = 𝑡(𝑘 + 1) − 𝑡(𝑘) 
(205) 
𝑣𝑥  is the longitudinal velocity in the vehicle body-fixed coordinate system and 𝑣𝑦  is the 
lateral velocity in the vehicle body-fixed coordinate system. 
The boundary condition of the vehicle motion can be presented by the following equation: 
𝑌𝑢𝑏�𝑋(𝑘 + 1)� ≤ 𝑌(𝑘 + 1) ≤ 𝑌𝑠𝑏�𝑋(𝑘 + 1)� 
 (206) 
Thus, the repulsive potential function can be determined according to the boundary condition 
(206). When the vehicle lateral position is between the central line and upper boundary, the 
repulsive potential function is as follows: 
𝑈𝑟𝑟𝑝 =
𝑏1
�𝑌(𝑘 + 1) − 𝑌𝑢𝑏�𝑋(𝑘 + 1)��
2 
(207) 
When the vehicle lateral position is between the central line and the lower boundary, the 
repulsive potential function is as follows: 
𝑈𝑟𝑟𝑝 =
𝑏2
�𝑌(𝑘 + 1) − 𝑌𝑠𝑏�𝑋(𝑘 + 1)��
2 
(208) 
where 𝑏1, 𝑏2 are the scaling factors. 
In addition to the road boundary, vehicles ahead and below the controlled vehicle can also be 
considered as the obstacles in the actual traffic condition. Assume the real-time velocities of 
the front vehicle (ahead the controlled vehicle) and rear vehicle (below the controlled vehicle) 
are 𝑣1 and 𝑣2, respectively. In order to prevent the controlled vehicle from the collisions, the 
controlled vehicle velocity 𝑣𝑥 should be constrained between 𝑣1 and 𝑣2. 
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The optimal control of vehicle motion can be achieved by choosing the optimal value of 
desired yaw angle to minimise the total potential energy function 𝑈. Thus, the cost function 
of the optimisation problem can be presented as follows: 
𝐽1𝑚𝑖𝑛,𝜑𝑑 = 𝑎0(𝑣𝑥𝑑 − 𝑣𝑥)
2 + 𝛼𝑣 �𝑣𝑥 tan𝜑𝑑(𝑘 + 1) − 𝑣𝑦𝑑−𝑎(𝑘 + 1)�
2
+
𝑏1
�𝑌(𝑘 + 1) − 𝑌𝑢𝑏�𝑋(𝑘 + 1)��
2 +
𝑏2
�𝑌(𝑘 + 1) − 𝑌𝑠𝑏�𝑋(𝑘 + 1)��
2
+ 𝑐�𝜑𝑑(𝑘 + 1) − 𝜑𝑑(𝑘)�
2
 
 (209) 
s.t. 
−𝜋
2
≤ 𝜑𝑑 ≤
𝜋
2
                                                          (a) 
v2 ≤ vx ≤ v1                                                         (b) 
where 𝑋(𝑘 + 1) and 𝑌(𝑘 + 1) can be determined by equation (204). 𝑎0 is the scaling factor 
related to the term of achieving the desired longitudinal velocity.  This optimisation problem 
can be solved by various algorithms. In this paper, the Matlab embedded function ‘fmincon’ 
is applied to solve this problem and obtain the desired yaw angle 𝜑𝑑. In the next section, the 
vehicle dynamics trajectory controller is proposed to track this desired yaw angle.  
 
 
2) Vehicle Trajectory Controller 
 
Based on the desired vehicle longitudinal velocity and desired yaw angle of the trajectory, the 
autonomous vehicle motion can be controlled. The vehicle tracking error dynamics equation 
can be presented by the following equation based on [12]: 
?̇̃?𝑦 = 𝑣𝑥 sin(𝜑� + 𝜑𝑑) + 𝑣𝑦 cos(𝜑� + 𝜑𝑑)                                        (a) 
𝑣�𝑥 = �𝑣𝑥 cos(𝜑� + 𝜑𝑑) − 𝑣𝑦 sin(𝜑� + 𝜑𝑑)� − 𝑣𝑥𝑑                                 (b) 
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𝜑� = 𝜑𝑚𝑐𝑡 − 𝜑𝑑                                                            (c) 
(210) 
where 𝜑𝑚𝑐𝑡  and 𝜑𝑑  are the vehicle’s actual and desired yaw angles, respectively. ?̇̃?𝑦  is the 
derivative of the lateral position error in the global coordinate system. 𝑣�𝑥 is the error between 
the vehicle actual longitudinal velocity and the desired value 𝑣𝑥𝑑 tangential to the path in the 
global coordinate system.    
The vehicle trajectory controller includes two parts: the feedforward controller and the 
feedback controller. The feedforward force and moment demands are calculated with the 
assumption that vehicle follows the desired trajectory: 
𝐹𝑡,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 = 𝑚?̇?𝑥𝑑                                                    (a) 
𝐹𝑛,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 = 𝑚𝑣𝑥𝑑?̇?𝑑                                               (b) 
𝑀𝑧,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 = 𝐼𝑧?̈?𝑑                                                     (c) 
(211) 
where 𝐹𝑡,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 is the total force demand in the global coordinate frame tangential to the 
path in the feedforward controller. 𝐹𝑛,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑  is the total force demand in the global 
coordinate frame norm to the path in the feedforward controller. 𝑀𝑧,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 is the total 
yaw moment required to achieve the desired vehicle motion in the feedforward controller. 
The feedforward controller (211) requires the perfectly tracking of the desired trajectory, 
which is unrealistic in the actual vehicle control.    
To compensate the tracking error in the feedforward control, the feedback controller is 
proposed. The feedback force and moment demands are calculated by the following 
equations: 
 𝐹𝑡,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 = −𝑚?̇̃?𝑦?̇?𝑑 − 𝐾1𝑣�𝑥                                              (a) 
𝐹𝑛,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 = 𝑚𝑉�?̇?𝑑 − 𝐾2𝑑?̇̃?𝑦 − 𝐾2𝑝?̃?𝑦                                 (b) 
𝑀𝑧,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 = −𝐾3𝑑𝜑�̇ − 𝐾3𝑝𝜑�                                                (c) 
 (212) 
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where 𝐾1,𝐾2𝑑 ,𝐾2𝑝,𝐾3𝑑 ,𝐾3𝑝 are feedback control gains. 𝐹𝑡,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 is the total force demand 
in the global coordinate frame tangential to the path in the feedback controller. 𝐹𝑛,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 is 
the total force demand in the global coordinate frame norm to the path in the feedback 
controller. 𝑀𝑧,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘  is the total yaw moment required to achieve the desired vehicle 
motion in the feedback controller.  
When the vehicle is perfectly tracking the desired path, the total feedforward and feedback 
force tangential to the path 𝐹𝑡,𝑡𝑓𝑡𝑚𝑠 = 𝐹𝑡,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 + 𝐹𝑡,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 should be equal to the total 
longitudinal force of the vehicle 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠 and the total feedforward and feedback force norm to 
the path 𝐹𝑛,𝑡𝑓𝑡𝑚𝑠 = 𝐹𝑛,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑤𝑚𝑟𝑑 + 𝐹𝑛,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘 should be equal to the total lateral force of 
the vehicle 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠. When the tracking error is considered, however, the total demand forces 
in the global coordinate frame should be transferred into the vehicle body-fixed coordinate 
frame by the following equations: 
𝐹𝑥,𝑡𝑓𝑡𝑚𝑠 = 𝐹𝑡,𝑡𝑓𝑡𝑚𝑠 cos𝜑� + 𝐹𝑛,𝑡𝑓𝑡𝑚𝑠 sin𝜑�                                       (a) 
𝐹𝑦,𝑡𝑓𝑡𝑚𝑠 = −𝐹𝑡,𝑡𝑓𝑡𝑚𝑠 sin𝜑� + 𝐹𝑛,𝑡𝑓𝑡𝑚𝑠 cos𝜑�                                     (b) 
𝑀𝑧,𝑡𝑓𝑡𝑚𝑠 = 𝑀𝑧,𝑟𝑟𝑟𝑑𝑟𝑓𝑟𝑑 + 𝑀𝑧,𝑟𝑟𝑟𝑑𝑏𝑚𝑐𝑘                                      (c) 
 (213) 
In this section, in order to achieve the trajectory tracking control, the vehicle position error is 
described in the global coordinate frame at first. After that, according to the position error, 
the demand total longitudinal force and lateral force should be transferred from the global 
coordinate frame into the vehicle body-fixed coordinate frame. This is because that the 
vehicle dynamics control can only be achieved in the body-fixed coordinate system. In the 
following section, the steering and driving actuators are controlled to achieve the desired total 
longitudinal force, the total lateral force and yaw moment. 
 
3)   Optimal actuator control allocation method 
 
In this study, the 4WIS-4WID EV is used to achieve the desired trajectory control. This 
4WIS-4WID EV has the advantage of using redundant control actuators to achieve better 
control performance. 
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In this section, the control targets of the actuator control allocation method are the desired 
total longitudinal tyre force, the desired total lateral tyre force and desired yaw moment 
determined in the upper level trajectory controller in the last section. In addition, the 
individual allocated tyre forces are minimised to guarantee each tyre has been used 
sufficiently. The cost function of this actuator control allocation problem is shown as follows: 
𝐽2𝑚𝑖𝑛,𝐹𝑡𝑖,𝐹𝑠𝑖 =
𝐹𝑡𝑟𝑠2 + 𝐹𝑠𝑟𝑠2
𝜇2𝐹𝑧𝑟𝑠2
+
𝐹𝑡𝑟𝑟2 + 𝐹𝑠𝑟𝑟2
𝜇2𝐹𝑧𝑟𝑟2
+
𝐹𝑡𝑟𝑠2 + 𝐹𝑠𝑟𝑠2
𝜇2𝐹𝑧𝑟𝑠2
+
𝐹𝑡𝑟𝑟2 + 𝐹𝑠𝑟𝑟2
𝜇2𝐹𝑧𝑟𝑟2
 
 (214) 
subject to: 
𝐹𝑡𝑟𝑠 cos 𝛿𝑟𝑠 + 𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 + 𝐹𝑡𝑟𝑠 cos 𝛿𝑟𝑠 + 𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 − 𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 − 𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑟
− 𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 − 𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑟 = 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠1𝑆𝑎𝑡�𝐹𝑥 − 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠� 
(a) 
𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + 𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + 𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + 𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + 𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + 𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟
+ 𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + 𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 = 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠2𝑆𝑎𝑡�𝐹𝑦 − 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠� 
(b) 
𝐹𝑡𝑟𝑠�𝑓𝑟 sin 𝛿𝑟𝑠 + 0.5𝑏𝑟 cos 𝛿𝑟𝑠� + 𝐹𝑡𝑟𝑟�𝑓𝑟 sin 𝛿𝑟𝑟 − 0.5𝑏𝑟 cos 𝛿𝑟𝑟�
+ 𝐹𝑡𝑟𝑠(−𝑓𝑟 sin 𝛿𝑟𝑠 + 0.5𝑏𝑟 cos 𝛿𝑟𝑠) + 𝐹𝑡𝑟𝑟(−𝑓𝑟 sin 𝛿𝑟𝑟 − 0.5𝑏𝑟 cos 𝛿𝑟𝑟)
+ 𝐹𝑠𝑟𝑠�𝑓𝑟 cos 𝛿𝑟𝑠 − 0.5𝑏𝑟 sin 𝛿𝑟𝑠� + 𝐹𝑠𝑟𝑟�𝑓𝑟 cos 𝛿𝑟𝑟 + 0.5𝑏𝑟 sin 𝛿𝑟𝑟�
+ 𝐹𝑠𝑟𝑠(−𝑓𝑟 cos 𝛿𝑟𝑠 − 0.5𝑏𝑟 sin 𝛿𝑟𝑠) + 𝐹𝑠𝑟𝑟(−𝑓𝑟 cos 𝛿𝑟𝑟 + 0.5𝑏𝑟 sin 𝛿𝑟𝑟)
= 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠3𝑆𝑎𝑡�𝑀𝑧 − 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠� 
(c) 
where 𝐹𝑥,𝐹𝑦 are the actual total longitudinal tyre force and lateral tyre force. 𝑀𝑧 = 𝐼𝑧?̇? is the 
actual yaw moment of the vehicle. 
𝐹𝑡𝑖2 + 𝐹𝑠𝑖2 ≤ 𝜇𝐹𝑧𝑖2                                                            (d) 
−𝑇𝑏𝑚𝑎𝑥
𝐼𝜔
≤ 𝐹𝑡𝑖 ≤
𝑇𝑑𝑚𝑎𝑥
𝐼𝜔
                                                         (e) 
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The constraints (214)(a), (b) and (c) are applied here to achieve the desired longitudinal tyre 
force, lateral tyre force and yaw moment. To overcome the distribution error due to the non-
linear characteristic of the vehicle dynamics model, the SMC is proposed in constraints 
(214)(a), (b) and (c) to accurately tracking the desired values. The effect of tyre friction circle 
is considered in (214)(d) and the constraint of the individual wheel driving/braking actuator is 
shown in (214)(e). In this study, an in-wheel brushless DC electric motor is applied. It has 
been suggested that the maximum driving torque 𝑇𝑑𝑚𝑚𝑥  is 100 N.m and the maximum 
regenerated brake torque 𝑇𝑏𝑚𝑚𝑥 is 80 N.m [15]. The optimization problem (214) can also be 
solved by the Matlab embedded function ‘fmincon’ and the detailed analysis of the 
optimization algorithm is beyond the scope of this study. 
When the individual tyre forces have been allocated in (214), the controlled value of 
individual actuator can be mapped from the individual tyre force by equation (98)(99): 
The practical limitation of the steering angle is considered between -90 degrees and 90 
degrees (𝛿𝑚𝑚𝑥 = 90), which is larger than the traditional vehicle [115]. Thus, 
−𝛿𝑚𝑚𝑥 ≤ 𝛿𝑖 ≤ 𝛿𝑚𝑚𝑥 
The whole control structure of the proposed potential field based trajectory tracking 
controller is shown in Figure VIII-9. 
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Figure VIII-9. The whole control structure of the proposed potential field based trajectory 
controller. 
 
4) Stability analysis 
In this study, the vehicle trajectory tracking controller and the actuator allocation method are 
proposed together as the hierarchy structure. The desired total tyre forces and moment from 
the upper level trajectory tracking controller are the control targets of the actuator allocation 
method in the lower level. Thus, the control performance of the upper level controller can 
directly affect the control performance of the lower level and the combined stability analysis 
of the two controllers is required. 
When both the feedforward and feedback controllers in the trajectory tracking controller are 
applied, the vehicle dynamics equations of the body-fixed coordinate system are shown as 
follows by substituting (211), (212) and (213) into vehicle dynamics model (63): 
 𝑚?̇?𝑥 = 𝑚𝑣𝑦𝑓 + ��𝑚?̇?𝑥𝑑 − 𝑚?̇̃?𝑦?̇?𝑑 − 𝐾1𝑣�𝑥� cos𝜑� + �𝑚𝑣𝑥𝑑?̇?𝑑 + 𝑚𝑣�𝑥?̇?𝑑 − 𝐾2𝑝?̃?𝑦� sin𝜑�� 
(a) 
𝑚?̇?𝑦 = −𝑚𝑣𝑥𝑓
+ �−�𝑚?̇?𝑥𝑑 − 𝑚?̇̃?𝑦?̇?𝑑 − 𝐾1𝑣�𝑥� sin𝜑� + �𝑚𝑣𝑥𝑑?̇?𝑑 + 𝑚𝑣�𝑥?̇?𝑑 − 𝐾2𝑝?̃?𝑦� cos𝜑�� 
(b) 
𝐼𝑧?̇? = 𝐼𝑧?̈?𝑑 − 𝐾3𝑝𝜑�                                                        (c) 
 (215) 
In equation (215)(c), when 𝜑� → 0, 𝜑 → 𝜑𝑑, the actual yaw moment 𝐼𝑧?̇? is approaching to the 
desired value 𝐼𝑧?̈?𝑑. We can obtain 𝑓 → ?̇?𝑑 by integrating (215)(c). (215)(a) and (215)(b) can 
be rewritten as: 
𝑚?̇?𝑥 − 𝑚?̇?𝑥𝑑 + 𝐾1𝑣�𝑥 = 𝑚𝑣𝑦𝑓 − 𝑚𝑣𝑦?̇?𝑑 + 𝑚𝑣𝑦𝑑?̇?𝑑                     (a) 
𝑚?̇?𝑦 = −𝑚𝑣𝑥𝑓 + 𝑚𝑣𝑥𝑑?̇?𝑑 + 𝑚(𝑣𝑥 − 𝑣𝑥𝑑)?̇?𝑑 − 𝐾2𝑝?̃?𝑦                  (b) 
(216) 
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In (216)(a), when 𝑣�𝑥 → 0, 𝑣𝑥 → 𝑣𝑥𝑑  and the desired lateral velocity 𝑣𝑦𝑑 = 0. Thus 𝑚?̇?𝑥 −
𝑚?̇?𝑥𝑑 = 0  and the vehicle longitudinal acceleration converges into the desired value. In 
(216)(b), when ?̃?𝑦 → 0, 𝑚?̇?𝑦 = 0. The vehicle lateral acceleration converges into zero. This 
proves the stability of the trajectory tracking controller. 
Equation (213) can be satisfied only when the desired total longitudinal force, total lateral 
force and total yaw moment can be accurately achieved in the lower level actuator 
distribution controller. Thus, the stability analysis of the lower level actuator controller is 
required to guarantee the accurate tracking of the desired tyre forces and moment. 
When the vehicle non-linear dynamics is considered, constraints (214)(a), (214)(b) and 
(214)(c) can be rewritten as the follows: 
�
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� cos�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� + �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� cos�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟� + �
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� cos(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) + �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� cos(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟)
− �𝐶𝛼 �𝛿𝑟𝑠 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� sin�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� − �𝐶𝛼 �𝛿𝑟𝑟 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� sin�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟�
− �𝐶𝛼 �𝛿𝑟𝑠 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� sin(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) − �𝐶𝛼 �𝛿𝑟𝑟 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� sin(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟)
= 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠1𝑆𝑎𝑡�𝐹𝑥 − 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠� 
(a) 
�
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� sin�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� + �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� sin�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟� + �
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� sin(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) + �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� sin(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟)
+ �𝐶𝛼 �𝛿𝑟𝑠 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� cos�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� + �𝐶𝛼 �𝛿𝑟𝑟 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� cos�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟�
+ �𝐶𝛼 �𝛿𝑟𝑠 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� cos(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) + �𝐶𝛼 �𝛿𝑟𝑟 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� cos(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟)
= 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠2𝑆𝑎𝑡�𝐹𝑦 − 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠� 
(b) 
�
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� �𝑓𝑟 sin�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� + 0.5𝑏𝑟 cos�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠�� + �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� �𝑓𝑟 sin�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟� − 0.5𝑏𝑟 cos�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟��
+ �
𝑇𝑟𝑠
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑠� (−𝑓𝑟 sin(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) + 0.5𝑏𝑟 cos(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠))
+ �
𝑇𝑟𝑟
𝑅𝜔
+ ∆𝐹𝑡𝑟𝑟� (−𝑓𝑟 sin(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟) − 0.5𝑏𝑟 cos(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟))
+ �𝐶𝛼 �𝛿𝑟𝑠 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� �𝑓𝑟 cos�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠� − 0.5𝑏𝑟 sin�𝛿𝑟𝑠 + ∆𝛿𝑟𝑠��
+ �𝐶𝛼 �𝛿𝑟𝑟 −
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� �𝑓𝑟 cos�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟� + 0.5𝑏𝑟 sin�𝛿𝑟𝑟 + ∆𝛿𝑟𝑟��
+ �𝐶𝛼 �𝛿𝑟𝑠 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑠� (−𝑓𝑟 cos(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠) − 0.5𝑏𝑟 sin(𝛿𝑟𝑠 + ∆𝛿𝑟𝑠))
+ �𝐶𝛼 �𝛿𝑟𝑟 +
𝑓𝑟𝑓
𝑣𝑥
� + ∆𝐹𝑠𝑟𝑟� (−𝑓𝑟 cos(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟) + 0.5𝑏𝑟 sin(𝛿𝑟𝑟 + ∆𝛿𝑟𝑟))
= 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠 − 𝐾𝑠3𝑆𝑎𝑡�𝑀𝑧 − 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠� 
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(c) 
(217) 
where ∆𝐹𝑡𝑖  and ∆𝐹𝑠𝑖  are the additional tyre forces caused by tyre non-linear characteristic. 
∆𝛿𝑖 presents the changed steering value of each wheel in the each simulation time step due to 
the steering actuator controller applied. 
Substituting the actual allocated actuators values in equation (98)(99) into equation (217): 
𝐹𝑥 − 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠 = �∆𝐹𝑡𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) cos∆𝛿𝑟𝑠′� + �∆𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) cos∆𝛿𝑟𝑟′� + (𝐹𝑡𝑟𝑠 + ∆𝐹𝑡𝑟𝑠)(cos 𝛿𝑟𝑠 + cos∆𝛿𝑟𝑠 ′)
+ (∆𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 + (𝐹𝑡𝑟𝑟 + ∆𝐹𝑡𝑟𝑟) cos∆𝛿𝑟𝑟′) − �∆𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 + �𝐹𝑠𝑟𝑠 + ∆𝐹𝑠𝑟𝑠�sin 𝛿𝑟𝑠′�
− �∆𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑠 + �𝐹𝑠𝑟𝑟 + ∆𝐹𝑠𝑟𝑟�sin 𝛿𝑟𝑟′� − (∆𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 + (𝐹𝑠𝑟𝑠 + ∆𝐹𝑠𝑟𝑠)sin 𝛿𝑟𝑠′)
− �∆𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑠 + (𝐹𝑠𝑟𝑟 + ∆𝐹𝑠𝑟𝑟)sin 𝛿𝑟𝑟′� = −𝐾𝑠1𝑆𝑎𝑡�𝐹𝑥 − 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠� 
(a) 
𝐹𝑦 − 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠 = �∆𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) sin∆𝛿𝑟𝑠′� + �∆𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) sin∆𝛿𝑟𝑟′�
+ (∆𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) sin∆𝛿𝑟𝑠′) + (∆𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) sin∆𝛿𝑟𝑟′)
+ �∆𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑠𝑟𝑠 + 𝐹𝑠𝑟𝑠) cos∆𝛿𝑟𝑠′� + �∆𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑠𝑟𝑟 + 𝐹𝑠𝑟𝑟) cos∆𝛿𝑟𝑟′�
+ (∆𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑠𝑟𝑠 + 𝐹𝑠𝑟𝑠) cos∆𝛿𝑟𝑠′) + (∆𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑠𝑟𝑟 + 𝐹𝑠𝑟𝑟) cos∆𝛿𝑟𝑟′) = −𝐾𝑠2𝑆𝑎𝑡�𝐹𝑦 − 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠� 
(b) 
𝑀𝑧 −𝑀𝑧,𝑡𝑓𝑡𝑚𝑠
= �𝑓𝑟�∆𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) sin∆𝛿𝑟𝑠′� + 0.5𝑏𝑟�∆𝐹𝑡𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) cos∆𝛿𝑟𝑠′��
+ �𝑓𝑟�∆𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) sin∆𝛿𝑟𝑟′� − 0.5𝑏𝑟�∆𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) cos∆𝛿𝑟𝑟′��
+ �−𝑓𝑟(∆𝐹𝑡𝑟𝑠 sin 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) sin∆𝛿𝑟𝑠′) + 0.5𝑏𝑟(∆𝐹𝑡𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑡𝑟𝑠 + 𝐹𝑡𝑟𝑠) cos∆𝛿𝑟𝑠′)�
+ �−𝑓𝑟(∆𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) sin∆𝛿𝑟𝑟′) − 0.5𝑏𝑟(∆𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑡𝑟𝑟 + 𝐹𝑡𝑟𝑟) cos∆𝛿𝑟𝑟′)�
+ �𝑓𝑟�∆𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑠𝑟𝑠 + 𝐹𝑠𝑟𝑠) cos∆𝛿𝑟𝑠′� − 0.5𝑏𝑟�∆𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 + �𝐹𝑠𝑟𝑠 + ∆𝐹𝑠𝑟𝑠�sin 𝛿𝑟𝑠′��
+ �𝑓𝑟�∆𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑠𝑟𝑟 + 𝐹𝑠𝑟𝑟) cos∆𝛿𝑟𝑟′� + 0.5𝑏𝑟�∆𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑟 + �𝐹𝑠𝑟𝑟 + ∆𝐹𝑠𝑟𝑟�sin 𝛿𝑟𝑟′��
+ �−𝑓𝑟(∆𝐹𝑠𝑟𝑠 cos 𝛿𝑟𝑠 + (∆𝐹𝑠𝑟𝑠 + 𝐹𝑠𝑟𝑠) cos∆𝛿𝑟𝑠′) − 0.5𝑏𝑟(∆𝐹𝑠𝑟𝑠 sin 𝛿𝑟𝑠 + (𝐹𝑠𝑟𝑠 + ∆𝐹𝑠𝑟𝑠)sin 𝛿𝑟𝑠′)�
+ �−𝑓𝑟(∆𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 + (∆𝐹𝑠𝑟𝑟 + 𝐹𝑠𝑟𝑟) cos∆𝛿𝑟𝑟′) + 0.5𝑏𝑟(∆𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑟 + (𝐹𝑠𝑟𝑟 + ∆𝐹𝑠𝑟𝑟)sin 𝛿𝑟𝑟′)�
= −𝐾𝑠3𝑆𝑎𝑡�𝑀𝑧 − 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠� 
(c) 
 (218) 
In equation (218), ∆𝐹𝑡𝑖 , ∆𝐹𝑠𝑖 and 𝐹𝑡𝑖, 𝐹𝑠𝑖 are bounded if the vehicle tyre is working under the 
stability region (linear and non-linear region) and sin𝜃 and cos𝜃 are also bounded functions. 
Thus, the SMC can guarantee the rewritten constraints (217)(a-c) are satisfied by choosing 
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the large enough sliding mode gains 𝐾𝑠1,𝐾𝑠2,𝐾𝑠3. This leads to 𝐹𝑥 → 𝐹𝑥,𝑡𝑓𝑡𝑚𝑠, 𝐹𝑦 → 𝐹𝑦,𝑡𝑓𝑡𝑚𝑠 
and 𝑀𝑧 → 𝑀𝑧,𝑡𝑓𝑡𝑚𝑠. 
 
5)   Simulation Results 
 
In this section, two sets of simulations are used to test the effectiveness of the proposed 
vehicle trajectory controller. In the first set of simulations, the road boundary is wide enough 
and the boundary constraints can be neglected. The control targets are the tracking of the road 
central line and minimising of the yaw angle change rate to guarantee the smoothness of the 
trajectory. In the second set of simulations, the road boundary is much narrow than the first 
set of simulations and the boundary avoiding control is the primary control target. In the third 
and fourth set of simulations, the desired vehicle path and road boundary are changing with 
the actual traffic condition. The simulation parameters are shown in Table III-1.    
 
In the first set of simulations, the upper level boundary, road centre line and lower level 
boundary of vehicle desired trajectory are presented in Figure VIII-10. In this simulation, the 
vehicle initial velocity is 20 m/s and the tyre-road friction coefficient is 0.9. It should be 
noted that the upper and lower boundaries in the simulation indicate the constraints of the 
vehicle C.G. point and the vehicle geometric length is neglected here.  
 
Figure VIII-10. The actual vehicle trajectory when the desired trajectory is strictly followed 
in the first set of simulations. 
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Figure VIII-10 presents the simulation results when the road centre line is strictly followed. 
This means 𝑐 = 𝑏1 = 𝑏2 = 0,𝑎𝑣 = 100,𝑎0 = 0 in the optimal control law (209). In Figure 
VIII-11, the vehicle trajectory is optimised by the minimising of the position error and the 
minimising of the desired yaw rate. This means that 𝑏1 = 𝑏2 = 0 and 𝑎0 = 0,𝑎𝑣 = 1, 𝑐 =
80000 in the optimal control law (209). In Figure VIII-11, the road centre line is roughly 
followed by the actual vehicle and the vehicle trajectory is much smoother than the trajectory 
in Figure VIII-10. Figure VIII-12 and Figure VIII-13 compare vehicle longitudinal velocity, 
body slip angle responses and yaw rate responses when the desired trajectory is strictly 
followed (Figure VIII-10) and when the vehicle trajectory is optimised (Figure VIII-11). It 
can be found that if the centre line of the path is strictly followed, the actual vehicle body slip 
angle is large and the yaw rate and longitudinal velocity oscillate significantly. The vehicle 
handling and stability performance would be significantly impaired and the vehicle is moving 
in a dangerous condition. When the actual trajectory is optimised, vehicle body slip angle is 
much smaller and the vehicle yaw rate and longitudinal velocity response are more stable. 
This proves that the proposed potential field method can successfully improve the vehicle 
handling and stability performance, which are generally defined in terms of vehicle yaw rate 
and body slip angle. 
 
Figure VIII-11. The actual vehicle trajectory when the trajectory of the path is optimised in 
the first set of simulations. 
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Figure VIII-12. The actual vehicle velocity in the first set of simulations. 
 
  
(a)                                                                      (b)  
Figure VIII-13. The actual vehicle responses (a) body slip angle (b) yaw rate in the first set of 
simulations.  
 
In the second set of simulations, the vehicle initial velocity and tyre-road friction coefficient 
remain unchanged. According to Figure VIII-14, the desired trajectory and road boundary are 
more challenge than the first set of simulation. This path simulates the situation when the 
vehicle is trying to avoid the obstacle by doing the double lane change.  
The results in Figure VIII-14 demonstrate the potential field method can successfully avoid 
the road boundary in the narrow moving space by minimising the yaw rate and not strictly 
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following the road centre line. In this case, 𝑎0 = 0,𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 2000, 𝑐 = 20000 
are used in the optimal law (209). This is quite different from the simple trajectory-following 
method as shown in Figure VIII-15. It can be found in Figure VIII-15 that the vehicle hits the 
lower boundary after the first turning and this is a serious problem that the vehicle may have 
an accident.  
Figure VIII-16 and Figure VIII-17 compare the actual vehicle longitudinal velocity, body slip 
angle responses and yaw rate responses when the desired path is strictly followed and when 
the trajectory is optimised. When the desired path is strictly followed, the vehicle body slip 
angle is very large, the longitudinal velocity decreases rapidly and the yaw rate is highly 
unstable when the vehicle hits the lower boundary. The main reason for the instability of the 
vehicle in Figure VIII-15 is that the only control target for the strict path-following method is 
that the desired yaw angle and longitudinal velocity must strictly follow the desired path. 
When the vehicle is turning in a narrow angle, the large change rate of the yaw angle is 
required if the desired path is strictly followed. This large change rate of yaw angle as shown 
in Figure VIII-17 (b) results in the instability of the vehicle. When the proposed potential 
field method is applied to optimise the vehicle trajectory, the vehicle body slip angle and yaw 
rate performance are much improved.  
Table VIII-3 summaries the maximum vehicle longitudinal velocity when the vehicle is 
turning with certain turning radius without hitting the road boundary and this value is 
obtained by a number of simulation tests. According to Table VIII-3, the vehicle maximum 
velocity increases when the turning radius increases. In addition, the boundary optimisation 
gains (𝑏1, 𝑏2) also increase and play an important role when the turning radius is small.  
It should be noted that the scaling factor 𝑎0 in the optimisation problem (209) is assumed as 
zero in the first two sets of simulations because the longitudinal velocity is not required to 
achieve the certain value and the controller tries to maintain the initial velocity. In addition, 
the velocity constraint (209) is also neglected here since there is no front and rear vehicles. 
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Figure VIII-14. The actual vehicle trajectory when the trajectory of the path is optimised in 
the second set of simulations. 
 
Figure VIII-15. The actual vehicle trajectory when the desired trajectory is strictly followed 
in the second set of simulations. 
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Figure VIII-16. The actual vehicle longitudinal velocity in the second set of simulations. 
 
  
(a)                                                                       (b) 
Figure VIII-17. The actual vehicle responses (a) body slip angle (b) yaw rate in the second set 
of simulations. 
Table VIII-3. Vehicle maximum longitudinal velocity during vehicle turning 
Turn radius (m) Maximum longitudinal velocity 
(m/s) 
Optimization control gains 
1000 >50 𝑏1 = 𝑏2 = 0 and 𝑎𝑣 = 1, 𝑐 = 80000, 𝑎0 =
0 
200 25 𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 0, 𝑐 = 20000,𝑎0 = 0 
100 20 𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 2000, 𝑐 = 20000,𝑎0
= 0 
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In the third set of the simulations, the impacts of the surrounding traffic of the controlled 
autonomous vehicle are considered. The vehicle initial velocity and tyre-road friction 
coefficient remain unchanged. The vehicle is assumed to move along the desired path with 
wide boundary as Figure VIII-10 at the beginning. After 200 meters in the longitudinal 
direction, the road boundary is narrower than the boundary at the beginning due to the effect 
of the surrounding traffic. In addition, it is assumed that there exists a vehicle in front of the 
controlled vehicle and a vehicle behind the controlled vehicle along the path, which is quite 
common in the real situation. The controlled vehicle velocity is constrained by the 
longitudinal velocity of the front vehicle (20 m/s~18m/s) and rear vehicle (18m/s~15m/s) in 
the body-fixed coordinate system. In this simulation, 𝑎0 = 0,𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 0, 𝑐 =
20000 are used in the optimal law (209).  
Figure VIII-18 suggests that the vehicle is controlled within the road boundary. Figure 
VIII-19 presents that the longitudinal velocity of the controlled vehicle in the body-fixed 
coordinate system is within the velocity constraints of the front and rear vehicle. The above 
simulation results prove that the controlled vehicle can satisfy all the boundary constraints 
and velocity constraints and the desired trajectory is successfully achieved. Figure VIII-20 
suggests that the vehicle yaw rate and body slip angle change abruptly during the turning. 
 
 
Figure VIII-18. Vehicle actual trajectory when the surrounding traffic is considered in the 
third set of simulations.  
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Figure VIII-19. Vehicle longitudinal velocity when the surrounding traffic is considered in 
the third set of simulations. 
 
(a) 
 
(b) 
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Figure VIII-20. The actual vehicle responses (a) body slip angle (b) yaw rate in the third set 
of simulations. 
 
In the fourth set of simulations, the proposed potential field controller is applied in the actual 
traffic condition of overtaking and lane change. The tyre-road friction coefficient is assumed 
to be unchanged. At the beginning, the controlled vehicle is assumed to move on the bottom 
lane of the highway with the longitudinal velocity of 18 m/s, while another vehicle is moving 
on the top lane of the highway with velocity of 20 m/s. In order to overtake the vehicle in the 
top lane at 5 seconds, the controlled vehicle should turn on the left-turning signal, and then 
start to increase the speed into 20 m/s and make the lane change. At the same time of 5 
seconds, when the driver of the top lane vehicle notices the left-turning signal of overtaking 
vehicle, he may push the brake pedal and decrease the vehicle velocity for safety reason. 
Figure VIII-21 presents the changed longitudinal velocity of the overtaken vehicle and 
overtaking vehicle. Figure VIII-22 shows the path boundary of the overtaking vehicle and 
this boundary is determined by the position of the overtaken vehicle and boundary of top lane 
and bottom lane. The upper and lower boundary (blue line and red line in Figure VIII-22) is 
actually changed with the relative longitudinal position between the overtaking vehicle and 
overtaken vehicle. If the longitudinal position of the controlled overtaking vehicle is behind 
the overtaken vehicle, the overtaking vehicle is constrained within the bottom lane. If the 
longitudinal position of the overtaking vehicle is in front of the overtaken vehicle with a 
certain safety distance 𝑑 , the overtaking vehicle starts to make a lane change with the 
following boundary condition: 
𝑋1 > 𝑋2 + 𝑑 
(219) 
where 𝑋1  and 𝑋2  are the longitudinal position of the controlled overtaking vehicle and 
overtaken vehicle, respectively. It should be noted that the safety distance 𝑑 is changing with 
vehicle velocity in reality. In this study, however, this value is assumed as constant due to the 
velocity is not changed significantly.   
According to Figure VIII-22, the actual vehicle trajectory is roughly constrained by the road 
boundary and this proves that the proposed controller can successfully control the vehicle 
motion in the actual traffic condition of overtaking. In this case, 𝑎0 = 2,𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 =
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2000, 𝑐 = 20000 are used in the optimal law (209). Figure VIII-23 also suggests that the 
vehicle yaw rate and body slip angle change abruptly during the overtaking.     
It is noted the actual vehicle trajectory when the desired path is strictly followed would hit the 
road boundary in the third and fourth set of simulations and is not presented here. 
According to the four sets of simulations, the major limitations of the potential field method 
is the requirement of the manually tuning of the optimization scaling factors in different 
scenarios, which is possibly time-consuming. In addition, the proposed method cannot handle 
too extreme situations, such as turning abruptly with very fast speed. 
   
 
Figure VIII-21. Vehicle longitudinal velocity of the overtaking vehicle and overtaken vehicle 
in the fourth set of simulations. 
 
Figure VIII-22. Vehicle actual trajectory of the controlled overtaking vehicle when the path is 
optimized in the fourth set of simulations.  
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(a) 
 
(b) 
 
Figure VIII-23. Vehicle (a) yaw rate and (b) body slip angle response in the fourth set of 
simulation.  
 
6)   Conclusions 
 
The potential field method is widely applied in the trajectory control of the mobile robot. This 
section extends the potential field method into a more challenge research area – the trajectory 
control of the autonomous on-road vehicle that has less mobility and higher velocity 
compared with the mobile robot. An innovative potential field function that includes the 
attractive potential, the repulsive potential and the potential that minimises yaw angle change 
rate is proposed in this study to determine the desired yaw angle. Then according to the 
desired yaw angle, the two-level vehicle trajectory controller is proposed to control the actual 
vehicle trajectory. The simulation results verified the suggested controller and the major 
findings are listed below: 
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1) Compared with the method exactly tracking the road centre line, the proposed potential 
field method that constraints the actual vehicle trajectory in a certain road boundary has better 
handling and stability performance. 
2) In the narrow road boundary condition, the vehicle controlled by proposed potential field 
method can successfully avoid the upper and lower boundaries. 
3) When the road boundary is changed in real-time due to the actual traffic condition or when 
the controlled vehicle tries to make the lane change and overtake other vehicles, the proposed 
method can still successfully control the vehicle. 
This study only suggests some useful findings of the application of the potential field method 
into the autonomous vehicle control. In the future, the more advanced controller should be 
proposed to deal with more complex autonomous control problem in the macro view, such as 
the vehicle control in the intersection.   
 
3. Summary 
 
In this chapter, the application of the over-actuated control allocation method on the 
autonomous vehicle trajectory control is extensively focused. Two different trajectory control 
methods, the direct tracking method and the potential energy method, are proposed in this 
chapter and the potential energy method shows the improvement of the vehicle trajectory 
control performance and dynamics control performance. 
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IX. Experiment validation of the vehicle mass and road slope estimator based 
on a scaled electric vehicle 
 
In previous chapters, the design of the over-actuated control allocation method for various 
control targets is focused and the designed controller is verified by the simulation results in 
Matlab Simulink. However, the simulation validation is not enough to present the actual 
performance of the proposed over-actuated controller.  
Research on vehicle dynamics is often limited to software simulation purposes because the 
full-sized vehicle tests can be dangerous and expensive. The evaluation of vehicle dynamics 
and safety control system, however, cannot only rely on the software simulation, because the 
critical practical issues in the real-world vehicle dynamics cannot be considered without the 
real experiments. Thus the scaled vehicle test platform has been extensively studied in the 
current literature. Using the fixed road surface for the scaled vehicle test is widely 
implemented in the research area, but the interfacing and sensing problems are induced by the 
moving vehicles. Some of the researches are focusing on the scaled robot vehicle platform 
[256] [257] and the research on narrow tilting vehicle and the car-trailer system can also 
utilise the scaled vehicle platform [258] [259]. For the on-road scaled automobile test 
experiment, Katzourakis et al. and Reuter et al. developed the low-cost scaled automobile 
platform for research and education in vehicle dynamics and control, especially for the ESC 
system [260] [261]. Then Grepl et al. developed the novel 4WIS/4WID experimental vehicle 
platform for the research and education in mechatronics [262].    
In this chapter, the parameter estimation and system identification of the vehicle longitudinal 
motion is focused and vehicle lateral motion is neglected. A four-wheel driving scaled 
electric vehicle is built to verify the mathematical modelling of vehicle dynamics and 
compared with the software simulation results. According to measured values from sensors, 
the unknown parameters of the vehicle dynamics model can be identified (such as vehicle 
mass and road slope) and vehicle states in real-time such as the longitudinal velocity and the 
longitudinal tyre force can be estimated. All these vehicle parameters and states are valuable 
values in the vehicle stability and control system, such as vehicle stability control [263] [39] 
and antilock braking system [264] [265].   
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In this chapter, the real experiment is implemented based on a 1:10 scaled electric vehicle to 
verify the proposed two-layer parameter estimator in Section 3.3. The hardware 
implementation is introduced at first. Then the experimental results of the estimated slowly 
changed parameter - vehicle mass in the first layer of the estimator is presented. When the 
vehicle mass is assumed to be available from the first layer, the experimental results of the 
estimated fast changed parameter – road slope in the second layer estimator is presented. The 
RMS error of the estimated vehicle mass and road slope is also presented as an estimation 
performance index.    
  
1. Hardware implementation     
 
 
Figure IX-1. The function structure of scaled electric vehicle. 
 
247 
 
 
Figure IX-2. Electronics components on vehicle chassis. 
 
The function structure of the scaled electric vehicle is shown in Figure IX-1. The system of 
the vehicle testing platform in this study consists of 6 sections, namely vehicle chassis, 
electronic control unit, drive train, sensors, battery and PC.  
A 1:10 4WD metal vehicle chassis is used in the scaled electric vehicle test platform, which 
consists of front-and-rear suspension, transmission shaft and front-and-rear differentials. The 
vehicle chassis is the main mechanical body of the vehicle and allows all other components to 
be installed on-board as shown in Figure IX-2. On the top layer, Arduino UNO powdered by 
an external battery is used as the electronic control unit to control all electronic sensors and 
communicate with PC by wireless modular XBee. On the ground layer, the vehicle is driven 
by the drivetrain system which consists of a 3300KV motor and a 45A Electronic Speed 
Controller (ESC). Driving power is transferred from the motor to the transmission shaft by 
the transmission gear. Encoder is mounted on the transmission shaft to count the number of 
cycles that the shaft has rotated.  
An Arduino UNO is used as the electronic control unit for data acquisition of all on-board 
electronic components and can send the analogue voltages measured by the sensing 
equipment to the PC. Specifically, the Arduino has been programmed to collect data from a 
current sensor, voltage sensor, accelerometer, encoder and wireless sensor. After collecting 
these data, the Arduino will communicate with the PC to estimate vehicle mass and road 
slope.  
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The drivetrain system consists of a Dynamite Fuze 540 four-pole brushless motor and a 45A 
ESC. To ensure a constant acceleration is maintained throughout experiments, a remote 
control joystick is used with the function setting of constant throttle. Multiple sensors 
including encoder, current sensor, voltage sensor, accelerometer and wireless module are 
installed on vehicle chassis. All the measured data from sensors is collected by Arduino UNO 
and sent to PC through wireless module. 
 
1) Sensor 
 
To successfully estimate the parameters of vehicle mass and road slope, the measurement 
values of the wheel angular velocity, the driving torque and the vehicle longitudinal 
acceleration are required.   
In this scaled vehicle, AMT102 encoder is mounted on the transmission shaft to count the 
number of cycle that the shaft has rotated. In this way, the wheel speed of the vehicle and the 
rotation speed of the shaft of the electric motor are measured.   
A linear ACS758 50A current module is used in this study to measure the power 
consumption of the motor to calculate the driving torque. The vehicle total driving torque 𝑇 
can be approximated by the following equation: 
𝑇 =
9600
𝜔𝑟
× 𝑃𝑐𝑤𝑒𝑓 =  
9600
𝜔𝑟
 × 𝐼 × 𝑉 
(220) 
where 𝜔𝑟  is the rotation speed of the output shaft of the electric motor. 𝐼 is the measured 
current from the motor and 𝑉 is the measured voltage from the battery. 
To obtain the real-time information of vehicle longitudinal acceleration, the two-axis 
accelerometer – ADXL203 is used. This kind of accelerometer can measure the vehicle 
longitudinal and lateral acceleration simultaneously in real-time. 
 
2) Data collection and analysis 
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The measured data from voltage sensor, current sensor and accelerometer is the analogy 
signal, while the encoder uses interrupt digital signal to detect the rotation of transmission 
shaft. The interrupt from encoder greatly affects the data collection from other sensors with 
analogy measured data. Thus, it is necessary to separate the data collection of the encoder 
from the data collection of the other sensors. In this study, Arduino Nano is used to collect 
the interrupt signal from encoder since it is relatively small and is only used for encoder. 
Then Arduino Nano will send the collected data from encoder to Arduino Uno. The 
communication between Arduino Uno and Arduino Nano is achieved by Serial Peripheral 
Interface (SPI), which is a synchronous serial data protocol used by microcontrollers for 
communicating with other devices. 
 
 
2. Estimation of the vehicle mass 
 
 
(a) Estimation of the vehicle mass                        (b) Estimation of road slope 
Figure IX-3. The photo of different scenarios of the vehicle test. 
 
Table IX-1. Scaled vehicle parameters 
Vehicle mass (kg) 𝑚 3.2 (4) 
Wheel radius (m) 𝑅𝜔 0.0625 
Wheel moment of inertial (𝑚/𝑠2) 𝐼𝜔 0 
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In the experiments of mass estimation, the scaled vehicle is accelerating along the straight 
line on the carpet inside the building by assuming the zero road slope condition, which is 
shown in Figure IX-3(a). In this set of experiments, the vehicle mass is estimated by the 
proposed first layer estimator. The parameter of the wheel moment of inertial is too small for 
the 1:10 scaled electric vehicle and consequently this value is assumed to be zero in the 
experiment. Table IX-1 shows some actual scaled vehicle parameters for the reference and 
comparison.   
In this section, the first experiment is the mass estimation test of the scaled vehicle without 
the adding load (3.2 kg) and the second experiment is the mass estimation test of the vehicle 
with the adding load (4 kg). According to Section 3.3, the mass estimation method requires 
the measured values of wheel angular velocity, driving torque and longitudinal acceleration. 
Figure IX-4 shows the vehicle measured wheel speed, driving torque and acceleration and 
Figure IX-5 presents the estimated vehicle mass in the first experiment. Then the vehicle 
measured states and the estimated mass of the vehicle in the second experiment are shown in 
Figure IX-6 and Figure IX-7 respectively. It is noted in Figure IX-4(c) and Figure IX-6(c), 
the calculated vehicle acceleration according to the vehicle dynamics model and estimated 
vehicle mass is compared with the actual measured acceleration to present the estimation 
performance. The estimated vehicle mass is shown to fit well with the actual values in Figure 
IX-5 and Figure IX-7, which proves the effective of the proposed first layer estimator. 
However, there is still obvious noise existing in the mass estimation and this is mainly due to 
significant measured noise of the acceleration. In addition, the scaled vehicle has relative 
small mass and the vibration of the vehicle chassis may impair the estimation performance. 
Thus, the estimation results can be improved by a heavier scaled vehicle and a more accurate 
accelerometer.      
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(a)                                                                  (b) 
 
(c) 
Figure IX-4. Vehicle measured states in the first experiment. 
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Figure IX-5. Vehicle estimated mass in the first experiment. 
  
(a)                                                              (b) 
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(c) 
Figure IX-6. Vehicle measured states in the second experiment. 
 
Figure IX-7. Vehicle estimated mass in the second experiment. 
 
3. Estimation of the real-time road slope 
 
When the vehicle mass is assumed to be available in the first layer, the adaptive velocity 
observer in the second layer is applied to estimate the real-time road slope. The experiment of 
road slope estimation is testing on the cement road as shown in Figure IX-3(b). The value of 
the slope is defined as negative because the force generated by the slope can be considered as 
the resistance force for the vehicle motion. The actual road slope is measured by a level and 
the curve fitting results of the relationship between the actual slope value and the distance is 
shown in Figure IX-8.  
Three tests are carried out on the same road slope condition in the experiment. According to 
Section 3.3, the road slope estimation method only requires the measured values of wheel 
angular velocity and input driving torque during the smooth road condition such as the 
cement road in this experiment. The measured vehicle wheel angular velocity, driving torque 
and the estimated road slope in each test are shown in Figure IX-9-Figure IX-11. These 
figures show that the estimated slope values generally match the actual values. However, 
significant disturbance exists in the results. This is mainly due to several reasons: (1) vehicle 
swaying during climbing up the slope causes the large noise on the sensors; (2) the measured 
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driving torque is approximated by the battery power, but a significant proportion of battery 
power is consumed by the steering servo motor in order to keep the vehicle running straight 
when the road slop is changing; (3) parts of the scaled vehicle get loose after many times of 
experiment and this causes the friction loss of the transmission system. It should be noted that 
the estimated road slope is fluctuating much after the longitudinal position 20 metres. This is 
because that the road slope is much larger after 20 metres and more serious swaying of the 
vehicle during climbing up the large road slope may occur. This would lead to the larger 
disturbance in the estimation results.     
 
 
Figure IX-8. The actual road slope value. 
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(a) measured driving torque                (b) measured wheel angular velocity 
 
(c) estimated vehicle road slope 
Figure IX-9. The vehicle simulation results in the first test of road slope simulation. 
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(c) estimated vehicle road slope 
Figure IX-10. The vehicle simulation results in the second test of road slope simulation. 
 
(a) measured driving torque                     (b) measured wheel angular velocity 
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(c) estimated vehicle road slope 
Figure IX-11. The vehicle simulation results in the third test of road slope simulation. 
 
Finally, in order to clearly present the estimation error of the mass estimation and road slope 
estimation in the experiment, the RMS values of the estimation error are shown in Table IX-2. 
In Table IX-2, the RMS error value of the mass estimation is large due to the big error at the 
beginning of the vehicle motion. The first road slope estimation experiment has the smallest 
RMS error and the best estimation performance compared with other two experiments. In 
Figure IX-9-Figure IX-11, the first test also shows to have the best estimation performance.  
 
Table IX-2. RMS value of the estimation error. 
Mass estimation experiment 
First test 11.8159 
Second test 11.4506 
Road slope estimation experiment 
First test 4.6195 
Second test 6.8118 
Third test 7.9488 
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4. Summary 
 
The experiment equipment of scaled electric vehicle is proved to be a useful experimental 
testbed for the study of the vehicle dynamics and control. Particularly in this chapter, the 
scaled vehicle is proved to successfully estimate the vehicle parameters by measuring some 
vehicle input values.  
There is still noise existing in the estimated mass and road slope in the experiment. This is 
mainly due to the vibration of vehicle chassis and the measured noise of the accelerometer. 
This problem can be solved by increasing the weight of the scaled vehicle and using accurate 
accelerometers. The scaled vehicle still has the limitation of that it cannot fully reflect the 
dynamics performance of the full-sized vehicle, although the vehicle parameters have been 
scaled. For instance, the wind drag force and wheel rolling resistant force are neglected in the 
parameter estimation of the scaled vehicle. In addition, the scaled vehicle can only travel a 
short distance on the road compared with full-sized vehicle.   
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X. Summary of the whole thesis 
 
This thesis mainly focuses on solving of the over-actuated control allocation problem in the 
4WIS-4WID EVs, and this innovative EV has redundant control actuators with advantages to 
achieve multiple control targets simultaneously. 
First of all, various vehicle state estimation methods are proposed for the 4WIS-4WID EV, 
such as the side-slip angle estimator, the longitudinal velocity estimator, the slip ratio 
estimator, friction-coefficient estimator, mass estimator and road slope estimator. These 
estimated vehicle states are important feedback values for the design of the over-actuated 
control allocation method. Then the comprehensive vehicle body dynamics model, tyre 
model, steering model and driving model are developed for the 4WIS-4WID EV, which can 
be used to describe the actual vehicle motion. These above studies can be considered as the 
preliminary studies of the over-actuated control of the 4WIS-4WID EV.     
Based on the above preliminary studies, the linear feedback control allocation method for the 
stability and handling control of the 4WIS-4WID EV is proposed. In this method, the 
simulation suggests the yaw rate feedback controller (based on controlling the additional yaw 
moment) is proved to be able to accurately track the desired yaw rate, but the body side-slip 
angle response is compromised. Thus, a body side-slip angle feedback controller (based on 
controlling additional total lateral tyre force) is proposed and combined together with the yaw 
rate controller. This combined controller can achieve better overall control performance. 
Furthermore, a non-linear control allocation method based on the GA algorithm is also 
suggested to achieve the stability and handling control. This non-linear control method 
includes the individual wheel side-slip angle controller and slip ratio controller where the 
controller gains can be automatically tuned by GA algorithm. The simulations in this method 
suggest that this non-linear control allocation method is robust to the non-linear tyre 
characteristic and consequently the controlled values track the desired values more accurately 
in all the simulations of the J-turn, lane change and combined traction and J-turn manoeuvres.   
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In addition to the primary control targets of the vehicle handling and stability, this thesis also 
applies the over-actuated control allocation method into the energy-efficient control, fault-
tolerant control and autonomous vehicle trajectory control. 
An integrated vehicle dynamics and energy-efficient controller is proposed at first. In the 
linear pure longitudinal motion of the energy-efficient controller design, the simulation 
results suggest that the equal distribution of the driving torque and the braking torque of 
individual wheels can achieve the optimal energy-efficient performance during the medium-
high torque demand. In the small torque demand, when two specific wheels in the same axle 
are responsible for the major driving workload, the optimal energy-efficient performance is 
achieved. In both the pure cornering motion and combined traction and cornering motion, the 
simulation results suggest that the proposed integrated controller can successfully achieve the 
primary control targets of handling and stability control and the secondary control target of 
energy-efficient control.  
For the design of the fault-tolerant controller, under normal driving conditions, the SMC 
method can achieve the desired yaw rate accurately when one or two wheels are faulty. In 
addition, the SMC method has better control performance on the longitudinal velocity 
compared with the linear feedback method. In the scenario of large steering angle turning, the 
SMC method can achieve the desired yaw rate when one of the front wheels or two front 
wheels are faulty. This proves the robustness of the SMC method. However, the vehicle body 
side-slip angle performance is compromised due to the coupling effect between different 
control targets. To solve this problem, the driving actuators can be grouped and each group of 
actuators can be used to achieve the specific control target.  
In the overtaking scenario of autonomous vehicle trajectory controller design, when the four-
wheel SMC steering controller and four-wheel combined yaw rate and longitudinal velocity 
SMC driving controller are used together, the controlled vehicle can strictly follow the 
desired trajectory and achieve most of the control targets. This proves that the control method 
based on 4WID and 4WIS vehicles can achieve much better control performance than the 
traditional methods. In addition, a potential field method is also proposed to achieve the 
trajectory control of autonomous vehicle. Compared with the method that exactly tracking the 
road centre line, the proposed potential field method that constraints the actual vehicle 
trajectory in a certain road boundary has better handling and stability performance. In the 
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narrow road boundary condition, the vehicle controlled by proposed potential field method 
can successfully avoid the upper and lower boundaries. 
Finally, a scaled EV is applied to test and verify the proposed vehicle mass and road slope 
estimator, which is proved to be a useful experimental testbed for the study of the vehicle 
dynamics and control. 
In the future, more advanced nonlinear control allocation and optimization algorithm should 
be developed, such as the PID turned SMC control algorithm, nonsingular terminal SMC or 
other intelligent control techniques incorporating the deep learning or machine learning in the 
area of computer science. In addition, the full-sized electric vehicle test platform with four in-
wheel motors installed should be built to more clearly present and validate the designed 
estimators and controllers.  
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